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preface; 


J\.  SHORT  and  Eafy  Courfe  of  tlie  Mathematical  Sc'icnceii 
has  long  been  confidered  as  a  defideratum  foj  the  tife  of 
Students  in  the  different  (chools  of  education  :  one  that 
fhould  hold  a  middle  rank  between  the  more  voluminous  and 
bulky  colle(51:ions  of  this  kind,  ^nd  the  mere  abftrad^b  an4 
brief  common -place  forms,  of  principles  and  memorandums. 

For  long  experience  in  all  Seminaries  of  Learning,  and 
particularly  in  the  Royal  MiHtary  Academy  at  Woolwich, 
has  fhewn,  that  fuch  a  woi|i  was  very  much  wanted,  and 
would  prove  a  great  and  general  benefit ;  as,  for  want  of  it, 
recourfe  has  always  been  obliged  to  be  had  to  a  number  of 
other  books,  of  dilferent  authors  ;  felecling  a  part  from  onQ 
and  a  part  from  ariotJier,  as  feemed  mo^l  fuitable  to  the  pur- 
pofe  in  hand,  and  rejcfting  the  other  parts  —  a  pra6lice  which 
occafions  much  expenfe  and  trouble,  in  procuring  and  keep- 
ing fuch  a  number  of  odd  volumes,  of  various  modes  of  com- 
pofition  and  form  ;  befides  wantmg  the  benefit  of  uniformity 
^nd  reference,  which  are  found  in  a  regular  fpries  of  com-, 
pofition. 

To  remove  thefe  inconveniences,  th^  Author  of  tlie  prer 
fent  work  has  been  induced,  from  time  to  time,  to  compofe. 
various  parts  of  this  Courfe  of  Mathem^atics ;  which  thG  ex- 
perience of  many  years'  ufe  in  the  Academy  has  enabled  him 
to  adapt  and  improve  to  the  moil  ufefui  form  and  quantity,' 
for  the  benefit  of  inilrudlion.  And,  to  render  that  bene^it;^ 
piore  eminent  and  lafling,  the  Mafler-General  of  the  Ord- 
nance has  been  pleafed  to  give  it  its  prefent  form,  by  order- 
ing it  to  be  enJarged  and  printed. 

As  this  work  has  been  compofed  exprefsly  with  the  inten- 
tion of  adapting  it  to  the  purpofes  of  academical  education, 
it  is  not  dcfigned  to  hold,  out  the  expedtation  of  new  inven- 
tions or  difcoveries :  but  rather  to  colleffc  and  arrange  the. 
moll:  ufefui  principles  in  a  convenient  practical  form,  demon- 
flratc  them  in  a  plain  and  concife  \yay,  aiid  iiluflrate  them 
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with  fultable  examples  :  rejedllng  whatever  feem  to  be  mattery 
pfmerecuriofity  ;  and  retaining  only  fuch  parts  and  branches^ 
as  have  a  diredt  tendency  and  application  to  fome  ufeful  pur- 
pofe  in  life,  elpecially  in  the  military  profelTion,  for  which 
the  gentlemen  educated  at  this  Academy  are  intended. 

As  a  work  of  fuch  a  nature  muft  neceJGTarily  confift  of 
jnatters  which  have,  in  a  manner,  become  common  property, 
and  in  a  great  mcafure  are  contained,  in  fome  ihape  or  other, 
in  mofi;  books  of  this  kind,  it  will  not  be  imputed  to  the 
author,  as  a  crime,  that  he  has  availed  himfelf  of  the  mate- 
rials of  fome  of  the  bell:  books  on  thefe  fciences,  from  whence 
he  may  have  extra6led,  or  which  he  may  have  irnitated  ;  whe- 
ther they  be  any  of  his  own  foniier  publications,  or  thofe  of 
other  authors. 

It  is,  however,  expe6led  that  fomething  new  may  be  found 
in  many  parts  of  thefe  volumes  ;  as  well  in  the  matter,  as  in 
the  arrangement  and  manner  of  demonflration  ;  efpecially  in 
the  geometry,  which  is  inade  much  more  eafy  and  fimple  i 
and  in  the  conic-fcdtions,  which  are  here  treated  in  a  manner 
at  once  new,  eafy,  and  natural;  fo  much  (o  indeed,  that 'all 
the  propofitions  and  their  demonflrations,  in  the  eclipfe,  are 
.the  very  fame,  word  for  word,  as  thofe  in  the  hyperbola, 
Tuhng  only,  in  a  very  fev\^  places,  the  wor^Jum,  for  the  word 
difference  :  alfo  in  many  of  the  mechanical  and  philofophical 
parts  which  follovv,  in  the  fecond  volume.  In  the  conic- 
fedlions,  too,  it  may  beobferved,  that  the  tirH:  theorem  of  each 
feition  only  is  proved  from  the  cone  itfelf,  and  all  the  rell:  of 
the  theorems  are  deduced  from  the  firfcj  or  froixi  each  other, 
\n  a  very  plain  and  fmiple  manner. 

Royal  Military  yltademy^  \ 

July  lotk,  1798.         J  - 

Befiues  re-cpm.putlng  the  examples,  and  rendering  them 
piore  correal  in  the  numbers,  this  edition  is  much  enlarged , 
in  feveral  pWces,  and  particularly  by  extending  the  tables 
of  fquares  and  cubes,  fquare  roots  and  cube  roots,  to  1000 
numbers,  which  will  be  found  of  great  iife  in  many  calcula- 
tions ;  alfo  by  the  table  of  logarithm.s  at  the  end  of  the  firl^ 
volume,  and  of  logarithms,  fuies,  and  tangents,  at  the  end  o^ 
the  fecond  volume. 
Stpt,  1S03. 
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MATHEMATICS,  ^^ 


GENERAL  PRINCIPLES. 

1 .  v^UANTITY,  or  Magnitude,  is  any  thing  that  will 
admit  of  increafe  or  decreafe ;  or  that  is  capable  of  any  lort 
of  calculation  or  menfuration :  fuchas,  numbers,  lines,  fpace, 
time,  motion,  weight* 

2.  Mathematics  Is  the  fc'ence  which  treats  of  all  kinds 
of  quantity  whatever,  that  can  be  numbered  or  meafured.— 
That  part  which  treats  of  numbering  is  called  AritliDietic  ; 
and  that  which  concerns  meafuring,  or  figured  extenfion,  is 
called  Geometry. — -I'hefe  two,  which  are  conveifant  about 
multitude  and  magnitude,  and  are  the  foundation  of  all  the 
other  parts,  are  called  Pure  or  Ahftract  Mathematics ;  be- 
caufe  they  invefligate  and  demonftrate  the  properties  of  ab- 
flradt  numbers  and  magnitudes  of  all  forts.  And  when  thefe 
two  parts  are  applied  to  particular  or  pra6lical  fubjedts,  they 
conftitute  the  branches  or  parts  called  Mixed  Mathematics.-^ 
jVIathematics  is  alfo  diftinguilhed  into  Speculative  and  Prac- 
tical; VIZ.  Speculative,  when  it  is  concerned  in  difcovering 
properties  and  relations ;  and  Practical^  when  applied  to 
practice  and  real  ufe  concerning  phyfical  obje6ts. 
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2  GENERAL  PRINCIPLES; 

3.  In  Mathematics  are  feveral  general  terms  or  principles  ,• 
fuch  as,  Definitions,  Axioms,  Propofitions,  Theorems,  Pro- 
blems, Lemmas,  Corollaries,  Scholiums,  &c. 

4.  A  Definition  is  the  explication  of  any  term  or  word  in  a 
feience;  fhewing  the  fenfe  and  meaning  in  which  the  term 
is^  employed. — Every  Definition  ought  to  be  clear,  and  ex- 
preiled  in  words  that  are  common  and  perfeflly  well  under - 
flood. 

5.  A  Propojition  is  fomething  propofed  to  be  proved,  or 
fomething  required  to  be  done ;  and  is  accordingly  either  a 
Theorem  or  a  Problem. 

6  A  Theorejn  is  a  demonftrative  propofition  ;  in  which 
fome  property  is  afl^rted,  and  the  truth  of  it  required  to  be 
proved.  Thus,  when  it  is  faid  that,  The  fum  of  the  three 
angiss  of  any  triangle,  is  equal  to  two  right  angles,  this  is  a 
Theorem,  the  truth  of  which  is  demonftrated  by  Geometry. — 
A  fet  or  colledlion  of  fuch  Theorems  confliitutes  a  Theory, 

7.  A  Problem  Is  a  propofition  or  a  queflion  requiring 
fomething  to  be  done  ;  either  to  invedigate  fome  truth  or  pro- 
perty, or  to  perform  fome  operation.  As,  to  find  out  the 
quantity  or  fum  of  all  the  three  angles  of  any  triangle,  or  to 
draw  one  line  perpendicular  to  another. A  Limited  Pro- 
blem is  that  which  has  but  one  anfwer  or  folution.  An  Un- 
limited Problem  Is  that  which  has  innumerable  anfvvers. 
And  a  Determiymte  Problem  is  that  which  has  a  certain 
number  of  anfwers. 

8.  Solution  o^  a  Problem,  is  the  refolution  or  anfwer  givea 
tb  it.     A  Numerical  or  Numeral  Solution,  is  the  anfwer 
given  In  numbers.     A  Geometrical  Solution,  is  the  anfwer 
given  by  the  principles  of  Geometry.     And  a  Mechanical 
Solution,  is  one  which  is  gained  by  trials. 

9.  A  Lemyha  is  a  preparatory  propofition,  laid  down  la 
order  to  fliorten  the  demonftration  of  the  main  propofition 
which  follows  it. 

10.  A  Corollary};  or  Confectary,  is  a*  confequence  drawn, 
immediately  from  fome  propofition  or  other  p'remifes. 

11.^  Scholium  Is  a  remark  or  obfervatioii  made  on  fome 
foregoing  propofition  or  premifes. 

12.  An  Axiom,  ox  Maxim,  is  a  felf- evident  propofition; 
requiring  no  formal  demonflratlon  to  prove  the  truth  of  it  ; 
but  is  received  and  afFented  to  as  foon  as  mentioned.  Such 
as.  The  whole  of  any  thing  is  greater  than  a  part  of  It :  or. 
The  whole  is  equal  to  all  its  parts  taken  together  :  or.  Two 
quantities  that  are  each  of  them  equal  to  a  third  quantity,. 
are  equal  to  each  other, 
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13.  A  Poftulaie,  oi  Petition^  is  fomething  required  to  be 
done,  which  is  io  eafy  and  evident  that  no  perfon  will  heli- 
tate  to  allovv  it. 

14.  An  Hypothejls  is  a  fuppofitlon  alTumed  to  be  true,  In 
order  to  argue  trOm,  or  to  found  upon  it  the  reafcning  and 
demonftration  of  fome  propofition. 

15.  Demonftration  is  the  coiieclino-  the  fcveral  arguments 
and  proofs,  and  laying  them  together  in  proper  order,  to  fhew 
the  truth  of  the  propofition  under  coniideration. 

•  16.  A  Direct^  Pojitivt^  oi  Affuinative  Deniojiflratmiy'is 
that  which  concludes  with  the  (lire£l  and  certain  proof  of  the 
propolition  in  hand. — ^This  kind  of  demonfLration  is  moft 
fatisfa6lory  to  the  mind  ;  for  whicli  reaion  it  is  called  fome- 
times  an  Ojityijroe  DemonjlratiGn. 

17.  An  Indirect^  ov  Negative  Demojiflratinn,  is  that  which 
ihews  a  propofition  to  he  true,  by  proving  that  fome  abfur- 
dity  would  necefFarily  follow  if  tiie  propofition  advanced  were 
falfe.  This  is  aifo  fometimes  called  Reductio  ad  Ahfurdum; 
becaufe  it  ihews  the  abfurdity  and  falfehood  of  all  fuppofitions 
contrary  to  that  contained  in  the  propofition. 

18.  Method  is  the  art  of  difpofihg  a  train  of  arguments  lu 
a  proper  order,  to  invefligate  either  the  truth  or  falfity  of  a 
propofition,  or  to  demonitrate  it  to  others  when  it  has  been 
found  out. — -This  is  either  Analytical  or  Synthetical. 

19.  Anali/Jis^'oi  tlie  Analytic  Method,  is  the  art  or  mode 
of  finding  out  the  truth  of  a  propofition,  by  iirfl  fuppofmf^ 
the  thing  to  be  done,  and  then  reafoning  back,  ftep  by  ftcp, 
till  we  arrive  at  fome  known  truth. — 'Ihls  is  alfo  called  the 
Method  of  Invention,  ov  Bejuiution ;  and  is  that  which  is 
commonly  ufed  in  Algebra. 

20.  Synthejis,  or  the  Synthetic  Method,  is  the  fearching 
out  truth,  by  firft  laying  clown  fome  fimple  and  eafy  princi- 
ples, and  purfuing  the  confequences  flowing  from  them  till 
we  arrive  at  the  conclufion. — ^This  is  alfo  called  the  Method 
of  Compojition ;  and  is  the  reverfe  of  the  Analytic  method,  as 
this  proceeds  from  known  principles  to  an  unknown  conclu- 
fion ;  while  the  other  goes  in  a  retrograde  order,  from  tlie 
thing  fought,  confidered  as  if  it  were  true,  to  fome  knowrt 
principle  or  fafl.  And  therefore,  when  any  truth  has  been 
found  out  by  the  Analytic  method,  It  may  be  demonfrrated  by 
a  procefs  in  the  contrary  order,  by  Syuthefis, 
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-RITHMETIC  is  the  art  or  icience  of  numbering  ;  be- 
ing that  branch  of  Mathematics  which  treats  of  the  nature 
and  properties  of  numbers. — When  it  treats  of  whole  num- 
bers, it  is  called  Vulgay\  or  Common  Arithmetic ;  but  when 
of  broken  numbers,  or  parts  of  numbers,  it  is  called  Fractions. 

Unity,  or  an  Unify  is  that  by  which  every  thing  is  called 
one  ;  being  the  beginning  of  number  j  as,  one  man,  one  ball, 
one  gun. 

Number  is  either  fimply  one,  or  a  compound  of  feveral 
units  ;  as,  one  man,  three  men,  ten  men. 

An  Integer^  or  IVhole  Number,  is  fome  certain  precife 
quantity  of  units;  as,  one,  three,  ten. — Thefe  are  fo  called  as 
diftinguifhed  from  Fractions,  which  are  broken  numbers,  or 
parts  of  numbers;  as,  one-half,  two-thirds,  or  three-fourths. 


NOTATION  AND  NUMERATION. 

Notation,  or  Numeration,  teaches  to  denote  or  ex- 
prefs  any  propofed  number,  either  by  words  or  characters;  or 
to  read  and  write  down  any  fum  or  number. 

The  numbers  in  Arithmetic  are  expreiTed  by  the  following 
ten  digits,  or  Arabic  numeral  figures,  which  were  introduced 
into  Europe  by  the  Moors,  about  eight  or  nine  hundred 
years  fince ;  viz.  1  one,  2  two,  3  three,  4  four,  5  five,  6  fix, 
7  feven,  8  eight,  9  nine,  o  cipher,  or  nothing.  Thefe  cha- 
racters or  figures  were  formerly  all  called  by  the  general 
name  of  Ciphers;  whence  it  came  to  pafs  that  the  art  of 
Arithmetic  was  then  often  caiM5  Ciphering.  Alfo  the  firll 
nine  are  called  Significant  Figures,  as  diflinguilhed  from  the 
cipher,  which  is  quite  infignificant  of  itfclf. 

Befide  this  value  of  thofe  figures,  they  have  alfo  another, 
which  depends  on  the  place  they  fhand  in  when  joined  toge- 
ther ;  as  in  the  following  table : 
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Here,  any  figure  in  the  fiifl:  place,  reckoning  from  right  to 
left,  denotes  only  its  own  fimple  value ;  but  that  in  the 
fecond  place,  denotes  ten  times  its  fimple  value  ;  and  that  in 
the  thira  place,  a  hundred  times  its  fimple  value  ;  and  fo  on ; 
the  value  of  any  figure,  in  each  fucceflive  place,  bemg  always 
ten  times  it'>  former  value. 

Thus,  in  the  number  1796,  the  6  in  the  firfi:  place  denotes 
only  fix  units,  or  fimply  fix ;  9  in  the  fecond  place  fignifies 
nine  tens,  or  ninety ;  7  in  the  third  place,  feven  hundred  ; 
and  the  1  in  the  fourth  place,  one  thouland  :  fo-that  the 
whole  number  is  read  thus,  one  thoufand  leven  hundred  and 
ninety -fix.    .  ' 

As  to  the  cipher,  0,  though  it  fignify  nothing  of  itfelf,  vet  • 
being  joined  on  the  right-hand  fide  to  other  figures,  it  increafes 
their  value  in  the  lame  ten-fold  proportion  :  thus,  5  fign.fies 
only  five ;  but  5  J  denotes  5  tens,  or  fifty;  and  500  is  five 
hundred  ;  and  fo  on.  -  qiwc 

For  the  more  eafily  reading  of  large  numbers,  they  arcT 
divided  into  periods  and  half-pe.iods,  each  half-period  con- 
iifting  of  three  figures :  the  name  of  the  firfi:  period  being 
units  ;  of  the  fecond,  millions ;  of  the  third,  millions  of 
millions,  or  bi-millions,  contra6led  to  billions ;  of  the  fourth, 
millions  of  millions  of  millions,  or  tri-millions,  contradled; 
to  trillions ;  and  fo  on.  Alfo  the  firfi:  part  of  any  period  is  fo 
many  units  of  it,  and  the  latter  part  fo  many  thoufands. 
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The  following  Table  contains  a  fummary  of  the  whole 
dodlrine. 


Periods. 


Half-per. 


Figures. 


Quadrill.;  Trillions;  Billions  ;   Millions;     Units. 


th.   nn.      th.   un.      th.   un.      th.    un.      tli.  un. 


123,456;   '789,098;  765,432;    101,234;   567,890 


Numeration  is  the  reading  of  any  number  in  words 
that  is  propdfed  or  fet  down  in  %urcs  ;  which  will  be  eafily 
done  by  help  of  the  folio wnig  rule,  deduced  from  the  fore- 
going tablets  and  obfervations— viz. 

Divide  the  hgiires'in  the  pfopofed  number,  as  in  the  fum- 
mary above,  into  periods  and  half-periods ;  then  begin  at  the 
left-hand  lide,  and  i-ead  the  figures  with  the  names  fet  to  theni 
in  the  tvv''o  fbregbing  tables. 

EXAMPLES. 
Exprefs  in  words  the  following  numbers ;  viz. 
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1  5080 

13405670 

96 

72003 

47050023 

ISO 

109026 

309U25600 

304 

483500 

4723507689 

6134 

2500(539 

274856390000 

9028 

7523000 

6578600307024 

Notation  is  the  fetting  down  in  figures  any  number  pro- 
pofed  in  words  ;  which  is  dene  by  fetting  down  the  figures 
infcead  of  the  words  or  names  belong^ino-  to  them  in  the  lum- 
mary  above ;  fu  plying  the  vacant  places  with  ciphers  where 
any  words  do  not  occur. 

EXAMPL.ES. 

Set  down  in  figures  the  following  numbers  : 

Fifty-feven. 

T'wo  hundred  eighty-fix. 

Nine  thoufand  tvvo  hundred  and  ten. 

Twenty-feven  thoufand  five  hundred  and  ninety-four. . 

Six  hundred  and  forty  thoufand,  four  hundred  and  eighty-one. 

Three  millions,  two  hundred  fixty  thoufand,  one  hundreid  and 


f.x. 


'  Four* 


NOTATION  AND  NUMERATION. 


Four  hundred  and  eight  millions,  two  hundred  and  fifty-five 
thoufand,  one  hundred  and  ninety-two. 

Twenty-feven  thoufand  and  eight  mUlions,  ninety-fix  thou- 
fand two  hundred  and  four. 

Two  hundred  thoufand  and  five  hundred  and  fifty  millions, 
one  hundred  and  ten  thoufand,  and  fixteen. 

Twenty-one  billions,  eight  hundred  and  ten  millions,  fixty- 
four  thoufand,  one  hundred  and  fifty. 

Of  THE  Roman  Notation,, 

The  Romans,  like  feveral  other  nations,  exprefled  their 
numbers  by  certain  letters  of  the  alphabet.  The  Romans 
ufed  only  {even  numeral  letters,  being  the  feven  following 
capitals  :  viz.  1  for  one ;  V  fov^ve ;  X  for  ten;  L  {or fifty ; 
C  for  an  kundred ;  D  for  five  hundred;  M  for  a  thoufand. 
The  other  numbers  they  exprefied  by  various  repetitions  and 
combinations  of  thefe,  after  the  following  manner  :  - 


As  often  as  any  chara6ler  Is  re- 
peated, fo  many  times  is  its 
value  repeated. 

A  lefs  characfter  before  a  greater 
dlminijQies  its  value, 

A  lefs  charadter  after  a  greater 
increafes  its  value.. 


1 

— 

I 

2 

^33 

II 

3 

^^ 

III 

4 

rr 

IIII 

oriy 

5 

■^^2 

V 

€ 

■r- 

VI 

7 

"~" 

VII 

8 

— 

VIII 

9 

:;3 

IX 

iU 

_^ 

X 

50 

-: 

L 

100 

i^ 

G 

500 

=^ 

Dor 

ID 

1000 

--. 

M  or 

CIO 

2000 

zz 

MM 

5000 

~ 

Vor 

103 

6000 

~ 

VI 

10000 

rzz 

X  or 

CCIOO 

50000 

= 

L  or 

1000 

60C00 

~ 

LX 

- 

100000 

^z 

Con 

CCCIOOO 

xoooooo 

m 

M  or 

ccccioc 

1^000000 

^^^ 

MM 

fe, 

&c. 

For  every  0  annexed,  this  be- 
comes 10  times  as  many. 

For  every  C  and  0.  placed  one 
at  each  end,  it  becomes  10 
times  as  much. 

A  bar  over  any  number  in- 
crenfes  it  1000  fold. 


EXPLA- 


S  ARITHMETIC. 


Explanation  of  certain  Characters. 

,.  The  RE- are  various  chara6):ers  or  marks  ufed  In  Arithrneti^, 
and  Algebra',  to  denote  feveral  of  the  operations  and  propofi-. 
tions  ;  tlie  chief  of  which' are  as  follow  : 


I.J 


V  •    •  «    * 


-f  fignifies  plus^  or  addition. 
— -     -     -     viirhts,  or  fuhtradlion. 
X  or  .    -     miiltiphcation. 
-f-     -     -     divifion. 

-    ,  proportion^ 

-^".equah'tY. 

V,    -     -  •  fquare  root.  x       -- 

\/     -  .  -    .  cube  root,  &:c. 

OQ     -     -     difF.  between  two  numbers  when  it  is  not  known 
which  is  the  greater. 

Thus, 

5  '  -{-    3,  denotes  that  3  is  to  be  added  to  5.  . 

6  ,—   2,  <ienotes  that  2  is  to  be  taken  from  6-. 

7  *'^X    3,  or  7  .  3,  denotes  that  7  is  to  be  multiplied  by  3. 
8-7-4,  denotes  that  8  is  to  be  divided  by  4. 

2  :  3  :  :  4  :  6,  fhews  that  2  is  to  3  as  4  is  to  6. 
6    4-    4  =  10,  fhews  that  the  fum  of  6  and  4  is  equal  to  10. 
\/3,  or  3^,  denotes  the  fquare  root  of  the  number  3. 
,  ^5,  or  5^,  denotes  the  cube  root  of  the  number  5. 
7 ",  denotes  that.thc  number  7  is  to  be  fquared. 

8  '.5  denotes  that  the  nujiiber  8  is  to  be  cubed- 


OF  ADDITIOX, 


Addition  is  the  colle(^ing  or  putting  of  feveral  niimbcns 
together,  in  order  to  fiud  their  y«7?z,  or  the  total  amount  of  the 
wliole.     This  is  done  as  follows  : 

Set  or  place  the  numbers  under  each  other,  fo  that  each 
fuu're  may  fland  exactly  under  the  figures  of -the  fame  value, 

.  ■  ._.4^^at 


ADDITION.  9 

that  is,  tinits  under  units,  tens  under  tens,  hundreds  under 
hundreds,  Sec.  ;  and  draw  a  line  under  the  lowefl  numl)er,  to 
feparate  the  given  numbers  from  their  fum,  when  it  is  found. 
— Then  add  up  the  tigures  in  the  cohunn  or  row  of  units, 
and  find  how  many  tens  are  contained  in  their  fum.. — Set 
down  exa6llv  below,  what  remains  more  than  thofe  tens,  or 
If  nothing  remains,  a  cipher,  and  carry  as  many  ones  to  the 
next  row  as  there  are  tens, — Next  add  up.thefecond  row, 
t08;ether  with,  the  number  carried,  in  the  fame  m?inner  as  the 
iirft.  And  thus  proceed  till  the  whole  is  finilhed,  fettin^ 
down  the  total  amount  of  the  lafl  row. 


T> 


To  PROVE  Addition.-  , 

Firft  Method. — Begin  at  the  top,  and  add  together  all  the 
rows  of  numbers  downw4rd.s  ;_jii  the  fame  maauer  as  tliev 
were  before  added  upwards ;  then  if  the  two  fums  agree,  it 
may  be  preiumed  the  work  is  right. — This  method  of  proof 
is  only  doing  the  fame  work  Uvice  over,  a  littte  varied.      '    " 

Second  MetJiod. — Prawa  line  below  the  uppermofl  number, 
and  fuppofe  it  cut  ofF. — Then  add  all  the  refl  of  the  numbers 
together  in  the  ufual  way,  and  fet  their  fum  under  the  num- 
ber that  is  to  be  proved. — Laftly,  add  this  laft  found  number 
and  the  uppermofl:  line  together;  then  if  their  fum  be  the 
fame  as  that  found  by  the  hrft  addition,  it  may  be  prefumed 
the  work  is  right. — This  method  of  proof  is  founded  on  the 
plain  axiom,  that  "  The  whole  is  equal  to  all  its  parts  taken 
together."  '  —     ^ 

Third  Method.. — Add  the  figures  in 
the  uppermofl  line  together,  and  find 
how  many  nines  are  contained  in 
their  fum.— -Reie6l  thofe  nines,  and 
fet  down  the  remainder  towards  die 
ricrht  hand  direcllv  even  with  the 
figures  in  the  line,  as  in  the  ^annexed 
example.— Do.  .the  fame  with  each 
of  the  propofed  lines  of  numbers, 
fetting  all    thefe  excefles  of  nines   in  '~' 

a  column  on  the  right-hand,  as  here  5,  5,  6.  Then,  if  the 
excefs  of  9's  In  this  fum,  found  as  before,  be  equal  to  the 
cxcefsof9's  In  the  total  fum  18304,  the  work  is  right. — 
Thus,  the  fum  of  the  right-hand  column,  5,  5,  6,  is  16,  the 
excefs  of  which  above  9  is  7.     Alfo  the  fum  of  the  figures  in 

the 


EXAMPLE  I. 

3497 

• 

C/) 

5 

,G5I2 
8295 

a 
*S 

O 

C  J 

5 

6 

18304 

'"i 

X 

10 


ARITHMETIC. 


file  fum  total,  18304,  is  16,  the  excefs  of  which  above  9  h 
alfo  7,  the  fame  as  the  former  *• 


OTHER  EXAMPLES. 


2. 

3. 

4. 

12345 

12345 

67890 

12345 

67890 

876^ 

98765 

9876 

9087 

43210 

343 

56 

12345 

21 

234 

67890 

9 

1012 

302445 


90684 


23610 


290100 


78339 


11265 


302445 


90684 


23610 


*  This  method  of  proof  depends  on  a  properly  of  Ihe  number  9, 
which,  except  the  number  3,  belongs  to  no  other  digit  whatever; 
siamely,  t!)at  "  any  number  divided  by  9,  will  leave  the  fame  re- 
mainder as  the  furn  of  its  figures  or  digits  divided  by  9  ;"  which 
may  be  demonfirated  in  this  manner, 

-  Demonjlraiion.  Let  there  be  any  number  propofed,  as  4658. 
This,  feparated  into  its  feveral  parts,  becomes  4-000  +  600  +  50 
4-8.  Bat  4000  =  4  X  1000  =  4  X  (999  -|-  l)  =  4  X  999  -f  4. 
In  like  manner  600  =  6  x  99  -{-  6 ;  and  50  =  5  x  9  +  5.  There- 
fore the  given  number  4658  =  4  x  999  +  4  +  6  x  99  +  6  -f 
5x9-f5-{-8  =  4x  999  -{-6x  99  +  5x94-44-6-1- 5 

4-  8;  and  4658  -^  9  =  (4x  999  -j-  6  X  99  4-  5  X  9  -f-  4  4- ^ 
4-  5  -^  8)  ■—  9.  But  4  X  999  +  6  X  99  -f  5  X  9  is  evidently 
divifibfe  by  9,  without  a  remainder  ;  therefore  if  the  given  num- 
ber 4658  be  divided  by  9,  it  will  leave  the  fame  remainder  as 
4  -|-  6  _p  5  _{-  8  divided  by  9.  And  the  fame,  it  is  evident,  will 
hold  for  any  oiher  number  whatever. 

In  like  manner,  the  fame  property  may  be  fhewn  to  belong  (o 
the  number  3  ;  but  the  preference  is  ufually  given  to  the  number 
9,  on  account  of  its  being  more  convenient  in  practice. 

Now,  from  the  demonthation  above  given,  the  reafon  of  the 
Tule  itfelf  is  evident;  for  the  excefs  of  9's  in  two  or  more  number? 
being  taken  feparately,  and  the  excefs  of  9's  tak^n  alfo  out  of  the 
fum  of  the  former  excefles,  it  is  plain  that  ihis  l^ft  ej^cefs  muft  be 
equal  to  the  excefs  of  9's  contained  in  the  total  fum  of  all  ihefe 
numbers;  all  the  parts  taken  (ogether  being  equal  to  the  whole. 
. — =-This  rule  was  firft  given  by  Dr.  Waliis  iw  his  Arithmetic, 

publiftied  JA  the  year  1^7 »         " 

■    Ex, 


SUBTRACTION.  11^ 

j:^.  a.  Add  3426 ;  9024  ;  5106  ;  8390  i  1204,  together. 

Anf.  27150* 

6.  Add  509267;  235809;  72910;  8392;  420;  21  ;  and  9, 
together.  Anf.  826828. 

7.  Add  2;  19;  817;  4298;  50916;  730205;  912u634, 
together.  Anf.  9906891. 

8.  How  many  days  are  in  the  tweh^e  calendar  months  ? 

Anf.  365- 

9.  How  many  days  are  there  from  the  1  5th  day  of  April  to 
the  24th  day  of  November,  both  days  included  ?       Anf.  224. 

10.  An  army  confining  of  52714  infantry*,  or  foot,  5110 
horfe,  6250  dragoons,  3927  hght-horfe,  928  artillery,  or 
gunners,  H-IO  pioneer"^,  250  fappers,  and  406  miners  :  what 
is  the  whole  number  of  men  ?  Anf.  70995. 


OF  SUBTRACTION. 


Subtraction  teaches  to  find  how  much  one  number 
exceeds  another,  called  their  diffeyence,  or  the  remainder,,  by 
taking  the  lefs  from  the  greater.  The  method  of  doing  which 
is  as  loUows : 

Place  the  lefs  number  under  the  greater,  in  tlie  fame  man- 
ner as  in  Addition,  that  is,  units  under  units,  tens  under  tens,- 
and  fo  on  ;  and  draw  a  line  below  them. — Begin  at  the  right 
hand,  and  take  each  figure  in  the  lower  line,  or  number,  from 
the  figure  above  it,  fetting  down  the  remainder  below  it  — - 
But  if  the  figure  in  the  lower  line  be  greater  than  that  above 
it,  firft  borrow,  or  add,  10  to  the  upper  one,  and  ihen  take  the 
lower  figure  from  that  fum,  fetting  down  the  remainder,  and 
carrying  1 ,  for  what  was  borrowed,  to  the  next  lower  figure, 
with  which  proceed  as  before ;  and  fo  on  till  the  whole  is 
fin idled. 

*  The  whole  body  of  foot  foldiers  is  denoted  by  the  word  In* 
fatitry;  and  all  thofe  that  charge  on  horfeback  by  the  word  Cavalry, 
— Some  authors  conjecliire  that  the  term  infantry  is  derived  Irom 
a  certain  Infanta  of  Spam,  who,  finding  that  the  arm)'  commanded 
by  the  king  her  falher  had  been  defeated  by  the  Moors,  all;  nibled 
a  body  of  the  people  together  on  foot,  with  which  flje  ciig.iged 
and  totally  rouied  the  enemy.  In  honour  of  this  event,  and  to 
diflinguilh  the  loot  loldiers,  who  were  not  before  heid  in  mueh 
etlmiaiion,  they  received  the  name  of  Infantry,  fium  her  own 
title  of  Infanta. 

To 


1^  ARITHMETIC. 


To  PROVE  Subtraction. 


Add  the  remainder  to  th.e  lefs  number,  or  that  which  is 
juft  above  it ;  and  if  the  fum  be  equal  to  the  greater  or  upper- 
mofl  number,  the  work  is  right*. 


froni 

Take 

1 

1. 

5,386427 

2164315 

EXAMPLES. 

2. 
From  5386427 
Take  4258792 

From 
'lake 

Kcm,- 

Proof. 

3. 

1234567 
702973 

Rem. 

3222112 

Rem.  1127635 

531594 

Froof. 

5386427 

Proof.  5386427 

1234567 

4.  From  5231806  take  5073918.  Anf.     157888. 

5.  From  7020914  take  2766^09.  Anf.  4254105. 

6.  From  8503602  take  574371.  Anf.  7929231. 

7.  Sir  Ifaic  Newton  was  born  in  tlie  year  1642,  and  he 
died  in  1727  :  how  old  was  he  at  the  time  of  his  deceafe  ? 

Anf.  85  years. 

8.  Homer  was  born  2530  years  ago,  and  Chrift  1797  years 
ago  :  then  how  long  before  Chriil:  v/as  the  birth  of  Hpmer  ^ 

Anf.  73^ears. 

9.?Noah's  flood  happened  about  the  year  of  the  world  1656, 

and  the  birth  of  Chrifl  about  tlie  year  4000 :  then  how  long 

was  the  flood  before  Chrifl:  ?  Anf.  2344  years. 

10.  The  Arabian  or  Indian  method  of  notation  was  firfl 
known  in  England  about  the  year  1 150 :  then  how  long  is  it 
fmce  to  this  prefent  year  1797  ?  Anf.  647  years. 

1 1 .  Gunpowder  was  invented  in  the  year  1 330  :  then  how 
long  was  this  before  the  invention  of  printing,  which  was 
in  1441  ?  Anf.  11  I  years. 

12.  The  mariner's  compafs  was  invented  in  Europe  in  the 
year  1302:  then  how  long  was  that  before  the  difcovery  of 
America  by  Columbus,  which  happened  in  1492  .? 

Anf.   1 90  years. 


■*•  The  reafon  of  this  method  of  proof  is  evident ;  for  if  tlie 
nifference  of  two  numbers  be  added  to  the  lefs^  it  mull  manifeftly 
lYinke  up  a  fum  equal  to  the  greater. 


OF 


MULTIPLICATION, 
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OF  MULTIPLICATION. 

Multiplication  Is  a  compendious  method  of  Addition^ 
teaching  how  to  find  the  amount  of  any  given  number  when 
repeated  a  certain  number  of  times  ;  as,  4  times  6,  which 
is  24. 

The  number  to  be  mukiphed,  or  repeated,  is  called  the 
Multiplicand. — The  number  you  multiply  by,  or  number  of 
repetitions,  is  the  Multiplier. — And  the  number  found,  being 
the  total  amount,  is  called  the  Product. — Alfo,  both  the 
multiplier  and  multiplicand  are,  in  general,  named  the  Terms 
or  Factors. 

Before  proceeding  to  any  operations  In  this  rule,  It  is  ne- 
celTary  to  learn  off  very  perfectly  the  following  Table  of  all 
the  produ61:s  of  the  firfl  12  numbers,  commonly  called  tlic 
Multiplication  Table,  or  fometimes  Pythagoras's  Table,  from 
its  inventor.  ■ 


Multiplication  Table. 


1 

2 

3   4 

5 

6 
12 

7 

8 

9 

K 

2c 

11 

12 

o 
3 

4 

1 
6   8 

10 

14 

16 
24 
32 

18 

22 

24 

6 

9 

12 

15 

18 

21 
28 

27 
36 

3-. 
40 

33 

36 

4 

8 

12 

16 

20 
25 

24 
30 

44 

48 

5 
6 
7 
8 
9 

10 

15 

20 

35 

40 

45 

5 1.' 

55 

60 

12 

18 

24 

30 

36 
42 
48 

42 

48 

54 

60 

Q^^ 

72 

14 

21 

28 

35 

49 

56 

56 

63 

70 

77 

84 

16 

24 

32 

40 

64 

72 
81 

SO 

88 

,^^ 

18 

27 

36 

45 

54 

63 
70 

72 

90 

99 

108 

' 

10 
11 

20 

30 

40 

50 

60 

80 

90 

lOU 

110 

120 

22 

33 

44 

55 

KiQ 

77 

88 

99 

no 

121 

132 

12 

24 

36 

48 

60 

72 

84 

96 

108 

I2t 

132 

144 

T<f 


U  ARITHMETIC. 

To  multiplij  any  Given  Number  by  a  Single  Figure^  or  bj 
any  Number  not  more  than  1 2. 

*  Set  the  multiplier  under  the  units  figure,  or  right-hand 
place,  of  the  multiplicand,  and  draw  a  line  below  it. — Then, 
beginning  at  the  right  hand,  multiply  every  figure  in  this  by 
the  multiplier. — Count  how  many  tens  there  are  in  the  pro- 
du6t  of  every  fingle  figure,  and  fet  down  the  remainder  di- 
redely  under  the  figure  that  is  multiplied  ;  and  if  nothing  re- 
mains, fet  down  a  cipher. — Carry  as  many  units  or  ones,  as 
there  are  tens  counted,  to  the  produtl:  of  the  next  figures  j 
smd  proceed  in  the  fame  manner  till  the  whole  is  finifhed. 

EXAMPLE. 

Multiply  9876543210  the  Multiplicand. 
By  -         -         .2  the  Multiplier. 

19753086420  the  Produ^. 


To  multiply  by  a  Number  confifting  of  Server (d  Figures. 

f  Set  the  multiplier  below  the  multiplicaad,  placing  thtvck 
as  in  Addition ;  namely,  units  under  units,  tens  under  tens,  &€. 
drawing  a  line  below  it. — Multiply  the  whole  of  the  multi- 
plicand by  each  figure  of  the  multiplier,  as  in  the  lall  article ; 

fetting 


*  The  reafon  of  this  rule  is  the  fame  as  for 
the  proccfs  in  Addition,  in  which  1  is  car- 
ried for  every  10,  to  the  next  place,  gra- 
dual!)' as  the  feveral  produdls  are  produced, 
one  after  another,  inflead  of  fetting  them 
all  down  below  each  other,  as  in  the  an- 
nexed Example. 


5678 

4 

32 

—        8 

X 

4 

280 

=     70 

X 

4 

24-00 

—    600 

X 

4 

20C00 

—jOOO 

X 

4 

227  12 

=•5678 

X 

4 

t  Afi 
figure 


fier  having  found  the  produce  of  the  multiplicand  by  the  fir/i 
^  of  the  multiplier,  as  in  the  former  caie,  the  muhipircr  is 
fuppofed  to  be  divided  into  parts,  and  the  produ6l  is  found  for  the 
fecond  figure  in  the  fame  manner :  but  as  this  figure  (lands  in  the 
place  of  tens,  the  produ6l  muft  be  ten  times  its  limple  value ;  and 
therefore  the  firft  figure  of  this  product  mufi  be  fet  in  the  place  of 

tens; 


MULTIPLICATION.  IS 

fetting  down  a  line  of  produfts  for  each  figure  in  the  multi- 
plier, fo  as  that  the  firft  figure  of  each  hne  may  (land  ftraight 
under  the  figure  multiplying  bv. — Add  all  the  lines  of  pro- 
du£l:s  together,  in  the  order  as  th^y  ftand,  and  their  fum  will 
be  the  anfwer  or  whole  produdt  required. 

To  PROVE  Multiplication. 

There  are  three  different  ways  of  proving  Multiplication, 
which  are  as  below  : 

Firft  Methods — Make  the  multiplicand  and  multiplier 
change  places',  and  multiply  the  latter  by  the  former  in  the 
fame  manner  as  before.  Ti'ien  if  the  produ6t  found  in  this 
way  be  the  fame  as  the  former,  the  number  is  right. 

Second  Method. — *  Cafl  all  the  9's  out  of  the  fum  of  the 
figures  in  each  of  the  two  fa6tors,  as  in  Addition,  and  fet 
down  the  remainders.  Multiply  thefe  two  remainders 
together,  and  caft  the  9's  out  of  the  produdl,  as  alfo  out  of 


lens;  or,  which  is  the  fame  thing,  dire6lly  under  the  figure  multi- 
plied by.  And  proceeding  in 

this mannerfeparateiy  with  all          ^^^^.^^     ^^^  multiplicand, 
the  figures  o\  the  multipher,  .  ..^_  ^ 

if  is  evident  that  we  fliall  mul-  _ 

tiply  all  the  parts  of  the  mul-  8641969=       7  times  the  mult, 

iplicar^d  by  all  the  parts  of      ^^^^^^^^  ^     ^^  ^.^.^^^  ^-^^^^ 

themutip|er,orthewhoeof     ^^^2835      =  500  times  ditto, 

the  multiphcand  bvthe  whole   ^^nonr^o  J.'^/^r^  »• ah 

,-  ,,            1.-    ,•     -'     ,        r        49.38263        =4000  tunes  ditto., 
of   the  multipher:   therefore 

thefe  feveral  produds  beine  t^oonr-ioo      icr-r  4.'^  ^.  AUt^ 
J  ,   J  ,       ^,    ^      .,,  ,            ^,  563826/489=4567  times  ditto, 
added  together,  will  be  equal 

tothe  whole  required  prod ud; 

as  in  the  example  annexed. 

*  This  method  of  proof  is  derived  from  the  peculiar  property  of 
the  number  9,  mentioned  in  the  proof  of  Addition,  andt'ie  reafori 
for  the  one  may  ferve  for  that  of  the  otlier.  Another  more  ample 
demonflration  of  this  rule  may  be  as  follows  : — Let  P  and  Q  denote 
the  number  of  9''s  in  the  fa6tors  to  be  multiplied,  and  a  and  b  what 
remain;  then  9?  -\-  a  and  9  Q  -|-  ^  uill  be  the  numbers  themfelves» 
and  their  produfl  is  (9  P  x  9  Q)  +  (9  P  x  -^)  -\-  {9  Q  X  a)  + 
{axb)  ;  but  the  firft  three  of  thel'e  products  are  each  a  precif^- 
number  of  9\s,  becaufe  their  fadors-  are  (o,  eitiier  one  or  b(»th  : 
thefe  therefore  being  cafr  away,  there  remains  only  a  x  b;  and  it 
the  9*s  be  alfo  caft  out  of  ihis,  the  excefs  is  the  excefsof  9's  in  the 
total  produd;  but  ^  and  <?>  are  the  excelles  in  the  factors  them- 
fclvcs,  and  axb  h  their  prodad  \  therefore  the  rule  is  itiXQ. 
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*he  whole  product  or  anfwer  of  the  quellion,  referving  th& 
remainders  of  thefe  lafl  two,  which  remainders  inuft  be  equal 
when  the  work  is  rio-ht. — Note.  It  is  common  to  fet  the  four 
remainders  within  the  four  angular  fpaces  of  a  crofs,  as  in  the- 
example  below. 

Third  Method. — Multiplication  is  alfo  very  naturally 
proved  by  Divifion  ;  for  the  produ6l  divided  by  either  of  the 
fadlors,  will  evidently  give  the  other.  But  this  cannot  be 
pra6lifed  till  the  rule  of  Divifion  is  learned. 


EXAMPLES. 


Mult.    3542 
by  6196 

21252 
31878 
3542 
21252 


21946232  Produdf. 


Proof. 


or  Mult.    6196 


by 


3542 


12392 
24784 
3098.0 

18588 

21946232  Proof* 


OTHER    EXAMPLES. 


Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 
Multiply 


123456789  by 
123456789  by 
123456789  by 
123456789  by 
123456789  by 
123456789  by 
123456789  by 
123456789  by 
123456789  by 
302914603  by 
273580961  by 
402097316  by 
82164973  by 
7564900  by 
8496427  by 
2760325   by 


3. 

4. 

o. 

6. 

7. 

8. 

9. 

11.  ' 

12. 

16. 

23. 

195. 

3027. 

579. 

874359. 

37072. 


Anf.  370370367. 

Anf.  493827156; 

Anf.  617283945. 

Anf.  740740734. 

Anf.  864197523. 

Anf.  987654312. 

Anf.  lliillllOI. 

Anf.  1358024679. 

Anf.  1481481468. 

Anf.  4846633648. 

Anf.  6292362103. 

Anf.  78408976620. 

Anf.  248713373271. 

Anf.  4380077100. 

Anf.  742892741 5293< 

Anf.  102330768400. 


CONTRAC- 
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Contractions  in  Multiplication. 

L  JVhen  there  are  Ciphers  in  the  Factors. 

If  the  ciphers  be  at  the  riglit-hand  of  the  numbers  ;  muU 
tiply  the  other  figures  only,  and  annex  a?  many  ciphers  to 
the  right-hand  of  the  prodiidl,  as  are  in  both  the  fa6lors.— 
When  the  ciphers  are  m  the  middle  parts  of  t;ie  muhiplier; 
negletfl  them  as  before,  only  taking  care  to  place  the  firft 
figure  of  every  line  of  products  exactly  under  the  hgure  mul« 
tiply ing  with, 

EXAMPLES. 

1.  .  2. 

Mult.  9001635        Molt.  390720400 
by  -  70  ICO        by  -   4'Jt)000 


9001635  23443224- 

63011445  15628816 


631014613500  Produ£ls  158632482400000 


3.  Multiply  81503600  by  7030.  Anf.  57'iS.70308000, 

4.  Multiply  9030100  by  2100.   Anf.  18903210000. 

5.  Multiply  805".069  by  70050.  Anf.  564397683450. 

IL  IVheii  the  Multiplier  is  the  Product  of  two  or  viore 
Numbers  in  the  Tabic ;  then 

•*  Multiply  by  each  of  thofe  parts  fcparately,  iiiflead  o£ 
the  whole  number  at  oncco 

EXAMPLES. 

lo  Multiply  51307298  by  56,  or  7  times  8. 

51307298 
7 


359151086 
8 

2873208688 


*  Tiie  reafon  of  this  rule  is  obvious  enough  ;  for  any  nnmber 
ihultiplied  by  the  component  parts  of  ahtither,  mufl  give  the  iame 
product  as  if  it  were  multiplied  by  that  number  at  once  Thus,  in 
the  1ft  example,  7  times  the  product  of  8  by  the  given  number, 
xnakes  56  times  the  fame  nu.iiber,  as  plainly  as  7  times  8  makes  56. 

Vol,  L  C  2.  MwU 
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S.  Multiply  31704592     by  36.  Anf.   11413G5312. 

3.  Multiply  29753804     by  72.        '    Anf.   2142273888. 

4.  Multiply  7128368        by  96.  Anf.  684323328. 

5.  Multiply  160430800  by  lOS.  Anf.    17326526400. 

6.  Multiply  61835720     by  1320.        Anf.  81623150400. 

7.  There  was  an  army  compofed  of  104  *  battalions,  each 
confining  of  500  men  ;  what  was  the  number  of  men  con- 
tained in  the  whole  ?  Anf.  52000. 

8.  A  convoy  of  ammunition  f  bread,  confifting  of  250 
waggons,  and  each  waggon  containing  320  loaves,  having 
been  intercepted  and  taken  by  the  enemy  ;  what  is  the  num- 
ber of  loaves  lofl  ?      ,  Anf.  80000. 


OF  DIVISION. 

Division  is  a  kind  of  compendious  method  of  Subtrac- 
tion, teaching  to  find  how  often  one  number  is  contained  in 
another,  or  may  be  taken  out  of  it;  whiqh  is  the  fame  thing. 

The  number  to  be  divided  is  called  the  Dividend. — - 
The  number  to  divide  by,  is  the  Di-vijor. — And  the  number 
of  times  the  dividend  contains  the  divifor,  is  called  the  Quo- 
tient,— Sometimes  there  is  a  Remainder  left,  after  the  divifion 
is  finifhed. 

The  ufual  manner  of  placing  the  terms,  Is,  the  dividend  in 
the  middle,  having  the  divifor  on  the  left  hand,  and  the  quo- 
tient on  the  right,  each  feparated  by  a  curve  line ,  as,  to 
divide    12   by    4,    the   quotient   is    3, 

Dividend  1^ 

Divifor  4)  12  (3   Quotient;         ^      4  fubtr. 

fliewing  that  the  number  4  is  3  times  -— 

contained  in  \2^  or  may  be  three  times  8 

fubtra(5ted  out  of  it,  as  in  the  margin.  4  fubtr, 

X  Rule. — Having  placed  the  divifor  — ^ 

before  the  dividend,   as  above  direct-  4 

ed,  fmd  how  often  the  divifor  is  con-  4  fubtr. 

taincd  in  as  many  figures  of  the  divi-  — 

dend  as  are  jufl  neceffary,  and  place  the  O 

number  on  the  right  in  the  quotient.  — 

Mul- 


*  A  battalion  is  a  body  of  foot,  confifting  of  500,  or  600,  or  700 
men,  more  or  lefs. 

f  The  ammunition  bread  Is  that  vvliich  Is  provided  for,  and  dif- 
fributed  to  the  foldiers  ;  the  ufual  allowance  being  a  loaf  of  6 
pounds  to  every  foldier,  once  in  4  days. 

%  h\  this  way  we  refolve  the  dividend  into  parts,  and  find  by  trial 

how 
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Multiply  the  dlviibr  by  this  number,  and  fet  the  produfl 
under  the  figures  of  the  dividend  before-mentioned. — Sub- 
tra(5^  this  product:  from  that  part  of  the  dividend  under  which 
it  ftands,  and  bring  down  the  next  figure  of  the  dividend,  or 
more  if  neceflary,  to  join  on  the  riffht  of  the  remainder. — Di- 
vide  this  num.ber,  fo  increafed,  in  the  fame  manner  as  before; 
and  (o  on  till  all  the  figures  are  brought  down  and  ufed. 

i\^.  B,  If  it  be  nccefTary  to  bring  down  more  figures  than 
one  to  any  remainder,  in  order  to  make  it  as  large  as  the 
divifor,  or  larger,  a  cipher  muft  be  fet  in  the  quotient  for 
every  figure  fo  brought  down  more  than  one. 

To  PROVE  Division. 

*  Multiply  the  quotient  by  the  divifor ;  to  this  product 
add  the  remainder,  if  there  be  any  ;  then  the  fum  will  be 
equal  to  the  dividend  when  the  work  is  right. 


how  often  the  divifor  is  contained  in  each  of  thofe  parts,  one  after 
another,  and  arranging  the  feveral  figures  of  the  quotient  one  after 
another,  into  one  tuimber. 

When  there  is  no  remainder  to  a  divifion,  the  (quotient  is  the 
v/hole  and  perfect  anfwer  to  the  quefiion.  But  when  there  is  a  re- 
mainder, it  goes  fo  much  towards  another  time  as  it  approaches  to 
the  divifor  :  fo,  if  the  remainder  be  half  the  di  ifor,  it  v^ill  go  the 
half  of  a  time  more  ;  if  the  4th  part  of  the  divifor,  it  will  go  one 
fourth  of  a  time  more  ;  and  fo  on.  Therefore,  to  complete  the 
quotient,  fet  the  remainder  at  the  end  of  it,  above  a  fmall  line,  and 
the  divifor  below  it,  thus  forming  a  fradional  part  of  the  whole 
quotient. 

*  This  method  of  proof  is  plain  enough  :  for  fince  the  quotient 
is  the  number  of  times  the  dividend  contains  the  divifor,  the  quo- 
tient multiplied  by  the  divifor  muft  evidently  be  equal  to  the 
dividend. 

There  are  alfo  feveral  other  methods  fometimes  ufed  for  proving 
Divifion,  fome  of  the  moft  ufeful  of  which  are  as  follow  : 

Second  Method. — Subtra6l  the  remainder  from  the  dividend,  and 
divide  what  is  left  by  the  quotient ;  fo  iliall  the  new  quotient  from 
this  laft  divifion  be  equal  to  the  former  divifor,  when  the  work  is 
right. 

Third  Method. — Add  together  the  remainder  and  all  the  pro- 
du6ls  of  the  feveral  quotient  figures  by  the  divifor,  according  to  the 
order  in  vs  hich  they  ftand  m  the  work ;  and  the  fum  will  be 
•qual  to  the  dividend  when  the  work  is  right, 

C2  EXAM- 


so 
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I. 


.     EXAMPLES. 

Quot,  2. 


S)   12345^7   (411522 
13  mult.    3 


3 
3 


4 
3 

15 
15 


1234566 


add  I 


1234567 


Proof. 


Quot. 

37)   12345678   (3336CS 
lU  37 


124 
111 

135 
111 

246 
222 


2335662 
10^0998 
rem.   36 

12345678 

Proof. 


6 

6 


7 
6 


Rem.  1 


3.  Divide  73146085       by  4. 

4.  Divide  5317986027  by  7. 

5.  Divide  570196382     by  12. 

6.  Divide  74638105 

7.  Divide  137896254 

8.  Divide  35821649 

9.  Divide  72091365 


37. 
97. 


247 

222 

I  M 

258 

222 


Rem.  36 


ApS    182865211. 
Anf.  7597122891. 

Anf,  47516265tV 
Anf.  20l7216yV« 
Anf.    142161C|.|^. 


Anf.  46S86f||. 

Anf,    13861-3-VoT. 
Anf.  804964^--5-|. 


by 

by  764. 

by  5201. 

10.  Divide  4637064283  by  57606. 

11.  Suppofe  471  men  are  fonned  Into  ranks  of  3  deep, 
%vliat  is  the  number  in  each  rank  ?  Anf.  1 57. 

12.  A  party,  at  the  diflance  of  378  miles  from  the  head 
quarters,  receive  orders  to  jom  their  corps  in  18  days  ;  what 
number  of  miles  muft  they  march  each  day  to  obey  their 
orders?  Anf  21. 

13.  The  annual  revenue  of  a  gentleman  being  38330/ ^ 
how  much  per  day  is  that  etpivalent  to,  theie  being  365  days 
in  the  year?         ''  Anf.  104^. 

Contractions  in  Division. 

There  are  certain  contradtions  in  Divifion,  by  whicJi  the 
operation  in  particular  cafes  may  be  performed  in  a  (liorter 
manner  :  as  foiioivs : 

I.  Dkz' 
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I.  Divifhn  hy  any  Small  Nionbei\  not  greater  than  1 2,  may- 
be expeditioufly  performed,  by  multiplymg  and  fubtra6ling 
mentally,  omitting  to  fet  down  the  work,  except  only  the 
quotient  immediately  below  the  dividend^ 

EXAMPLES, 
3)   56103961  4)   52019675  5)    1370192 


Quct.   1 870 1 3  20  § 


6)  380729^0     T)  81390627     8J  23718620 


— • 


9}  430S1962'         il)   57014230  12)   279^'0313 


I^  *TF/iai  Ciphers  are  annexed  fo  the  Di-ji/hr;  cut  off 
thole  ciphers  from  it,  and  cut  off  the  lame  number  of  figures 
from  the  right-hand  of  the  dividend  ;  |hen  (i.v;cie  tae  remain- 
ing figures,  as  ufual.  And  if  there  be  anv  thing  remammg 
after  tiiis  diviiion,  pbce  the  figures  cut  off  from  the  aividend 
to  the- right  of  it,  and  the  whole  will  be  the  true  remainder; 
otherwife,  the  figures  cut  off  only  will  be  the  remainder. 

EXAMPLES. 
1.  Divide  37041-96  by  20.  2.  Divide  31086901  by  7100, 

2,0)   370419,6  71,00)   310869,01  (4378|-j°^, 


Quct.  l$5209i^^ 


2S4 


268 

213  - 

■  55-6 

497 

599 

568 

31 

3.  Divide 

*  This  metiiod  is  only  to  avoid  aneedlefs  j:epe(ition  of  cip!ier>, 
which  would  happen  in  the  coapion  way.     And  the  trutli  of  (he 

principle 
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3.  Divide  7380964  by  23000.  Anf.  320J^||-J. 

4.  Divide  2304109  by  5800.  Anf.  397^^^^-. 

III.  JVhe7i  ike  Divifor  is  the  exact  Product  of  txco  or  viore 
of  the  fmall  Numbers  not  greater  than  12:*  Divide  by  each 
of  thoie  numbers  feparately,  inflead  of  tl,ie  whole  divifor  at 
once. 

iV^.  B.  There  are  commonly  feveral  remainders  in  \vork» 
ing  by  this  rule,  one  to  each  divifion ;  and  to  find  the  true  or 
"whole  rema.nder,  the  fame  as  if  the  divifion  had  been  per- 
formed all  at  once,  proceed  as  follows ;  Multiply  the  laft 
remainder  by  the  preceding  divifor,  or  Jafl  but  one,  and  to 
tlie  produ6l  add  the  preceding  remainder ;  multiply  tins  fum 
by  tlie  next  preceding  divifor,  and  to  the  produ(ft  add  the  next 
preceding  remainder ;  and  fo  on,  till  you  have  gone  hack- 
ward  through  all  the  divifors  and  remainders  to  the  firft, 
As  in  the  example  following  : 

EXAMPLES. 
1,  Divide  31046835  by  56  or  7  times  8, 

7)  31046835  6  the  lail  rem. 
.                            mult.  7  preced.  divifor, 

8)  4435262—1  £rft  rem.       •      ^ 
42 

554407 — 6  fecond  rem.    add  1  the  ifl  rem. 


Anf.  5544074-1  43  whole  rem. 

5  o 


principle  upon  which  it  is  founded,  is  evident;  for,  catting  off  the 
fame  number  of  ciphers,  or  figures,  from  each,  is  the  fame  as 
•dividing  each  of  them  by  10,  or  100,  or  1000,  &c.  according  to 
the  number  of  ciphers  cut  off;  and  it  is  evident  that  as  often  as 
the  whole  divifor  is  contained  in  the  whole  dividend,  fo  often  mufl 
any  part  of  the  forrper  be  contained  in  a  like  part  of  the  latter. 

*  This  follov^^s  from  the  fecond  contra6iion  in  Multiplication, 

being  only  the  converfe  of  it;  for  the  half  of  the  third  part  of  any 

thing,   is  evidently  the  fame  as  the  fixth  part  of  the  whole;  and 

fa  of  any  other  numbers. — The  reafon  of  the  method  of  finding 

the  whole  remainder  from   the  feveral  particular  ones,  will  beil 

appear  from  the  nature  of  Vulgar  Fraclions.       Thug,  in  the  /irft 

example  above,  the  firft  remainder  being  1,  when  the  divifor  is 

7,  makes  \\    this  mull  be   added  to  the  fecond  remainder,  6, 

rpaking  Gj  to  the  divifor  8,  or  to  be  divided  by  8.       But  61.=:= 

6x7-f-l      43  .  43       43 

r— -— -—y ;  and  this  divided  by  8  gives  — — =— . 

3.  Divide 
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2.  Divide  7014.59G    by    72. 

3.  Divide  5130652    by  132. 

4.  Divide  83016572  by  240. 


25 

Anf.  97424-i|. 
Ani:  38868-^. 
Anf.  345902^V 


IV.  Coynvion  Divifwn  may  he  performed  more  concifely^ 
by  omitting  the  feveral  produ6ts,  and  fetting  down  only  the 
remainders ;  namely,  multiply  the  divifor  by  the  quotient 
figures  as  before,  and,  without  fetting  down  the  producft, 
iubtra^l  each  figure  of  it  from  the  dividend,  as  it  is  produced; 
always  rememl'ering  to  carry  as  many  to  the  next  figure  as 
were  borrowed  before. 

EXAMPLES. 

1.  Divide  304679  by  833. 

833)  3104679  (3727^3^ 
605G 
2257 
5919 
88 


2.  Divide  79165238  by  238. 

3.  Divide  29137062  by  5317. 

4.  Divide  62015735  by  7S03, 


Anf.  332627^3?f. 
Anf.  5479fHf.. 
Anf.  794'-rf|4|-. 


OF  REDUCTION, 


Reduction  is  the  changing  of  numbers  from  one  name 
or  denomination  to  another,  without  altering  their  value. — 
This  is  chiefly  concerned  in  reducing  money,  weights,  and 
mcafures. 

When  the  numbers  are  to  be  reduced  from  a  higher  name 
to  a  lower,  it  is  called  Reduction  Dejcending :  but  when, 
contrarywife,  ffoni  a  lower  name  to  a  higher,  it  is  Reduction 
AJcending^ 

Before  proceeding  to  the  rules  and  queftions  of  Redu6lion, 
it  will  be  proper  to  fet  down  the  ufual  Tables  of  money, 
weights,  and  meafures,  which  are  as  follow; 
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ARITHMETIC, 


Of  MONEY,  WEIGHTS,  and  MEASURES. 


Tables  of  Money*. 


2  Farthings 
4  Farthings 
1 2  Pence 

20  Shillings 


1  Flalfpenny  !- 
1  Fenny  d 
1  Shilling  s 
1  Pound       £ 


PENCE  TAB-LE. 


d 
20 

30 

40 

^0 

60 

70 

8,0 

90 

100 

110 

120 


IS 


s 
1 

3 

4 
5 
5 

6 

7 
8 

9 
10 


d 

8 
6 
4 
2 
0 
10 
8 
6 
4 

o 

0 


48  = 
960  : 


d 
1 

12 


s 

I 

20  - 


I 


SHILLINGS  TABLE, 

d^ 

is         12 


5 

1 
o 

3 
4 
5 
6 
7 
8 
9 

10 
11 


24 
36 

48 

60 

72 

84 

96' 

103 

120 

132 


Troy 


*  ^  denotes  poonc^s,  s  ftiillings,  and  J  denotes  pence. 
j.  denotes  I  farthings  or  one  quarter  of  any  thing. 
-I  denotes  a  halfpenny,  or  the  half  of  any  thin^. 
^  denotes  3  farthings,  or  three  q'larters  of  any  thing. 

The  full  weight  and  value  of  the  Engiifii  gold  and  filver  coin, 
is  as  here  below  : 

Gold. 

A  Guinea 
Half-;4U?nea 
Seven  Shilhngs  0 
Quarter-guinea  C 

The  ulual  value  of  gold  is  nearly  4/  an  ounce,  or  9d  a  grain  ; 
and  that  of  filver  is  nearly  ^a-  an  oiince,  Alfo,  the  value  of  any 
quantity  of  gold,  is  to  the  value  of  the  fame  weight  of  fiandard 
lilver,  neail)'  as  1,5  to  i,  on  rnore  nearly  as  15  and  1-1  4th  to  I. 

Pure  gold;  iv(5G  from' miji lure  with  otiier  metals,  ufualiy  called 
fine  gold,  is  of  fath  purity  of  nature^  that  it  vviil  endure  the  tire 

,   "'    ''  without 


Value. 

IVei'rlit. 

SlLVER. 

Value. 

JVcfghf. 

£     ^^   d 

d'vt    gr 

s 

d 

dzc't     gr 

1      i    0 

5     9A 

A  Crown 

5 

0 

19      84 

0    10  6 

'     2   I6| 

Half-crown 

o 

6 

9    1(-| 

0     7   0 

1    ]9i 

Shilling 

1 

0 

3   21 

G     5   3 

1     84- 

Sixp:jnce 

0 

6 

1     0'^\ 

TABLES  QT  WEIGHTS.  25 

Troy  Weight^. 


gr      d'j)t 
21—      1       cz 
4S0=   20=    1     /5 
5760  =  240=12=1 


^Grains       t'       ":         xnirkz^  gr 

24  Grains  make    1  Pennyweight  dxvf 

-20  Pennyweights  1  Ounce      ■ '        oz 

12  Ounces  1  Pound  lb 

By  this  weight  are  weighed  Gold,  Silver,  and  Jewels, 

/spaTHECARiEs'  Weight. 

Grains     -     -     marked  gr 
20  Gia:ns  make  J  Scriiple  jc  or  ^ 

3  Scrup]es  1  Diam      dr  or  5. 

8  Drams  i()iince    cz  or  3 

12  Ounces  1  Pound  ,  lb  cr  ti# 

20  =      1        i'/r 
60  =      3  =    1        oz 
480  =     24  =     8  =     1       /5 

5760  =  288  =  96  =  12  =  i 

This  is  the  fame  as  Troy  weight,  only  having  I'^me  dif- 
ferent divifions.  Apothecaries  make  uie  of  this  weight  in 
com;  ounding  their  Medicines;  but  they  buy  and  fell  their 
Drugs  by  Avoirdupois  weight. 

AvoiR- 


witliout  wafiing,  though  it  be  kept  continually  mel  ed.  But  filver, 
rot  having  the  purit}'  of  gold,  -viil  not  endure  the  fiie  like  it:  yet 
fine  fjK'cr  will  wafte  but  a  ver^'  little  by  being  in  the  fire  any 
moderate  linie;  vviierear,  copper,  tin,  lead^  &:c.  will  not  only 
wallp,  but  n^av  be  calcined,  or  buriit  to  a  powder. 

Both  gold' and  filver,  in  their  purity,  are  lo  very  loft  and  fiex  ble 
(like  nt. w  Kad,  &c.),  that  they  are  riot  (o  u(efu!,  either  in  coin  or 
othervvifc  (exjLcpt  to  beat  into  leaf  gold  or  lilver),  as  when  they 
are  allayed^  or  ndxcd  and  hardened  W'th  copper  or  brafs.  And 
though  moll  naiior)S  diiTer..  more  or  iefs,  m  ilie  quanlily  of  fuch 
ailay,  as.  ueil  as  in  the  lame  p'.oce  at  difilerenl  times,  yet  ii]  En^- 
Jiin-d  the  fiandard  h)r  ij^dd  and  filver  coin  ha>i  been  for  a  ion ii  time 
as  follows — viz.  Thfit  22  parts  of  tine  gold,  and  Si  parts  of  copper, 
being  niehed  logether,  Iball  be  efteemed  the  iri:e  itandard  for  gold 
coin  :  And  tjiat  1 1  ounces  and  2  pennyweights  of  fine  iilver,  and 
18  pennyweights  of  copper,  beinr:  mekcd  together,  is  eileemed 
the  true  liandard  for  Iilver  cin,  called  Sterling  filver, 

*  The  orii^inal  of  all  weights  uied  in  En;j^land,  was  a  grrain  or 
corn  of  wheal,  gathered  out  of  the  middle  of  the  ear,  and,  being 
Viali  dried,  32  of  them  were  to  make  one  pennyweight,  20  penny- 
weights 


26  ARITHMETIC, 


Avoirdupois  Weight, 


T)raros 

— 

marked  dr 

16  Drams 

make 

1  Ounce     -     -     -     ojT 

16  Ounces 

-     .     ~ 

1  Pound     ^     ^     -      lb 

2S  Pounds 

-.     -     - 

1  Quarter        -     -     qr 

4  Quarters 

-     - 

1  Hundred  Weight  cwt 
1  I'on        1     -     -   ton 

20  Hundred  Weight 

dr 

■0% 

16  — 

1 

lb. 

256  = 

16  — 

1        qr 

7168  — 

448  " 

28  —     1        cwt 

28672  - 

1792  — 

112—    4—    1     ton 

573440  — 

35840  -- 

2240  -80-20—1 

By  this  weight  are  weighed  all  things  of  a  coarfe  or  drolTy 
nature,  as  Corn,  Bread,  Butter,  Cheefe,  Flefh,  Grocery 
Wares,  and  fonie  Ll(|uids  \  alfo  all  Metals,  except  Silver  and 
Gold.  * 

oi  dwt  gr     ' 
NoiCy  that  1/3  Avoirdupois  —  14   11    15^  Troy, 
\oz  -  -   rr     0    13      5§ 

Idr         -       ^  =z    0     I     ^         * 


Long  Measure. 

3  BarIey-corn5  make  1  Inch  -  I71 

12  Inches         -         -     1  Foot  -  Ft 

3  Feet  -         -     1  Yard  -  Fd 

6  Feet  -         -     1  Fathom  -  Ft/i 

5  Yards  and  a  half        1  Pole  or  Rod  PI 

40  Poles  -         -     1  Furlong  -  Fur 

S  Furlongs    -         -     1  Mile  -  Mile 

3  Miles  -         -     1  League  -  Lea 

69^  Miles  nearly      -     1  Degree  -  Deg  or 


weights  one  ounce,  and  12  ounces  one  pound.  But  in  later 
times,  it  was  thought  -fufficient  to  divide  the  fame  pennyweight 
into  24  equal  parts,  Itill  called  grains,  being  the  lead  weight  now 
in  common  ufe  ;  and  from  Ihence  the  reft  are  computed,  as  in  the 
Tables  above. 

In 


TABLES  OF  MEASURES.  •     27 


Jn 
12  = 

36   = 

Ft 
1 

3     - 

Yd 

1 

n 

198   — 
"7920  = 

16f   - 
660      = 

220     — 

1      Fur 
40  -  1     MiU 

63360   —   5280      =      1760      =   320   =   8   =  1 
Cloth  Measure. 


2 

Indies  and  a  quarter  make  1  Nail 

-   m 

4 

Nails         ^         -         - 

1  Quarer  of  Yard      2r 

3 

Quarters 

1  Ell  Flemiili 

-     E  F 

4 

Quarters 

1  Yard 

-     Yd 

5 

Quarters 

1  Ell  Englifh 

^     E  E 

4 

Quarters  li- Inc 

1  Ell  Scotch 

.     ES 

Square 

Measure, 

144     Square  Inches  make  1  Sq  Foot 

-    Ft 

9     Square  i^eet 

-        1  SqYard 

-    Yd 

.  30|   Square  Yards 

1  Sq  Pole 

-    Pvie 

40     Square  Poles 

1  Rood 

-    M 

4     Roods 

1  Acre* 

-    Jicr 

Sq  Inc           Sq  Ft 

144   =            1 

Sq  Yd 

*' 

1296   —            9    — 

1           Sq  PI 

39204    —        2721  — 

50|-        1 

2U 

1568160   —    10890   = 

1210   —     40   — 

1      Acr 

6272640   =::  43560   =  4840  ==    160   =  4   =    1 

•  By  this  meafure,  Land,  Hufbandmen  and  Gardeners'  work 
are  meafured ;  alfo  Artificers'  work,  fuch  as  Board,  Glafs, 
Pavements,  Plaftering,  Wainfcoting,  Tiling,  Flooring,  and 
every  dimenfion  of  length  and  breadth  only. 

When  three  dimenfions  are  concerned,  namely,  length, 
breadth,  and  depth  or  thicknefs,  it  is  called  cubic  or  folid 
meaiure,  which  is  ufed  to  rrjeafure  Timber,  Stone,  &:c. 

The  cubic  or  folid  Foot,  which  is  12  inches  in  length  and 
breadth  and  thicknefs,  contains  1728  cubic  or  folid  inches, 
and  27  folid  feet  make  one  folid  yard. 

Dry, 


i?8  ARITHMETIC. 

Dry,  cr  Corn  Measure. 
2  Pints  make     1  Quart         ^         -         Qt 


^  Quarts 

1  Pottle 

- 

jPot 

2  Pottles 

1  Gallon 

- 

Gal 

2  Gallons     « 

1  Peck 

- 

Pec 

4  Peeks 

1  Bufhd 

« 

Bu 

8  Bufliels     « 

I  Quarter 

- 

2r 

5  Quarters 

1  Wey,  Load,  o: 

'Toa 

Wet/ 

2  We3^s 

X  Laft 

- 

lajt 

P/O'            Gi2i 

8   -        1 

Fee 

1 

2r 

• 

8 

=:       1 

Wei/ 

40 

=     5 

—   1      Z«/f 

80 

=    10 

-2-1 

16    =         2    :;^         1  Bu 

64   =:        8    =        4  == 

312   =      64   ==    ^32  = 

S560   =    320   =    160  =; 

5120   ^   640   =    320  =;= 

By  this  are  meafured  all  dry  wares,  as,  Corn,  Steds,  Roots, 
Fruits,  Salt,  Coals,  Sand,  Oyfters,  &:c. 

The  jflandard  Gallon  dry-mcafure  contains  268*  cub;c  cr 
folid  inches,  and  the  Corn  or  Winchefler  buihei  2150?  cubic 
inches;  for  the  dimenfions  of  the  Vvinchefter  bufhel,  by  tae 
Statute,  are  8  inches  deep,  and  181  inches  wide  or  in  diameter. 
But  the  Coal  bufliei  muft  be  194  inches  in  diameter;  and  36 
buihels,  heaped  up,  make  a  London  chaldron  of  eoa,ls,  the 
weight  of  wiiich  is  3156  lb.  Avoirdupois. 

Ale  and  Beer  Measure. 

2  Pints  make  -  1  Qunrt        -  Qi 

4  Quarts      -  -  1  Gallon        -  Gal 

36  Gallons     -  -  1  Barrel         -  Bar 

1  Barrel  and  a  half  1  Hogshead  lilid 

2  Barrels  -  ^  1  Puncheon  Fun 
2  HogHieads  -  1  Butt  ~  Butt 
2  Butts        -  -  1  1  un         -  7wz 

Fts  2.t 

2  =  1  Gal 

8  =  4  =  1       Bai^ 

i;88   =  144  =;  36   ~    1         JIhd 

432  =  216   =  54  =   U   =   1       Biiti 

864   =  432   =  103   =   3      =:   2  =:    1 

'NotC'i  The  Ale  Gallon  contains  282  cubic  or  fulid  Inches, 

Wine 


TABLES  OF  MEASURE.^  and  TIME.  2» 

Wine  Measure. 

2  Pints  mnke     -  -  1  Quart         -  St 

4  Quarts  -  -  1  Gallon        -  Gat 

42,  Gail'-jns  ^  -  1  Tierce        -  Tier 

63  Gallons  or  I J  Tier  1  HogOiead   -  J/kd 

2  Tierces  -  =  1  Pur:c!ieon    -  Pun 

2  Hogdieads      -  -  I  Pipe  oi  Butt  Pi 

2  Pipes  or  4  Flhds  -  1  Tun  -  Tun 

Pts  Qt 

2  =  1  Gal 

8  =  4  =•-       1      Tier 

536   =  16$   =  42   =    1      Ilhd 

504   =  f5-2   =  63    =    i|=    1       Pun 

672   =  236   =  84   =    2   =    ]-|—    1        Pi 

1008   =  504   =  126    =   3    =   2   =    l|=    1      Tlin 

2016    =  1008    =  252   =   6    =   4   =    3   =   2   =  1 

N^ofe^  By  this  are  meafured  all  Wines,  Spirits,  Strong- 
waters^  Cyder,  Mead,  Perry,  Vinegar,  Oil,  Honey,  &c. 

The  Wine  Gallon  contains  231  cubic  or  folid  inches* 
And  it  is  remarkable,  that  the  Wine  and  Ale  Gallons  h.rve  tlitf 
fame  proportion  to  each  other  as  the  Troy  and  Avoirdupois 
Pounds  have  ;  that  is,  as  one  Pound  Troy  is  to  one  PoumJ 
Avoirdupois,  fo  is  one  Wine  Gallon  to  ouq  Ale  Gallon^ 

Of  TIME. 

60  Seconds  or  60"  make  1  Minute  -  M or" 

60  Minutes         ^         -  i  Hour  -  Ilr 

24  Hours  «         -  i  Day  -  Day 

1  Davs  -         -  1  Week  -  JVk 

4  Weeks  '-         -  1  Month  -  Mo 

1,3  Months,lDay,6Hours,7,  TuHanVeir  Fr 
or  365- Days,  6  Hours    ^  •'  ^^^  -^  ^ 

Sec  Min 

60  =  1  Rr 

3600  =  60  =?  1  Dai/ 

86400   =        1440   =       -24   =        1        Wk 

604800   ±=      10030   =      163   =        7   =   1       M<f 

2419200   =     40320   =i     672   =      28    =  4   =    i 

31557600   =   525960   =  8766    =»   365i=        I  Fear 


30  ARITHMETIC. 

WkDallr     MoDallr 
Or  52     1     6   =    13     1     6   =    1  JuliaytYcar 

Da  Ilr  M    Sec 

But  365     5     43     48   =  1     Solar  Yeai\ 


ac: 


RULES  FOR  REDUCTION. 

!•  When  the  Numbers  are  to  he  reduced  from  a  Higher 

Denomination  to  a  Lower: 

Multiply  the  number  in  the  higheft  denomination  by  as 
many  as  of  the  next  lower  make  an  integer,  or  1,  in  that 
higher ;  to  this  produ6l  add  the  number,  if  any,  which  was 
in  this  lower  denomination  before,  and  fet  down  the  amount. 

Reduce  this  amount  in  hke  manner,  by  multiplying  it  by 
as  many  as  of  the  next  lower  make  an  integer  of  this,  taking 
in  the  odd  parts  of  this  lower,  as  before.  And  fo  proceed 
^irough  all  the  denominations,  to  the  loweft ;  fo  fhall  the 
number  lafl  found  be  the  value  of  all  the  numbers  which 
were  in  the  higher  denominations,  taken  together*. 

EXAMPLE. 

1.  In  1234/  15^  7^,  how  many  farthings? 

I         s      d 

1234     15     7 
20 


24695  Shillings 
12 


296347  Pence 
4 


Anfwer  1185388  Farthings, 


•  The  reafon  of  this  rule  is  very  evident;  for  pounds  are 
brought  into  {hillings  by  multiplying  them  by  20;  (hillings  into 
pence,  by  multiplying  them  by  12  i  and  pence  into  farthings,  by 
multiplying  by  4;  and  the  reverfe  of  this  rule  by  Divifion. — And 
the  fame,  it  is  evident,  will  be  true  in  the  reduction  of  numbers 
confifting  of  any  denominations,  whatever. 

IL  When 


ff 


HULK?  FOE.  REDUCTION.  31 

n,  JVhen  the  Numbers  are  to  he  reduced  from  a  Lo-jctr 

Denomination  to  alligker: 

Divide  the  ^iven  number  by  as  many  as  of  tliat  (ienomJ- 
ration  make  1  of  the  next  higher,  and  fet  down  what  remains^ 
as  well  as  the  quotient. 

Divide  the  quotient  by  as  many  as  of  this  denomination 
make  1  of  the  next  higher ;  fetting  down  the  new  quotient, 
and  remainder,  as  before. 

Proceed  in  the  fame  manner  througli  all  the  denomina- 
tions, to  the  highefl: ;  and  the  quotient  laft  found,  together 
with  the  feveral  remainders,  if  any,  will  be  of  the  fame  value 
as  the  £rft  number  propofed. 

EXAMPLES.  ' 

2.  Reduce  1185388  farthings  into  pounds,  {lillllngs,  and 
pence.  '  >■ 

4)  1185388 


12)     296347  </ 
2,0)       2469,5  5—7^^ 
Anfwer     1234  /  155  Id 


3.  Reduce  23^  to  farthings,  Anf.  22080. 

4.  Reduce  337587  farthings  to  pounds,  &:c. 

Anf.  351/  13.?  Old. 

5.  How  many  farthings  are  in  35  guineas  ?     Anf.  .35280- 

6.  In  35280  farthings  how  many  guineas  ?  Anf.  35. 

7.  In  59  lb  13dwt's  5gr  how  many  grains  ?    Anf.  340157. 

8.  In  8012131  grains  how  many  pounds,  &c.  ? 

Anf.  13901b  lloz  ISdwt  19gr. 

9.  In  35  ton  17cwt  Iqr  23lb  7o2  13dr  how  many  drams  ? 

Anf.  20571005. 

10.  How  many  barley-corns  will  reach  round  the  earth, 
fuppofmg  it,  according  to  the  beft  calculations,  to  be  25000 
miles?  Anf.  4752000000. 

11.  How  many  feconds  are  in  a  folar  year,  or  ZQ5  days 
5hrs  48min  48fec?  Anf.  31556928. 

12.  In  a  lunar  month,  or  29  ds  12hrs  44min  3  fee,  how 
many  feconds?  Anf.  2551 443# 

COM- 


S2  ARITHMETIC. 

COMPOUND  ADDITION. 

Compound  Addition  fliews  how  to  add  orcolle6l  feve« 
ral  nuiilbcrs  of  difFercnt  denominations  into  one  fum. 

Rule. — Place  the  numbers  fo  that  thofe  of  the  fame  deno- 
mination may  fland  dire6tly  under  eacli  other,  and  draw  a 
line  below  them.  Add  up  the  hgitres  in  the  lowed  denomi- 
nation, and  find,  by  Redu6iJon,  how  many  units,  or  ones,  of 
the  next  higher  denorainafJon  are  contained  in  their  fum. — 
Set  down  the  remainder  below  its  proper  cohnnn,  and  carry 
thofe  units  or  ones  to  the  next  denomination,  whicli  add  up 
lA  the  fame  manner  as  before. — Proceed  tlius  through  all  the 
denominations,  to  the  highell:,  whofe  fum,  together  with  the 
feveral  remainders,  wiirgive  the  anfwer  fought. 

The  method  of  proof  is  the  fame  as  in  Simple  Addition« 

EXAMPLES    OF    MONEY. 


^i 

2. 

3. 

. 

4. 

I 

s 

d 

t 

5 

d 

I 

s 

d 

.   / 

^ 

d 

n 

13 

3 

io| 

14 

7 

5 

15 

17 

10 

53 

14 

8 

<> 

5 

8 

19 

2i 

3 

14 

6 

5 

10 

6 

18 

7 

5 

3 

4§ 

23 

6 

9i 

93 

11 

6 

0 

21 

2 

9 

8 

3 

5 

7 

5 

0 

4 

0 

3 

7 

16 

S\ 

15 

6 

4 

o 

0 

9 

7 

15 

4?. 

0 

4 

3 

6 

12 

9^ 

0 

IS 

7 

39  15 

H 

32  2 

H 

39  15 

H 

5.          6.  7. 

I     s  d  I     s     d  I  $  d 

14  0  7J  37  15  8  61  3  2| 

5  13  6  14  12  9|.,  7  16  8 

€2  4  7  5  6  11  29  13  lOj 

4  17  8  23  10  .9|  8  14  0 

§3  0  4|  8  6  0  0  7  51 

6.  6  7  14  0  5f  24  13  0 

Si   O  10|  54  2  7|  5  0  I0|   30  0  111 


8. 

/ 

^ 

d 

472 

15 

3 

9 

2 

2| 

27 

12 

6i 

370 

16 

2| 

25 

3 

8 

6 

10 

51 

SXAM«» 
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ExA^r.  9.  A  nobleman,  going /)iit  of  town,  is  informed  by 
his  llewanl,  thnt  hi& butcher's  bill  comes  to  191/  13$  lid  ;  his 
baker's  to  59/  5s  2-1(1;  his  brewer's  to  85/;  his  wine -mer- 
chant's to  103/  13.S';  to  his  corn-chandler  is  due  75/  3d;  to 
his  tallow-chandler  and  cheefe-monger,  27/  155  ]i\d;  and 
to  his  tailor,  55/  3.y  b^d;  alfo  for  rent,  fcrvants'  wages,  and 
other  charges,  127/  3s  :  Now,  fuppohng  he  would  take  100/ 
with  him,  to  defray  his  charges  on  the  road,  for  what  fum 
tuiiii  he  lend  to  his  banker?  Anf.  ^30/  145  6jc/. 

10.  The  ftrength  of  a  regiment  of  foot,  of  10  companies, 
and  the  amount  of  their  fubiiftence*,  for  a  month  of  30  days, 
according  to  the  annexed  Table,  are  required  ? 


Numb. 

Kank. 

Suf)fi[lence  <br  a  Month. 

- 

/      s 

d 

1 

Colonel 

27     0 

0 

1 

Lieutenant  Colonel 

19    10 

0 

1 

Major 

n    3 

0 

7 

Captains 

78   15 

0 

II 

Lieutenants 

57    15 

0 

9 

Entigns 

40   10 

0 

I 

Chaplain 

7    10 

0 

I 

Adjutant 

4    10 

0 

1 

Quarter-IMader 

h     5 

0 

1 

Surgeon 

4    10 

0 

1 

Surgeon's  Mate 

4   10 

0 

30 

Serjeants 

45     0 

0 

30 

Corporals 

30     0 

0 

20 

Drummers 

20     0 

0 

2 

Fifes 

2     0 

0 

390 

Private  Men 

292   10 

0 

507 

Total 

Q56   10 

0 

*  Subfiilence  Money,  is  the  money  paid  to  the  foldiers  weekly; 
which  is  fliort  of  their  full  pay,  becaufe  their  clothes,  accoutre- 
ments. Sec.  are  to  be  accounted  for.  It  is  likevvife  the  money  ad- 
vanced to  officers  (ill  their  accounts  are  made  up,  which  is  com- 
monly once  a  year,  vvhen  they  are  paid  their  arrears.  The  follow- 
ing Table  (liews  the  full  pay  and  fubfifience  of  each  rank  on  the 
Englifii  eftabiilhmcnt; 


Vol.  r= 


D 
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«/5 

erf 
u 

o 

O     H 
W5     w 


tfi 


o 
u 

o 


10 

o 

H 

< 

a 


< 


o 

H 

u 


>^  £ 


ft 


Q 
»i 
O 

u 
u 
< 


1/2 

o 

O 

• 

1   19     0 

l      8     6 

1      4     6 

0   16     6 
0     7    10 

1 

0  0 

0  0 

0     5     8 
0   15     0 
0   10     0 
0     5     0 

CO 

1    10  0 
1      1    6 

0   18   6 

0   12  6 
0     6  0 

^  c 

c  0 

0   12  6 
0     7   6 
0     5  0 

a; 

o 

O 

0   91   0 

0    14  0 
0     5   0 

0     8   6 

0   12  0 
0     5  0 

CO 

I    11    0 

1      2  6 

1       1    6 

0   16  6 
0   11   6 

0   110 
0     4  6 

cc       00 
0        CO 

-a 

o 

I    16  0 

l    11    0 

1      6  0 
l      4  0 
0   16  0 
0   110 

0 

1    = 

0 

0 
CO    1 

0 

1                  , 

D 

l      7   0 

I      3  3 

0   19  6 
0    18   G 
0    12   1 
0     8  2 

j      |CC 

c 

c 

<.  1 

0 

Regular 

and  Fenc. 

Inf.  and 

Militia. 

C£,         -^         ~         AC  CO  a; 
p— * 

eg          xo          i^J"     j     Ci  iO   «=J 

—      0      c      coo 

CO  0 

j  '^  ^ 

0  c 

00-0        0 
*o  0^    J   ^ 

00      0 

Foot  Ar 
tillery 

2     4  0 
I      4  0 
I      0  0 
0   17   0 
0   15  0 

0    10  0 
0     7   0 
0     6  0 

0 
0 

1 1 

0    10  0 
0     5  0 

1    12    10 

I      3     0 

0   19     5 

0   14     7 
0     9     0 
0     9     0 

1 

c      0 

=0     1    ^ 

0      0 

0     5     0 
0    114 

0     5     0 
0     8     0 

Horfe 
Artillery 

&  corps 
cfC.Cm. 

1    10  0 
1      6  0 

lie 

0    15   0 
0    10  0 
0     9  0 

0 

00 

0 

1  1 

c       00 

\     ^\     j     'sC    QO 

0           00 

Colonel  (Comm.)    - 
Colonel  (en  Second) 
1  ft  Lieut  Col.     -     - 
2d  Dilto        -     -     - 
1ft  Major       -     -     - 
2d  Ditto        -     -     - 
Captain    -     -     -     - 
Capt.  Lieut.      -    - 
1ft  Lieut.       "    -    - 
2a  Ditto        -    -    - 

Cornet     -     -     -     - 

Enfign      -     -     -     - 
Adjutant       ^     -     - 
Pa  j-m  after    -     -'    • 
Quarler-mafter 
Surgeon- major 
Bat.  Surg,  or  Surg. 
Affift.  Surg.        -     ' 
Veter,  Surg.       -     - 
Solicitor         .     -     - 

0 

^ 

4-« 

trt 

-G 

0 

OS 

** 

vs 

-a 

<TI 

> 

c 

l-< 

u 

0 

r\ 

>. 

Ld 

.-. 

c 

tt 

0 

c 

►^ 

s 

a^ 

0 

. — < 

-Q 

c: 

0 

C 

S 

s 

0 

•n 

u 

n 

A-* 

t> 

■^ 

rs 

s 

•-• 

^ 

0 

u» 

0 

Ji 

^ 

4-> 

<«-l 

•" 

U 

V. 

> 

<!. 

0 

t- 

£5 

ct 

s 

4» 

si. 

a 

as- 

0 

^ 

-^ 

0 

^ 

3 

*i 

■0 

^ 

U 

V-. 

-n 

^ 

•-^ 

M 

^ 

0 

.«! 

^^1 

>:» 

^*J 

-a 

*.. 

n 

O4 

'^l 

R 

b4 

4j 

c: 

"U 

=5 

►^ 

rS 

rt 

M 

r; 

e 

0> 

0 

^ 

0 

cciS 

:^ 

S 

0 

u 
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EXAMPLES  OF  WEIGHTS,  MEASURES,  SCc 


TROY  WEIGHT. 

APOTHEC 

;arii 

IS'  WEIGHT. 

1. 

2. 

3. 

4. 

lb 

oz 

dwt 

oz  dwt  gr 

lb    oz 

dr 

fc 

OZ 

dr   fc 

gr 

17 

3 

15 

37     9     3 

3     5 

7 

2 

3 

5     1 

n 

4 

6 

3 

9     5     3 

13     7 

3 

0 

7 

3     2 

5 

0 

10 

7 

3    16   21 

9    11 

0 

1 

16 

7     0 

12 

9 

5 

0 

17     7     8 

0     9 

1 

2 

9 

5     1 

5 

176 

2 

17 

5     9     0 

36     3 

5 

0 

4 

I      2 

18 

23 

11 

12 

3     0   19 

5      8 

6 

1 

36 

4     1 

14 

AVOIRDUPOIS  W£IGHT.  LONG  MEASURE. 


5. 

6. 

7. 

8. 

lb 

OZ 

dr 

cwt 

qr 

lb 

mis 

fur 

pis 

yds  feet 

inc 

17 

10 

13 

15 

2 

15 

29 

3 

14 

127     1 

5 

5 

14 

8 

6 

3 

24 

19 

6 

29 

12     2 

9 

8 

6 

15 

7 

0 

10 

5 

4 

20 

0     2 

6 

27 

1 

6 

9 

1 

17 

9 

1 

37 

54      1 

11 

0 

4 

0 

10 

2 

6 

7 

0 

3 

5      2 

7 

6 

14 

10 

3 

0 

3 

4 

5 

9 

23     0 

5 

CLOTH  MEASURE.  LAND  MEASURE. 


9. 

10. 

11. 

1  <y 

yds 

qr 

nls 

el  en 

qrs 

nls 

ac 

ro 

P 

ac 

ro 

P 

26 

3 

1 

270 

1 

0 

225 

3 

37 

19 

0 

16 

13 

1 

2 

57 

4 

3 

16 

1 

25 

270 

3 

29 

6 

2 

0 

8 

2 

1 

9 

0 

13 

9 

1 

3 

217 

0 

3 

0 

3 

2 

4 

2 

9 

23 

0 

34 

9 

1 

0 

10 

1 

0 

42 

1 

19 

7 

2 

16 

55 

3 

1 

4 

4 

1 

7 

0 

6 

75 

0 

23 

WINE  MEASURE.  ALE  and  BEER  MEASURE. 

13.  14.  15.  16. 

t    bds  gal  hds  gal  pts  hds  gal  pts  hds    gal  pts 

13  3   15  15  61  5  17  37  3  29  43  5 

8   1   37  7  16  3  4  13  5  7   9  2 

4  2  26  29  23  7  3  6  2  14  16  6 

25  0  12  3  15  1  5  14  0  6   8  1 

3  19  16  8  0  12  9  6  57  13  4 

72  3  21  4  36  6  8  42  4  5   6  0 
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COMPOUND  SUBTRACTION. 

Compound  Subtraction  iliews  how  to  find  the  dif- 
ference between  any  two  numbers  of  different  denominations. 
To  perform  which,  obferye  the  following  Rule : 

RULE.* 

Place  the  lefs  number  below  the  greater,  fo  that  thofe 
parts  which  are  of  the  fame  denomination  may  ftand  direclly 
under  each  other ;  and  draw  a  line  below  them.— Begin  at 
the  right-hand,  and  fubtra61:  each  number  or  part  in  the  lower 
line,  from  the  one  jufi  above  it,  and  fet  the  remainder  ftraight 
below  it. — But  if  any  number  in  the  lower  line  be  greater 
than  that  above  it,  add  fo  many  to  the  upper  number  as 
make  1  of  the  next  higher  denomination;  then  take  the  lower 
number  from  the  upper  one  thus  increaied,  and  fet  down  the 
remainder.  Carry  the  unit  borrowed  to  the  next  number  in 
the  lower  line  ;  after  which  fubtra6t  this  number  from  the  on&, 
above  it,  as  before ;  and  fo  proceed  till  the  whole  is  finifiied. 
Then  the  feveral  remainders,  taken  together,  will  be  the  whole 
difference  fought. 

The  method  of  Proof  is  the  fame  as  in  Simple  Subtraction, 

EXAMPLES  OF  MONEY. 


I 

From  79 
Take  35 

1. 

s    d 

17  8| 
12  4| 

I 

103 

71 

2. 

s  d 

^    ol 
12.  5| 

/ 

57 
29 

3. 
s 
0 

13 

d 

10 

31 

4. 
I      s     d 
251  13  0 

35  4  7| 

Rem.  44 

5  4| 

31 

10  8J 

Proof  79 

17  8| 

103 

3  2J 

5.  What  is  the  difference  between  73/  5 |t/  and  1 9/  1 35  1  Odf 

Anf.  53/  es  lid* 


*  The  reafon  of  this  Rule*  will  eafily  appear  from  what  has  been 
fald  in  SHiij)ie  SuDtraCtion;  for  the  borrowing  depends  on  the 
fame  principle,  and  is  only  diffoient  as  the  numbers  to  be  Iul> 
tiacted  are  of  diilerent  denominations. 
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Ex.  G.  A  lends  to  B  lOO/,  how  much  is  B  in  debt  after  A 
has  taken  goods  of  him  to  the  amount  of  13/  i  2s  4^(1  ? 

Anf.  26/  Is  l^d, 

7.  Siippofe  that  my  rent  for  half  a  year  is  20/  12^,  and 
that  I  have  laid  out  for  the  land-tax  14,9  Qd,  and  for  leveral 
repairs  1/  3s  3jf/,  what  have  I  to  pay  of  my  half  year's  rent  ? 

Anf.  18/  145  2|^. 

8.  A  trader,  failing,  owes  to  A  35/  7^  6rf,  to  B  9 1  /  1 35  jd, 
to  C  53/  l\dy  to  D  87/  5s,  and  to  E  111/  3s  bid.  When 
this  happened,  he  had  by  him  in  caih,  23/  Is  bd,  in  wares 
53/  lis  iOid,  in  houfehold  furniture  63/  175  7|i/,  and  in  re- 
cove  .able  book-debts  2blls  bd.  What  will  his  creditors  lofc 
by  him,  fuppofe  thefe  things  delivered  to  them  ? 

Anf.  212/ 55  6 id, 

j;XAMPLES  OF  WEIGHTS,  MEASUPxES,  SCd*. 

TROY  WEIGHT.  APOTHECAR.  WEIGHT. 

1.  2.  3. 

lb  oz  dwt  gr  lb  oz  dwt  gr  lb    oz   dr  fcr  gr 

From    7     3   14   11  4     9      1  Is  73     4     7     0  14 

Take     3     7     5   19  3     7   16   12  26     7     2     1    16 


JJem. 

•!- 

"^—^ 

Proof 

OIS  w: 

lb 
71 
14 

From 

Take 

AVOIRDUP 

4. 
C    qrs    lb 
5     0     17 
3     2      11 

EIGHT. 

5. 
OZ  dr 

5  9 

6  14 

m 

14 

3 

LONG  m: 
6. 

fu  pi 
3   17 
7     9 

EASURE. 
•         7. 

yd     ft  In 
56     1     4 
41      2     7 

Rei'n. 

Proof 

CLOTH  MEASURE.  LAND   MEASURE. 

8.  9,  10,                             Jl. 

yd    qr   nl  vd  qr    nl  ac    ro    p  ac    ro   p 

From    17     3     3  9     0     2  17      1    14  57      i    16 

'iake       521  61?  636  24     2  25 

Rem. 

Proof 


s$ 

ARITHMETIC. 

WINE   MEASURE. 

ALE  and  BEER  MEASURE. 

t 

From    17 
lake      4 

12.                   13. 

hd   gal     hd  gal  pt 

2  23       5     0     4 

3  39       3     2     7 

14.                   15. 

hd  gal    pt      hd  gal   pt 

14  29     3       71    16     5 

7  34     5        17     3     2 

Kem. 

Proof 


PRY 

MEASURE. 

TIME. 

16. 

17. 

18. 

1^. 

la 

qr  bu 

bu  gal  pt 

mo 

we  da 

ds  hrs  min 

From    9 

4     7 

13     7     1 

71 

2     5 

114  17  26 

Take    3 

7     2 

7     3     4 

14 

3     0 

75   12  35 

Rem. 
Proof 


20.  The  line  of  defence  in  a  certain  polygon  being  236 
vards,  and  that  part  of  it  which  is  terminated  by  the  curtain 
and  flioulder  being  146  yards  1  foot  4  inches;  what  then  was 
|he  lerigth  of  the  face  of  the  baftion  ?      Anf  89  yds  1  ft  8  in. 


COMPOUND  MULTIPLICATION. 

Compound  Multiplication  fhews  how  to  find  the 
amount  of  any  given  number  of  different  denominations  re- 
peated a  certain  propofed  number  of  times, 

RUL5. 

Set  the  multiplier  under  the  lov^eft  denomination  of  the 
multiplicand,  and  draw  a  line  below  it.— Multiply  the  num- 
ber in  the  loweft  denomination  by  the  multiplier,  and  find 
how  many  units  of  the  next  higher  denomination  are  cour 
gained  in  the  produ61:,  fetting  down  what  remains.— In  hkq 
manner  multiply  the  number  in  the  next  denomination,  and 
to  the  produ61  carry  or  add  the  units,  before  found,  and  find 
liow  many  units  of  the  next  higher  denomination  are  in  this 

*  amou:at, 


COMPOUND  MULTIPLICATION.  59 

amount,  which  carry  in  hke  manner  to  the  next  product, 
fetting  down  the  overplus. — Proceed  thus  to  the  higheft  de- 
nomination propofed ;  fo  fhall  the  laft  produdl,  with  the  fe- 
veral  remainders,  taken  as  one  compound  number,  be  the 
whole  amount  required. 

The  method  of  Proof,  and  the  reafon  of  the  Rule,  are  the 
fame  as  in  Simple  Multiplication. 

EXAMPLES  OF  MONEY. 

1.  To  £nd  the  amount  of  8  lb  of  Tea,  at  5s  S^d  per  lb. 

J     d 

5     81 
8 


s 

d 

10 

8 

4 

9 

11 

ilj 

o 

Ad 

9 

18 

4 

8 

0 

£2     5     8  Anfwer, 

/ 

2.  4lb  of  Tea,  at  7^  8d  per  lb,  Anf.     1 

3.  6  lb  of  Butter,  at  9 1  per  lb.  Anf.    0 

4.  7 lb  of  Tobacco,  Rt  is  S^d  per  lb.       Anf.    0 

5.  9cwt  of  Cheefe,  at  1/ lU  5^per  cwt.  Anf,  14 

6.  lOcwtofCheefe,  at2n7^10r/percwt.  Anf.*28   18 

7.  12cwt  of  Sugar,  at  3/  7^  4f/  per  cwt.   Anf.  40 


CONTRACTIONS. 

I.  If  the  multiplier  exceed  12,  multiplv  fucceffively  by  its 
component  parts,  inflead  of  the  whole  number  at  once. 

EXAMPLES. 

1.  15  cwt  of  Cheefe,  at  175  6d  per  cwt. 

I     s      d 
0     17     6 

3 

^2      12     6 

5         ' 


13       2     6  Anfwer, 


i  s  d 

2.  20cwt  of  Hops,  at4/7>y  2ipercwt.    Anf.  87  3  4 

3.  24  tons  of  Hay,  at  3^  7^  6d  per  ton.     Anf.  81  0  0 

4.  45  ells  of  Cloth,  at  1^  6d  per  ell.  Anf.    3  7  6 

Ex.  5. 


40  ARITHMETIC. 


II.  If  the  muitipller  cannot  be  exa6lly  produced  by  the 
multipiicatioa  of  fimple  numbers,  take  the  neareft  number  to 
it,  either  greater  or  lefs,  which  can  be  fo  produced,  and  mul^ 
tiply  by  its  parts,  as  before. — Then  multiply  the  given  mul- 
tiplicand by  the  difference  between  this  aflumed  number  and 
the  multiplier,  and  add  the  produ61:  to  that  before  found  when 
the  affumed  number  is  iefs  thai^  the  multiplier,  but  fubtra^ 
the  fame  when  it  is  greater. 


EXAMPLES. 


1.    ^6  yards  of  Cloth,  at  Zs  Old  per  yard, 

I     s     d 


0     3     0| 


0   15      3| 


5 


3    16      6i 


3      Oi 


^3   19     7 1  Anfwer. 

I      s  d 

2.  29quai'tersofCorn,  at  2/5j3|i/perqr.  Anf.    65   12  ro| 

3.  53loads  of  Hay,  at  3/  \bs  2d  per  load.    Anf.  199     3  10 

4.  79bufhelsofWhe^l,atll^5j<:/perbu{h,  Anf.    45     6  10| 

5.  94caiks  of  Beer,  at  12^  2.</ percafk.        Anf.    57     3  8 
^.   lUiloneofMeat,  at  155  31^/ pel' ftone.  Anf.    S7     5  7| 

EXAMPLES  OF  WEIGHTS  AND  MEASURES. 


1.  2. 


3. 


ib    pz  dwt  gr         lb   oz  dr    fc    gr       cwt  qr    lb      oz 
2i      I     7     13  2     4     2      10  27      I      13      12 


te^.;v'-.v.«.-"^jl.'^»^.:&^  S: 
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4. 

5. 

6. 

jnls 

fu 

pis 

yds 

yds 

qrs 

na 

ac 

TO        pO 

24 

3 

20 

2 
6 

127 

2 

2 
8 

27 

2        1 
9 

7. 

8. 

9. 

tuns  hhd  gal 

pts 

we 

qr    bu 

pe 

mo 

we  da 

ho  min 

20 

1      20 

3 
5 

27 

1     7 

2 
7 

175 

3     6 

20     59 

a 

4 

COMPOUND  DIVISION. 

Compound  Division  teaches  how  to  divide  a  number 
of  feveral  denominations  by  any  given  number,  or  into  any 
number  of  equal  parts. 

RULE. 

Place  the  dlvifor  on  the  left  of  the  dividend,  as  In  Simple 
Divifion. — Begin  at  the  left-hand,  and  divide  the  number  of 
the  higheft  denomination  by  the  divifor,  fetting  down  the 
quotient  in  its  proper  j)lace. — If  there  be  any  remainder  after 
this  divifion,  reduce  it  to  the  next  lower  denomination,  which 
add  to  the  number,  if  any,  belonging  to  that  denomination, 
and  divide  the  fum  by  the  divifor. — Set  down  again  this  quo- 
tient, reduce  its  remainder  to  the  next  lower  denomination 
again,  and  fo  on  through  all  the  denominations  to  the  laft, 

EXAMPLES    OF    MONEY. 

1.  Divide  225/  2s  4d  by  2, 

I       s     d 

2)    225      2     4 


j^ll2  U     2  the  Quotient. 


2.  Divide 
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/ 

s 

d 

I 

5 

d 

2. 

Divide    751 

14 

'^i  by 

3. 

Anf. 

250 

11 

6i 

3. 

Divide    821 

17 

^|by 

4. 

Anf. 

205 

9 

5| 

4. 

Divide  2382 

13 

5|  by 

5. 

Anf. 

476 

10 

8| 

■57 

'  Divide       23 

2 

n  by 

6. 

Anf. 

4 

13 

8| 

6. 

Divide      55- 

14 

01   by 

7. 

Anf. 

7 

19 

1| 

1. 

Divide         6 

5 

4     by 

8. 

Anf. 

0 

15 

8 

8. 

Divide     1.35 

10 

7     by 

9. 

Anf. 

15 

1 

2 

9. 

Divide      21 

18 

4     by 

10. 

Anf. 

2 

3 

10 

10. 

Divide    227 

10 

5     by 

11. 

Anf. 

20 

13 

8 

11. 

Divide  1332 

11 

8i  by 

12. 

Anf. 

111 

0 

111 

CONTRACTIONS. 


I.  If  the  divifor  exceed  12,  find  what  fimple  nun?.bers, 
multiplied  together,  will  produce  it,  and  divide  by  them  fepa- 
rately,  as  in  Simple  Divifion. 


EXAMPLES. 

1.  What  is  Cheefe  per  cwt,  if  16  cvvt  coft  30/  18^  8^  f 

I      s      d 

4)    30      18      8 


4)      7      14     8 


£     \      18     8  the  Anfv^-er. 


2.  If  20  cwt   of  Tobacco  come  to  7 

120/  105,  what  is  that  per  cwt?) 

3.  Divide  57/  35  Id  by  35. 

4.  Divide  85/  65  by  72. 

5.  Divide  31/25  \0\d  bv  99, 


I    s 

Anf.  6     O 

Anf.  1  12 
Anf.  1  3 
Anf.  0     6 


d 

6 

8 

8| 
3i 
4r 


6.  At  18/185  per  cwt,  how  much  per  lb  ?  Anf.  0     3 

II.  If  the  divifor  cannot  be  produced  by  the  multiphcation 
of  fmall  numbers,  divide  by  the  whole  divifor  at  once,  after 
the  manner  of  Long- Divifion. 
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EXAMPLES. 


1.  Divide  74/  I3s  6l(l  by  17. 
/      s     d      I   s     d 
M)  74  13  Ql  (4  7   10|  Anrwer, 
6^ 


6 

20 

J33 
119 

14 

12 

174 
170 

4 
4 

17 

I  s      d                                             I    s  d 

2.  Divide     23  15     7|  by  37.  Anf.  0   12  lOj 

3.  Divide  199  3   10     by  53.  Anf.   3   15  2 

4.  Divide  675  12     6     by  138.  Anf.  4   17  11 

5.  Divide  315  3   10|  by  365.  Anf.  0  17  3J 

EXAMPLES   OF  WEIGHTS   AND   MEASURES. 

1.  Divide  23  lb  7oz  6dwts  12gr  by  7. 

Anf.   3  lb  4oz  9dwts  12gr. 

2.  Divide  13 lb  loz  2dr  Ofcr  lOgr  by  12. 

Anf.   lib  loz  Odr  2fcr  lOgr. 
S.  Divide  1061  cwt  2qrs  by  28.  Anf.  37cwt  3qrs  ISib. 

4.  Divide  37 5  mi  2 fur  7po  2yds  1  ft  2  in  by  39. 

Anf.  9  mi  4  fur  39  po  0  yds  2  ft  8  in. 

5.  Divide  571yds  2qrs  1  na  by  47.         Anf.  12yds  Oqr  2na. 

6.  Divide  5 lac  2ro  3po  by  51.  Anf.  lac  Oro  1  po. 

7.  Divide  lOtu  2hhds  17gall  2pi  by  67.      Anf.  39gall  6pi. 

8.  Divide  120  la  1  qr  ibu  2pe  by  74. 

Anf.  1  la  6  qrs  1  bu  3  pe. 

9.  Divide  120 mo  2 we  3 da  5 ho  20min  by  111. 

Anf.  Imo  Owe  2 da  lOho  12 mi. 
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GOLDEN  RULE,  or  RULE  OF  THREE. 

The  Rule  of  Three  teaches  how  to  find  a  fourth  pro- 
portional to  three  'numbers  given  :  for  which  realon  it  is 
fometinnes  called  the  Rule  of  Proportion.  It  is  called  the 
Rule  of  Three,  becaufe  three  terms  or  numbers  are  given,  to 
find  a  fourth.  And  becaufe  of  its  great  and  extenlive  ufe- 
fulnefs,  it  is  often  called  the  Golden  Rule. 

'i'his  Rule  is  ufually  confidered  as  of  two  kinds,  namely. 
Direct,  and  Inverfe. 

The  Rule  of  T'hree  Dire61:,  is  that  in  which  more  requires 
iBore,  or  leis  requires  lefs.  As  in  this  :  if  3  men  dig  21  yards 
of  trench  in  a  certain  time,  how  much  will  6  men  dig  in  the 
fame  time?  Here  more  requires  more,  that  is,  6  men,  which 
are  more  than  3  men,  will  aHo  perform  move  work,  in  the 
fdjne  time.  Or  when^  it  is  thus :  if  6  men  dig  42  yards,  how 
much  will  3  men  dig  in  the  fame  time  ?  Here,  then,  lefs  re- 
quires lefs,  or  3  men  will  perform  proportionably  lefs  work 
than  6  men,  in  the  fame  time.  In  both  thefe  cafes,  then,  the 
Rule,  or  the  Pfpportion,  is  Diredl ;  and  the  flating  ipuft  be 

thus,    As  3  :  21  :;  6  ;  42, 
or  thus,    As  6  :  42  : :  3  :  21. 

But  the  Rule  of  Three  Inverfe,  is  when  more  requires  lefs, 
or  lefs  requires  more.  As  in,  this;  if  3  men  dig  a  certain 
quantity  of  trench  in  14  hours,  in  how  many  hours  will  6 
raen  dig  the  like  quantity  ?  Here  it  is  evident  that  6  men, 
being  more  than  3,  will  perforji^  an  equal  quantity  of  work  m 
lefs  time,  or  fewer  hours.  Or  thus :  if  6  men  perform  a 
certain  quantity  of  work  in  7  hoprs,  i|]  how  many  hours  wi(l 
3  men  perform  the  fame  ?  Here  lefs  requires  more,  for  3 
men  will  take  more  hours  than  6  to  pprform  the  fame  work. 
In  both  thefe  cafes,  then,  the  Rule,  or  thp  Propprtior,,  is 
Inverfe  ;  and  the  ftating  muft  be 

thus,    As  6  :  14  : :  3  :    7, 
or  thus,    As  3  :    7  ::  6  :  14. 

And  m  all  thefe  (latings,  the  fourth  term  is  found,  by 
moltiplving  the  2d  and  3d  terms  together,  and  dividing  the 
product  by  the  ifl:  term. 

Of  the  three  given  numbers  ;  two  of  them  contain  the 
fuppofition,  and  the  third  a  demand.  And  for  ftating  and 
working  queflions  of  thefe  kinds,  obferve  the  following  ger 
neral  Rule; 
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RULE. 

State  the  qneftion,  by  fettlng  clown  in  a  flraight  line  ths 
three  given  numbers,  in  the  following  manner,  viz.  lb  tint 
the  2d  term  be  that  number  of  fuppofition  which  is  of  the 
fame  kind  that  tlie  anfwer  or  4th  term  is  to  be  ;  making  the 
other  number  of  fuppofition  the  ifl  term,  and  the  demanding 
number  the  3d  term,  when  the  question  is  in  direct  proportion ; 
but  contrariwife,  the  other  number  of  fuppofition  the  3d  term, 
and  the  demanding  number  the  ift  term,  when  the  qucllion 
has  inveife  proportion. 

Then,  in  both  cafes,  multiply  the  2d  and  3d  term.s  together, 
and  divide  the  product  by  the  ift,  which  will  give  the  anfwer, 
or  4th  term  fought,  of  the  fame  dencmmation  as  the  fecond 
term. 

Nofe,  If  the  firfl  and  third  term-^  confift  of  different  deno- 
minations, reduce  them  both  to  the  fame :  and  if  the  fecond 
term  be  a  compound  number,  it,!*^  moflly  convenient  to  reduce 
it  to  the  loweft  denomination  mentioned. — If,  after  diviiioii, 
there  be  anv  remainder,  reduce  it  to  the  next  lower  denomi- 
nation, and  divide  by'  the  fame  divifor  as  before,  and  the  quo- 
tient will  be  of  th's  lafl  denomination.  Proceed  in  the  fame 
manner  with  all  tiie  remainders,  till  they  be  reduced  to  the 
loweft  denomination  which  the  fecond  term  admits  of,  and  the 
feveral  quotients  taken  together  will  be  the  anfwer  required. 

I^^ote  alfo,  The  reafon  for  tlie  foregoing  Rules  will  appear 
when  we  come  to  treat  of  the  nature  of  Pi  oportions. — Some- 
times alfo  two  or  more  ftatings  are  necellary,  which  may 
always  be  known  from  the  nature  of  the  queftion. 

EXAMPLES. 

1.  If  8  yards  of  Cloth  coft  1 1  4^,  what  will  96  prds  coft  ? 

yds     1    s       yds       I     s 
As  8  :   1  4  ::  96  :   14  8  the  Anfwer. 
20 


24 
96 


144 
216 

8)    2304 

2,0)~2%Ss 

^14  8  Anfwer. 
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Ex,  2.  An  engineer  having  raifed  100  yards  of  a  certaiii 
uork  in  24  days  with  5  men ;  how  many  men  muft  he  employ 
to  hnifh  a  like  cjuantity  of  work  in  1 5  days  ? 

ds        men  ds        men 

As     15     :     5     ::     24     :     8  Anf*      "^ 

3 


15)    120  (SAnfwer., 
120 


3.  What  will  72  yards  of  Cloth  coft,  at  the  rate  of  9  yards 
for  5 1  12o?  Anf.  44/  16^. 

4.  A  perfon's  annual  income  being  1 46/;  how  much  is  that 
per  'day  ?  Anf.  85. 

5.  If  3  paces  or  common  fleps  of  a  certain  perfon  be  equal 
to  2  yards ;  how  many  yards  will  160  of  his  paces  make  ? 

Anf.  106  yds  2ft. 

.6.  What  length  mull:  be  cut  ciF  a  board,  that  is  9  inches 

board,  to  make  a  fquare  foot,  or  as  much  as  12  inches  in 

length  and  12  in  breadth  contains  ?  Anf.  16  inches. 

7.  If  750  men  require  22500  rations  of  bread  for  a  month; 
how  many  rations  will  a  garnfon  of  1 200  men  require  ? 

Anf.   36000. 

8.  If  7cwt  1  qr  of  fugar  coft  26/  10^  4d;  what  will  be  the 
price  of  43cwt  2qrs  ?  Anf.  1  59/  2s. 

9.  The  clothing  of  a  regiment  of  foot  of  750  men  amount- 
ing to  2831/  5s ;  what  will  the  clothing  of  a  body  of  ^500 
men  amount  to  ?  Anf.  13212/  \ps, 

10.  How  many  yards  of  matting,  that  is  2ft  6 in  bro^d, 
•will  cover  a  floor  that  is  27  feet  lonir  and  20  feet  broad  ?    ' 

Anf.  72  yards. 

11.  What  is  the  value  of  6  bufliels  of  coals,  at  the  rate  of 
1/ 145  6f/ the  chaldron  ?  Anf.   5s  9d.  _ 

12.  If  6352  ftones  of  3  feet  long  complete  a  certain  quan-  ^ 
tity  of  walling  ;  how  many  ftoncs  of  2  feet  long  will  raile  a  ■ 
like  quantity  ?  Anf.  9528. 

13.  What  mufl  be  given  for  2.  piece  of  fdver  weighing 
'Ijib  5oz  ISdwts,  at  the  rate  of  5s  9lI  per  ounce  ? 

Anf.  253/105  01^/. 

14.  A  garrifon  of  536  men  having  provifion  for  1 2  months  ; 
how  long  will  thofe  provifions  laft,  if  the  garrifon  be  incj"ealed 
to  i  1 24  men  ?  Anf.  174  days  and  tt^w 

15.  What  will  be  the  tax  upon  763/  15^,  at  the  rate  of 
2s  6d  per  pound  ftcriing  ?  Anf.  133/  13.s  1|^. 

16.  A 
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IC.  A  certain  work  being  raifed  in  12  days,  by  working  4 
hours  each  day  ;  how  long  would  it  have  been  in  railing  by 
working  6  hours  per  day  ?  Anf.  8  days. 

17.  What  quantity  of  corn  can  I  buy  for  90  guineas,  at  tlie 
rate  of  6s  the  buihel  ?  Anl'.  39qrs  3bu, 

18.  A  perion,  tailing  in  trade,  owes  in  all  977/;  at  which 
time  he  has,  in  money,  goods,  and  recoverable  debts,  420/  6s 
3ld;  now  fuppofing  thefe  things  delivered  to  his  creditors, 
how  much  will  they  get  per  pound?  Anf.  8^  l\d. 

19.  A  plain  of  a  certain  extent  having  fupplied  a  body  of 
3000  horie  with  forage  for  18  days;  then  how  many  days 
would  the  fame  plain  have  fupplied  a  body  of  2000  horfe  ? 

Anf.   27  days. 

20.  Suppofe  a  gentleman's  income  is  500  guineas  a  year, 
and  that  he  fpcnds  19^7^  per  day,  one  day  with  another  i 
how  much  will  he  have  faved  at  the  year's  end  ? 

Anf.  leil  I2s  Id. 

21.  What  coft  30  pieces  of  lead,  each  weighing  1  cwt  12 lb, 
at  the  rate  of  16^  id  the  cwt  ?  Anf.   27/  26^  6d. 

22.  The  governor  of  a  befieged  place  having  provifion  for 
54  days,  at  the  rate  of  l|lb  of  bread ;  but  being  dehrous  to 
prolong  the  fiege  to  80  days,  in  expectation  of  fuccour,  in 
that  cafe  what  mud  the  ration  of  bread  bef  Anf.  l/olb. 

23.  At  half  a  guinea  per  week,  how  loijg  can  1  be  boarded 
for  20  pounds?  Anf.   SSr'^g-wks. 

24.  How  much  will  75  chaldrons  7  bufhels  of  coals  come 
to,  at  the  rate  of  1/  13^  6d  per  chaldron  ? 

Anf.  125/  \9s  O^^d, 

25.  If  the  penny  loaf  weigh  9  ounces  when  the  bufhei  of 
wheat  cods  6s  '.id,  what  ought  the  penny  loaf  to  weigh  when 
the  wheat  is  at  Us  2\d?  '  Anf.  6oz  \Z~}(}ir.. 

26.  How  much  a  year  will  173  acres  2  roods  14  poles  of 
land  give,  at  the  rate  of  1/  7^  8i/  per  acre  ? 

Anf.   240/  2s  1^-^d. 

27.  To  how  much  amounts  172  pieces  of  lead,  each  weigh- 
ing 3 cwt  2qrs  17|lb,  at  8/  176^  6d  per  fother  of  19 -J  cwt  ? 

Anf.   285/45  4|i. 

28.  How  many  yards  of  ftufF,  of  3qrs  wide,  will  Ime  a 
cloak  that  is  1 J  yards  in  length  and  3^  yards  wide  ? 

Anf   8  yds  Oqrs  2jnl. 

29.  If  5  yards  of  cloth  coft  14^  2i/,  what  muft  be  given  for 
9  pieces,  containing  each  21  yards  1  quarter  ? 

AnC   27/  \s  \0\d, 

30.  If  a  gentleman's  eftate  be  worth  2107/  12*  a  yearj 
what  may  he  fpend  per  day,  to  fave  500/  in  the  year  ? 

Anf.  4/  85  1-3^. 
31.  Wanting 
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31.  Wanting  jufl  an  acre  of  land  cut  ofF  from  a  piece  whicfe 
is  13|  poles  in  breadth,  what  length  muft  the  p.ece  be  r 

Anf.  1 1  po  4  yds  2  ft  OiAirr. 

32.  At  135  2^(1  per  yard,  what  is  the  value  of  a  piece  of 
cloth  containing  521  ells  Englifli  ?  Anl.  43/  8s  5-^d, 

33.  If  the  carriage  of  5cwt  14  lb  for  96  miles  be  1/  12^  6d; 
how  far  may  I  Jiave  3cwt  1  qr  carried  for  the  iame  money  ? 

Anf.  151m  3  fur  3-f?^poL 

34.  Bought  a  filver  tankard,  weighing  llb7oz  14dvvts; 
what  did  it  coft  me  at  6s  4^/  the  ounce  ?  Anf.   6l  4s  9id. 

35.  What  is  the  half  yearns  rent  of  547  acres  of  land,  at 
Us  6d  the  acre  ?  AnL   211/  \9s  3d. 

36.  A  wall  that  is  to  be  built  to  the  height  of  27  feet,  w-as 
raifed  9  feet  high  by  1 2  men  in  6  days  ;  then  how  many  men 
mull  be  employed  to  liniin  the  wall  in  4  days,  at  the  fame  rate 
of  working?  Anf,   36  meii. 

37.  What  will  be  the  charge  of  keeping  1 1  horfes  for  a  year, 
at  the  rate  of  1 1  l_d  per  day  for  each  horfe  f 

Anf.   l92llSSld. 

38.  If  1 5  ells  of  ftuff  that  is  |  yard  wide  coft  37.^'  6d;  what 
will  40  ells,  of  the  fame  goodncfs,  cofl,  being  yard  wide  ? 

Anf.  6l  I3s4d. 

39.  How  mnny  yards  of  paper  that  is  30  inches  wide,  will 
hang  a  room  that  is  20  yards  in  circuit  and  9  feet  high  ? 

Ani.  72  yds/ 

40.  If  a  gentleman's  eflate  be  worth  384/  165  a  year,  and 
the  land-tax  be  affefi'ed  at  2s  9\d  per  pound,  what  is  his  net 
annual  income?  Anf.  331/  Is  9{d. 

41.  The  circumference  of  the  earth  is  about  25000  miles  ; 
at  what  rate  per  hour  is  a  perfon  at  the  middle  of  its  furface 
carried  round,  one  whole  rotation  being  made  in  23  hours  56 
minutes?  Anf.  1044TVnr  niiles. 

42.  If  a  perfon  drink  20  bottles  of  wine  per  monrh,  when 
it  cofls  8s  a  gallon  ;  how  many  bottles  per  month  may  he 
drink,  without  increafmg  the  expenfe,  when  v;ine  colls  iOi" 
the  gallon  ?  Anf.  1 6  bottles. 

43.  What  coft  43  qrs  5  buftels  of  corn,  at  1/85  6d  the 
quarter?  Anf.   62/  35  3|<^. 

44.  How  many  yards  of  canvas  that  is  ell  wide,  will  line 
20  yards  of  fay  that  is  3  quarters  wide  r  Ani.  12  yds. 

45.  If  an  ounce  of  gold  coft  4  guineas,  what  is  the  value 
of  a  grain?  Anf,  2~^d'. 

46.  If  3cwt  of  tea  coft  40/  125;  at  how  much  a  pound 
inuft  it  be  retailed,  to  gain  10/  by  the  whole  ?       Anf.  3-j^jS, 

C0MP0'JN3> 
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COMPOUND  PROPORTION. 

Compound  Proportion  teaches  how  to  refolve  fuch 
queftions  as  require  two  or  more  Ratings  by  Simple  Propor- 
tion ;  and  that,  whether  they  be  Dire6l  or  Inverie. 

In  thefe  queftions,  there  is  always  given  an  odd  number  of 
terms,  either  five,  or  leven,  or  nine,  &:c.  Theie  are  diftin- 
giiifhed  into  terms  of  fuppofition,  and  terms  of  demand,  there 
being  always  one  term  more  of  the  former  than  of  the  latter, 
which  is  ot  the  fame  kind  with  the  anfwer  ioug ht, 

RULE. 

Set  down  in  the  middle  place  that  term  of  fuppofition 
which  is  of  the  fame  kind  with  the  anfwer  fought. — Take 
one  of  the  other  terms  of  fuppofition,  and  one  of  the  demand- 
ing terms  which  is  of  the  fame  kind  with  it :  then  place  one 
of  them  for  a  firft  term,  and  the  odier  for  a  third,  according 
to  the  diredlions  given  in  the  Rule  of  Three. — Do  the  fame 
with  another  term  ©f  fuppofition,  and  its  correfponding  de- 
manding term  ;  and  fo  on  if  there  be  more  terms  of  each 
kind  ;  letting  the  numbers  under  each  other  which  fall  all  on 
the  left-hand  fide  of  the  middle  term,  and  the  fame  for  the 
others  on  die  right-hand  fide. — Then,  to  work 

By  fever al  Operations. — Take  the  two  upper  terms  and 
the  middle  term,  in  the  fame  order  as  they  ftand,  f(jr  the  iirffc 
Rule-of-Thi  ee  queftion  to  be  worked,  whence  will  be  found 
a  fourth  term.  Then  take  this  fourth  number,  fo  found,  for 
the  middle  term  of  a  fecond  Rule-of-Three  queflion,  and  the 
next  two  under  terras  in  the  general  flating,  in  the  fame 
order  as  they  ftand,  finding  a  fourth  term  for  them.  And  fo 
on,  as  far  as  there  are  any  numbers  In  the  general  ftating, 
making  always  tlie  fourth  number  refulting  from  each  fimple 
ftating  to  be  the  fecond  term  of  the  next  following  one.  So 
fl'iall  the  laft  refulting  number  be  the  anfwer  to  the  quefrion. 

By  one  Operation. — Multiply  together  all  the  terms  {land- 
ing under  each  other,  on  the  left-hand  fide  of  the  middle 
term ;  and  in  like  manner  multiply  together  all  thofe  on  t\\c 
right-hand  fide  of  it.  Then  multiply  the  middle  term  by  the 
latter  produdl,  and  divide  die  refuk  by  the  former  product; 
fo  ihall  the  quotient  be  the  anfwer  fought. 

Vol.  L  E  examples. 
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EXAMPLES. 


1.  How  many  men  can  complete  a  trench  of  135  yards 
long  in  8  days,  when  16  men  can  dig  54  yards  in  6  days  } 

General  Stating. 


yds     54  : 
days     8 

432 


16  men  : :  135  yds 

6  days 


810 
16 

T860 
81 


men 


43f2)   12960  (30  Anf.  by  one  operat. 
1296 

0 


The  fainc  by  tx€o  Operations, 


As  54 


1ft. 

16  ::  135  :  40 
\6 

As 

2d. 
8  :  40  ::  6  :  3G» 
6 

810 
135 

8}  240  (30Anf. 
24- 

54)  2160  (40 
216 

(> 

0 


2.  If  100^  in  one  year  gain  bl  Intereft,  what  will  be  the 
intereft  of  750/  for  7  years  ?  Anf.  262/  10^. 

3.  If  a  family  of  9  perfons  expend  120/  in  8  months  ;  how 
much  willferve  a  family  of  24  people  16  months  ? 

Anf.  640/. 

4.  If  27?  be  the  wages  of  4  men  for  7  days ;  what  will  be 
the  wages  of  14  men  for  10  days?  Anf,  6/  15^. 

5.  If  a  rootman  travel  ISO  miles  in  3  days,  when  the  days 
are  12  hours  long;  in  how  iTumy  days,  of  10  hours  each^ 
m^y  he  travel  360  miles?  Anf.  9|4  days. 

Ex,  6. 
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Ex-.  6.  If  120  buC-^Vs  of  corn  can  ferve  14  horfes  56  clays  ; 
how  many  days  will  94  bulhels  ferve  6  horfes  ? 

Anf.  I02lf  days. 

7.  If  3000lb  of  beef  ferve  340  men  15  days  ;  how  many- 
lbs  will  ferve  120  men  for  25   lavs?        Anf*  176410  1 1  'loz". 

8.  If  a  barrel  of  beer  be  fufficient  to  lafl  a  family  of  7  per- 
fons  1 2  days  ;  how  many  barrels  will  be  drank  by  '  4  peribns 
in  the  fpace  of  a  year  f  Anf.  60-J-  ba<  rels. 

9.  If  248  men,  in  5  days,  of  I  1  hours  each,  can  dig  a 
trench  230  yards  long,  /,  wide,  and  2  deep  ;  in  how  many 
days,  of  9  hours  ^'^^ng,  will  24  men  dig  a  trench  oi42,0  vards 
long,  5  wide,  and  3  deep  ?  Anf.  28 8 ^^-.^y-  days* 


BHjgbigyaaae! 


OF  VULGAR  FRACTIONS. 

A  Fraction,  or  broken  number,  is  an  exprefhon  of  a 
part,  or  fome  parts,  of  fom.ething  c()nfid(!red  as  a  whole. 

It  is  denoted  by  tv^-o  numbers,  placed  one  below  the  other, 
with  a  line  between  tliem : 

rpi  3  numerator       "1       i  .  ,    .  i  «  ,< 

Inus,     —  .  Y  which  IS  nam.ed  S-tourtns. 

4  denominator  ) 

The  Denominator,  or  number  placed  below  the  line,  fhews 
how  many  equal  parts  fne  whole  quantity  is  divided  into  ; 
and  repreiems  tlie  Divifor  in  Divihon.— And  the  Numera- 
tor, or  number  fet  above  the  line,  ihews  how  many  of  thefe 
parts  are  expreffed  by  the  Fraction :  being  the  rem.ainder 
after  divifion. — Alfo,  both  thefe  numbers  are,  in  general, 
named  the  Terms  of  the  FraiStion. 

Fractions  are  either  Proper,  Improper,  Simple,  Compound, 
or  Mixed. 

A  Proper  Fradion,  is  wh^n  the  numerator  is  lefs  than  the 
denominator  ;   as,  -l ,  or  1,  or  4,  &c. 

An  Improper  Fradiion,  is  when  the  numerator  is  equal  to, 
or  exceeds,  the  denominator ;  as,  i,  or  i,  or  |,  &c. 

A  Simple  Fraftion,  is  a  fmgle  expreffion,  denoting  any 
number  of  j)arts  of  the  integer  ;   as,  |,  or  ^. 

A  Compound  Fra<fl:]on,  is  the  fradlif.n  of  a  fraction,  or 
feveral  fractions  connedled  with  the  word  of  between  them ; 
as,  4- of^,  or  4  of -I  of  3,  &c. 

A  Mixed  Number,  is  compofed  of  a  whole  number  and  a 
fradion  together  ;   as,  3|,  or  12-t.,  Sic, 

K  2 '  A  wdiol? 
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A  whole  or  integer  number  may  be  cxprefTed  like  a  frac» 
tion,  by  writing  1  below  it,  as  a  denominator;  fo  3  is  4,  or 
4  is  4>  ^c. 

A  fradllon  denotes  divlfion  ;  and  its  value  is  equal  to  the 
quotient  obtained  by  dividing  the  numerator  by  the  dene  a^i- 
nator ;   fo  '-/  is  equal  to  3,  and  y*  is  equal  to  4. 

Hence  then,  if  the  numerator  be  lefs  than  the  denominator, 
the  value  of  the  fraction  is  lefs  than  1.  If  the  numerator  be 
t?ie  fame  as  the  denominator,  the  fradtion  is  jufl  equal  to  1. 
And  if  the  numerator  be  greater  than  the  denominator,  the 
fradlion  is  greater  than  1. 


=5 


REDUCTION  OF  VULGAR  FRACTIONS. 

Reduction  of  Vulgar  Fra61:ions,  is  the  bringing  then^ 
out  of  one  form  or  denomination  into  another ;  comnlonly  to 
prepare  them  for  the  operations  of  Addition,  Subtraction,  6cc<, 
of  which  there  are  feveral  cafes. 

PROBLEM. 

To  find  the  Greatefi  Common  Meafure  of  Txvo  or  more 

Numbers. 

The  Common  Meafure  of  two  or  more  numbers,  is  that 
number  which  will  divide  them  both  without  remainder;  fo, 
3  is  a  common  meafure  of  18  and  24;  the  quotient  of  the 
former  being  6,  and  of  the  latter  8.  And  the  greatell:  num- 
ber that  will  do  this,  is  the  greateft  common  meafure:  fo  6 
is  the  greateft  common  meafure  of  18  and  24;  the  quotient 
of  the  former  being  3,  and  of  the  latter  4,  which  will  not  both 
divide  farther* 

KULE. 

If  tliere  be  two  numbers  only  5  divide  the  greater  by  the 
lefs;  then  divide  the  divifor  by  the  remainder;  and  fo  on, 
dividing  always  the  laft  divifor  by  the  laft  remainder ;  till  no- 
thing remains ;  fo  fhall  the  laft  divifor  of  all  be  tlie  greateft 
common  meafure  Ibught. 

When  there  are  mor<^  than  two  numbers ;  find  the  greatefi 
common  meafure  of  two  of  them,  as  before ;  then  do  the 
fame  for  that  common  meafure  and  another  of  the  numbers ; 

and 
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;ind  (o  on,  through  all  the  numbers  ;  fo  will  the  greatefl:  com- 
;mon  meafure  laft  found  be  the  anfwer. 

If  it  happen  that  the  common  meafure  thus  found  is  I  ; 
then  the  numbers  are  faid  to  be  iiicommeafurable,  or  not 
Jiaving  any  common  meafure. 

EXAMPLES. 

1.  To  find  the  greateil  common  meafure  of  1998,  918| 
^nd  .522. 

918  j    1998  (  2  So  that  54  is  the  greatefl  common 

i836  meafure  of  ls^98  and  91  Ji. 

TeJ)  918  (5     Hence  54)  522  (9 

810  48(i  . 

TOS)    162  (I  ~^)   54   (1 

108  36 

34)    108   (2  IS)   36  (2 

108  '    36 

So  that  1 8  is  the  anfwer  required. 

2.  What  is  the  greatefl  common  meafure  of  246  and  372? 

Anf  6. 

3.  What  Is  the  greatefl  common  meafure  of  336,  720^ 
and  1736?  Anf.  a, 

CASE  I. 
To  Abbreviate  or  Reduce  Fractions  fo  their  Loweft  Termi» 

RULE*. 

Divide  the  terms  of  the  given  fra6lion  by  any  number 
that  will  divide  them  without  a  remainder;  then  divide  thefe 

quotients 


t  That  dividing  both  liie  terms  of  tije  fraflion  by  the  fatixe 
number,  whatever  it  be,  will  give  another  fraction  equal  to 
the  former,  is  evident.  And  when  thife  diviiioijs  are  per- 
formed as  often  as  can  be  done,  or  when  the  common  divilor  is 
the  greatell  poffible,  the  terms  of  the  refulting  traction  muft  be 
the  leaft  poffible. 

Note.  1 .  Any  number  ending  with  an  even  number,  or  a  ciplier, 
is  divilible,  or  can  be  divide  d,  by  2. 

2,  Any  number  endiiig  with  5,  w  0^  is  divifible  by  o, 

?.  If 
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quotients  again  in  the  fame  manner  ;  and  fo  on,  till  it  appears. 
tha<:  there  is  no  number  greater  than  1  which  will  drvide. 
them;  tlien  the  fraction  wiii  be  m  its  ioweft  terms 

Or,  Divide  both  the  terms  of  the  fraction  by  their  grcatcil: 
common  meaiuie  at  once,  and  the  c]uot:ents  will  be  the  teims 
of  tiie  fracliion  re(][uired,  of  the  lame  \  alue  as  at  firft. 


EXAMPLES. 

|,  Reduce  4^-J  to  its  leaft  terms. 

Or  thus : 
144)   240  (i  Therefore  4<S  is  the  greateft  comraori 

144  meafure;  and .48)  'itt'=T  t^e  An- 

'~96]   144   (1  i'werj  the  fame  as  before. 

96 


48)   96   {2 
96 


2.  Reduce 


S.  If  the  riffht-hand  r>lace  of  any  number  be  0,  the  whole  Is  di- 
vifible  by  l.Oj  if  (iiere  be  two  ciph'-'r^,  it  is  divMTible  by  100;  if 
three  ciphers^  by  lOpO  :  arad  fo  on;  which  is  only  cutting  ort  thofe 
ciphers. 

4  If  the  two  right-hand  figures  of  any  r.uinber  be  divifible  by 
4,  the  whole  is  di\ifible  by  4.  A^nd  li  the  three  right-hand  figure^ 
be  divifibie  by  8,   the  whole  is  divifible  by  S.      And  fo  on. 

5.  If  the  lam  oi  the  digits  in  any  number  be  divilible  by  3,  or 
by  9,  the  whole  is  divifjbit;  by  3,  or  by  9. 

6.  If  the  right-hand  digit  be  even^  and  the  fiim  of  all  the  digits 
be  divifible  b}  6,  then  the  vviiole  will  be  diviiible  b)  6. 

7.  A  riumber  is  divifible  by  I  I,  when  the  ram  (>f  thr  !  ft,  3d,  5th, 
Si:c.  or  all  the  oiid  places,  is  equal  to  the  fum  of  the  2d,  4tb,  6th,- 
&c.  or  of  all  the  even  places  (jf  digits. 

8.  If'a  number  cannot  be  divided  by  fome  quantity  K  fs  than  the 
fquare  of  the  fame,  that  number  is  a  prime,  or  cannot  be  divided 
by  any  number  whiitever. 

9.  All  prime  numbers,  except  2  and  5,  have  either  1,  3,  7,  or  9, 
in  the  place  of  units  5  and  all  other  numbers  are  compolite,  or  can 
be  divided, 

JO.  When 
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2.  Reduce  4-7-J  to  its  lowed  terms,  Anf.  |, 

3.  Reduce  f  ^^  to  its  lowed  terms.  Anf.  -j^^ 

4.  Reduce  4-^-^4  to  its  loweft  terms.  Anf.  |, 


CASE   II. 

To  Reduce  a  Mixed  Number  to  its  Equivalent  improper 

Fraction, 

RULE*. 

Multiply  the  whole  number  by  the  denorn'natcr  of  the 
fradlion,  and  add  the  numerator  to  the  produdt  ;  ihen  fee  tiiat 
fum  above  the  denominator  for  the  fraction  rcc^uired, 

EXAMPLES. 
1.  Reduce  23 J  to  a  fraction. 


23 

b 

115 

Or. 

2 

(23x5) -1-2  _  117 

in 

5                    5 

5 

^  the  Anfwer, 


2.  Reduce  12|-  to  a  fracSlion.  Anf.  ^^\ 

3.  Reduce  14-^  to  a  fraction.  Anf.  V^^. 

4.  Reduce  ]83^V  to  a  fradion.  Anf.  ^li-s^ 


10.  When  numbers,  with  the  fio;n  of  addition  or  iabtraclion  be- 
tween them,  are  to  be  divided  by  any  number,  then  each  of  thofe 

]  0  4-  S  —  4 
numbers  mufl  be  divided  by  it.   Tims ' =  5-j-4  — 2  =  7. 

1 1.  But  if  the  numbers  have  the  fign  of  multiplication  between 
tliem,  only  one  of  them  muli  be  divided.     Tha^^ 

]Ox8x3   10x4x3   10x4x1   10x2x1   20 


6X2  (j  X  1  2X1  1X1  1 


20. 


*  This  is  no  more  than  firft  multiplying  a  quantity  by  Tome 
number,  and  then  dividing  the  refult  back  again  by  the  fame, 
which  it  is  evidtnt  does  not  alter  llie  value;  lor  a.  \  traction  re- 
prefenls  a  divifion  oi  the  numerator  by  the  denominator. 

CASE 
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CASE  iir. 


To  Reduce  an  Improper  Fraction  to  its  Equivalent  Whole" 

or  Mixed  N Limber. 

Divide  the  numerator  by  the  denominator,  and  the  quO'- 
tient  will  be  the  whole  or  mixed  number  lought. 

EXAMPLES. 

1.  Reduce  "^^  to  its  equivalent  number. 

Here  "--^  or  12-^3  =  4,  the  Anfwcr. 

2.  Reduce  \^  to  its  equivalent  number. 

Here  'J  or  15-4-7  =  2^,  the  Anfwer. 

3.  Reduce  ''^^J  to  its  equivalent  number. 

Thus,   17)   74-.')    (44yV 
6.S 

~69"  So  that  7-iY  =  44  if,  the  Anfwer. 

— 

4.  Reduce   y^  to  its  equivalent  number.  Anf.  8. 

5.  Reduce  '4|^  to  its  equivalent  rmmber.        Anf.  54^|-. 

6.  Reduce  ^|~^  to  its  equivalent  number.        Anf.  171  jyc 

.CASE  IV. 


To  Reduce  a  Whole  Number  to  an  Equivalent  Fraciioi 
haying  a  Gi'cen  Denominator, 


EULEf. 

Multiply  the  whole  number  by  the  given  denominator  ^ 
then  fet  the  produ6l  over  the  faid  denominator,  and  it  wil} 
form  the  fradtion  required. 


*  This  Rule  is  evidently  the  reverfe  of  the  for^ner  j  and   the 
reafon  oi  it  is  manifefl:  from  the  nature  of  Common  Divifion. 

f  Multiplication  and  Diwlion  being  iiere  ecjually  \:i{cd,  the  re- 
full  mull  be  the  lame  as  th(;  qus-utity  tirll  propofed. 

EXAMPLESc 
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EXAMPLES. 

1.  Reduce  9  to  a  fra6lion  whofe  denommatqr  fliall  be  7. 

Here  9x7—63:  then  ^  is  the  Anf  .verj 
For  V  =  63  -^  7  =  9,  the  Proof. 

2.  Reduce  1 3  to  a  fi  a6lion  whoD  denominator  fiiall  be  !  3. 

Anf.    V/. 

3.  Reduce  27  to  a  fradlion  whofe  denominator  fliall  be  1 1. 

Anf.   vV- 

CASE  V. 

To  Reduce  a  Compound  Fraction  h  an  Equivalent 

Simple  One, 

RULE*. 

Multiply  all  the  numerators  together  for  a  numerator, 
and  all  the  denominators  together  for  a  denominator,  and  tney 
v/ill  form  the  fimple  fraction  louglit. 

When  part  of  the  compound  fra6tion  is  a  whole  or  mixed 
number,  it  mud  hrll:  be  reduced  to  a  fra6t:ion  by  one  of  the 
former  cafes. 

And,  when  it  can  be  done,  anv  two  terms  of  tlie  fra6i:ion 
iTiay  be  divided  by  the  fame  number,  and  the  quotients  uied 
inftead  of  them.  Or  when  there  are  terms  that  are  common, 
they  may  be  omitted. 

EXAMPLES. 

1.  Reduce  |-  of  |  of  J  to  a  fimple  fracfion. 

_  -         1x2x3       6         I       ,      .    . 

Jrlerc  — =  —  = — ,  the  Aniwer. 

2x3x1-24.        4. 

1  X  2f  -<  -^         1 

Or,     — ^^^----=: — ,  by  omitting  the  2's  and  3's. 


*  The  truth  of  this  Rule  may  be  flicwn  a^  follows;  Let  (he 
compound  Fraction  be  4-  of  |-.  Now  -j  <»'  f  is  f-T-3,  which  is  ^^^ ; 
conicquently  f  of|.  will  be  -^V  X  2  or  4-°  ;  that  is,  llie  numeroiors 
are  multiplied  logetiier.  and  alfo  tiie  denominators,  as  in  the  Rule. 
When  the  compound  traction  conlitl'^  of  more  liian  two  tingle 
ones;  having  t'wH  reduced  two  of  th^  m  as  above,  then  the  relult- 
Ing  fraction  and  a  third  vviii  be  the  fame  as  a  compounil  Iraclion  of 
jtwo  parts  J  and  fo  on  to  the  iaft  of  all. 

2.  Reduce 


Anf. 
Anf. 

I 

4- 

Anf. 

7 

Anf. 

s 
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2.  Reduce  |  of  ^  of  i°  to  a  fimple  fra6^ion. 
__         '2X')X!0        60         12        4       ,       ,     ^ 

Here : = —.  —  =  — ,  the  Amwer 

1X)Xll         165       S3        11 

„         2xo''X6        ^       ,-,      r  1    r 

yr  -^  ~  — ,  tne  lame  as  before. 

5x5x1       1 r 

3.  "Reduce  -?-  of  |-  to  a  fimple  fraction. 
4-  K educe  J  of  -^  of  |  to  a  fmiple  fra6lion. 

5.  Reduce  -|  of  |  of  34  to  a  fimple  fradion. 

6.  Reduce  y  of  f  of  ^  of  4  to  a  fimple  fra61:Ion. 
1,  Reduce  2^  of  |  to  a  fradion,  Anf.  4« 


CASE  VI. 

To  Frduce  Fracfwns  of  Dfferent  Denominators  to  EquU 
valcnt  Jtraciions  havinj  a  Common  Dtnominato7\ 


RULE*. 

Multiply  each  numerator  by  all  the  denominators  ex- 
cept its  own,  for  the  new  numerators  ;  and  multiply  all  the 
denominaiors  top-ether  for  a  common  denominator. 

]\ote^  It  IS  evident,  that  in  this  and  feveral  otlier  operations, 
Vvhen  any  of  the  propoied  quantities  aic  integers,  or  mixed 
ni  mhers,  cr  compound  ffa6lions,  they  muft  be  reduced,  by 
their  proper  Kuies,  to  the  form  of  fim.pie  fra£lioas. 

EXAMPLES. 

1,  Reduce  5,  |,  and  1,  to  a  common  denominator. 
1x3x4  —  12  the  new  numerator  for  |. 
2x  2x  4  =  16  ditto  for  |. 

3x2x3  =  18  ditto  for  |-. 

2  x  3  x  4  =  24  the  common  denominator. 

Therefore  the  equivalent  fradlions  are  -^,  ~>  ^i^d  -^\, 

Or  the  whole  operation  of  multiplying  may  be  very  well 
performed    mentally,    only   fetting    down    the    refults    and 


*  Tiiis  i<;  evidently  no  more  than  multiplying  each  numerator 
and  its  denominator  by  the  fame  quantity,  and  confequently  the 
value  of  the  fraction  is  not  altered. 


£iven 


\. 
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given  fraaions  thus:   |,  4,  |:  =  i!,  i%  tJ  =  A,  tV,  A,  by 
abbreviation 

2.  Reduce  \  and  -5-  to  fradllons  of  a  common  denominator. 

3.  Reduce  ~,  •!>  ^'^^  ^  to  a  common  denominator. 

Anl     '.?    "*    *5 
-'^^"-  -s-Q"*  To»  -s^o" 

4.  Reduce  |-,  2-|-,  and  4  to  a  ccmmon  denominator. 

A  nf    ^5     73     J 1 o 

^Kote  1.  When  tlie  denominators  of  two  given  frail'ons 
have  a  common  mcafure,  let  them  be  divided  by  it ;  tlien 
jnu-tiplv  the  terms  of  each  given  fra6lion  by  the  quotient 
arihig  irom  the  other's  denominator. 

2.  When  the  lefs  denominator  of  two  fracfiions  exactly 
divides  the  greater,  multiply  tne  terms  of  that  which  iiath 
the  lefs  denominatQr  by  the  (quotient. 

3.  When  more  than  two  fradlions  arc  propofed,  it  is  i  >me- 
time .  convenient,  firlt  to  reduce  two  of  them  to  a  common 
denominator ;  then  thefe  and  a  third  ;  and  lo  on  till  tr.cy  be 
ail  reuuced  to  their  leaP^  common  denominator. 


CASE   VII. 

To  find  the  Value  of  a  Fraction  in  Parts  of  the  Integer. 

RULE. 

Multiply  tlie  integer  by  the  numerator,  and  divide  the 
produdil  by  the  denominator,  by  Compound  Multiplication 
and  Divifion,  if  the  integer  be  a  compound  quantity, 

Or,  if  it  be  a  fingle  integer,  multiply  the  numerator  by  the 
parts  in  the  next  inferior  denomination,  and  divide  the  pro- 
du6l  by  the  denominator.  Then,  if  any  thing  remains,  mul- 
tiply It  by  the  parts  in  the  next  inferior  denomination,  and 
divide  by  the  denominator  as  before ;  and  fo  on  as  far  as 
necefTiry  ;  fo  Ihull  the  quotients,  placed  in  order,  be  the 
value  of  the  fradtion  required*. 


*  Tlie  uumerntor  of  a  fraf^ion  being  confidered  as  a  remainder, 
in  Diviiion^  and  the  denominalor  as  th<^  divifor,  this  rule  is  of  the 
fame  nature  as  Compound  Divifion,  or  the  valuadon  of  remainders 
in  the  Rule  of  Three,  before  explained. 

EXAMPLES. 


eo 


ARITHMETIC. 


EXAMPLES. 
1.  What  is  the  ^  of  2/  6s?      2.  What  Is  the  value  of  ^  of  Uf 


Ey  the  former  part  of  the  Ri 
2/  6s 
4 

lie, 

By  the  2d  part  of  the  Rule, 
2 
20 

3)   40   (135  4^/ Anf. 

1 

5)   9     4 
Anf.         ll  I6s9d  2^q, 

12 
3)    12  Ucl 

value  or  |-  of  a  pound  fieri ing.        Anf.  75  6^. 
the  value  of  |-  of  a  guinea?  Anf.  4^*  Sd, 

the  value  of  ^  of  a  half  crown?  Anf.  Is  lO^d, 

Anf.  is  li^d, 
Anf.  7oz    4dv^ts, 

Anf.  Iqr  7^l>. 
Anf.  2  ro  20  po. 

Anf.  7hrs  12min, 


3.  Find  the 

4.  What  is 

5.  What  is 

6.  What  is  the  value  of  ~  of  4s  10a'  9 

7.  What  is^  the  value  of  l  lb  troy  ? 

8.  What  is 

9.  What  is 
10.  What  is  the  value  of  -/^  of  a  day  ? 


the  value  of  -/-g-  of  a  cwt  ? 
the  value  of  |  of  an  acre  ? 


CASE  VIII. 
To  Reduce  a  Fraction  from  one  Denomination  to  another^ 

KULE*. 

Consider  how  many  of  the  lefs  denomination  make  one 
of  the  greater  ;  then  jnultiply  the  nurnerator  by  that  nurnber, 
if  the  reduction  be  to  a  lets  name,  or  multiply  the  denomina- 
tor, if  to  a  greater. 

EXAMPLES. 

I .  Reduce  |-  of  a  pound  to  the  fradllon  of  a  penny, 
I X  V  X  V^  =  '^J^  =  ^f ^  the  Anfwcr, 


■^  This  is  the  fame  as  the  Ride  of  Redufllon  in  whole  numbers 
from  one  denominalipn  to  another. 

S.  Reduce 
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2.  Reduce  |-  of  a  penny  to  the  fra£^lon  of  a  pound. 

4  X  -^'^  X  ^^  =  T-A^  -  t4t>  ^^^e  Anfwer. 

3.  Reduce -/y/  to  the  fravStion  of  a  penny.  Anf.  Vr£. 

4.  Reduce  Jq  to  the  fraction  of  a  pound.  Anf,  x^-^-^' 

5.  Reduce  4-cwt  to  the  fraction  of  a  lb.  Anf.  '^*, 

6.  Reduce  -^-dwt  to  thefracftlon  of  a  lb  troy.         Anf.  -5-^ 

7.  Reduce  |- crown  to  the  fra6l.  of  a  guinea.         Anf.  ^y.^, 

8.  Reduce  -|half-crown  to  the  fradt.  of  a  flilUing.    Anf.  J|* 

9.  Reduce  2s  6d  to  the  fraction  of  a  £,  Anf.  -J-* 
10.  .Reduce  17^  Id  ?j\q  to  the  fradlion  of  a^. 


ADDITION  OF  VULGAR  FRACTIONS. 

RULE. 

If  the  fra6lions  have  a  common  denominator ;  add  all  the 
numerators  together,  then  place  the  fum  over  the  common 
denominator,  and  that  will  be  the  fum  of  the  fractions  re- 
quired. 

*  If  the  propofed  fra6lions  have  not  a  common  denomina- 
tor, they  muft  be  reduced  to  one.  Alfo  compound  fradiions 
muft  he  reduced  to  hmple  ones ;  and  mixed  numbers  to  im- 
proper fradlions:  alfo  fradlions  of  different  denominations  to 
thofe  of  the  fame  denomination.  Then  add  the  numerators 
lis  before. 


*  Before  fractions  are  reduced  to  a  common  denominator,  they 
are  quite  diffimilar,  as  much  as  (liiilings  and  pence  are,  and  there- 
fore cannot  be  incorporated  with  one  another,  any  more  than  (hefe 
can.  But  when  they  are  reduced  to  a  common  denominator,  and 
made  parts  of  the  fame  thing,  their  fum,  or  difference,  may  then  be 
as  properly  exprelfed  by  the  fum  or  difference  of  the  numerators, 
as  the  fum  or  difference  of  any  two  quantities  whatever,  by  the 
ium  or  difference  of  their  individuals.  Whenee  the  reafon  of  the 
Kale  Is  manifeft,  both  for  Addition  and  Subtraction. 

When  feveral  fra61ions  are  to  be  collecled,  it  is  commonly  beil 
firll  to  add  two  of  them  togetiier  that  molt  eafily  reduce  lo  a  com* 
sijon  denominator;  then  add  their  fum  and  a  third,  and  lo  on. 

EXAMPLES* 
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EXAMPLES. 

1.  To  add  t  and  ^  totrether. 

:>  So 

Here  -f-  -f- 1  ~  -^  =  1  -J,  the  Anfwer. 

2.  To  add  4  ^'id  -J-  together. 

I  -f- 1  -  44  -f  T-i  =  ^^  =  1 4^.  the  Anfwer.  ' 

3.  T'o  add  -1  and  7|  and  5  of  |  together. 

¥   »     '  -    '    3  '-'^  4  —  8  ^    1    T-^  — 'g-T  Y  -r-g- —  -g-   —  o-^. 

4.  To  add  f  and,y  together.  Anf.  i  *. 

5.  lo  add  I  and  ^5-  together.  Anf.  144. 
.     6.  Add  . I- and -,\  together.                               .  Anf  JL. 

1,  What  is  the  fum  of  J  and  |  and  4?  Anf.  1-|||. 

8.  What  is  the  fum  J  and  4  and  2^?  Anf  3}^. 

D.  M'hat  is  the  fum  of  4  and  4  of  J  ;  and  9^^^  Anf.lO^'o-. 

10.  What  is  the  fum  of  4  of  a  pound  and  4  of  a  fhilHng? 

Anf.  '45^  or  13^  10^  2|^. 

1 1 .  Wliat  is  tlie  fum  of  4  of  a  fliiUing  and  -j-^  of  a  penny  ? 

Anf  Vt^  "^i"  '^^^  ^4ff 

12.  What  is  the  fum  of  4  of  a  pound,  and  4  of  a  fhilhng, 
and  y\  of  a  penny?  Anf.  -l^^s  or  35  It^  1-!|^. 

13.  To  fum  74  of  4  +  4  of  4  of  7  4-5H-tV   Anf.  16^\%\. 


SUBTRACTION  of  VULGAR  FRACTIONS. 

RUtE. 

Prepare  the  fractions  the  fame  as  for  Addition,  when 
neceiiary  ;  then  fubtracSl  the  one  numerator  from  the  otlier, 
and  fet  the  remainder  over  the  common  denominator,  for  the 
fiiilcrence  of  the  fra6lions  fouj^ht. 

EXAMPLES. 

1 .  To  find  the  difTerence  between  4-  and  4-. 
Here  |  —  4  =:  4  ~  J,  the  i^nfwer. 

2.  To  find  the  difference  between  -f  and  4* 

I  -  4  =  4y  -  ii  =  ^V,  the  Anf-Nver. 

3.  What 
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3.  What  Is  the  difference  between  -j-\  and  J-?         Anf,  -J-. 

4.  What  is  the  di 'Terence  between  -p-  and  -^  ?      AnC  -.V. 

5.  What  Is  the  difference  between  J^  and  JL?    Anf.  -l^-. 

6.  What  is  the  difF.  between  5|  and  y  of  4-^  ?    Anf.  4  .^^  . 

7.  What  is  the  diifercnce  between  i.  of  a  pound,  and  i.  of 
A  of  a  (hilHng^?  Anf.  VV-^  '^'^  ^^^  7^/  1  'v- 

8.  What  is  the  difference  between  ^  of  5-J  of  a  pound, 
and  4  of  n  fhllling  ?  Anf.  |?-^J/  or  1/  85  Il^^-i, 


MULTIPLICATION  of  VULGAR  FRACTIONS. 

RULE*. 

Reduce  mixed  numbers,  if  there  be  any,  to  equi\'alent 
fra6lIons  ;  then  multiply  all  the  numerators  together  foi  a 
numerator,  and  ah  the  denominators  together  for  a  denomi- 
nator, which  will  give  the  product  required, 

EXAMPLES. 

1.  Required  the  produ6l:  of  J  and  ^, 

Here  1  X  -^  iz  4^  rz  ' ,  the  Anfwer. 

2.  Required  the  continued  produ6t  of  "J,  3  J,  5>  and  -J  of  ^-^ 

rr       ;2f         13       J^        S        3         13   X  3        39  ,     .     , 

Here^-x-r  X  T- x  "^x -^  =  -^ ^  =  -r=  4|,  Anf. 

3.  Required  the  produ6t  of  y  and  |-.  Anf. -^.g., 

4.  Required  the  produ6l  of -j^  and  —j-.  Anf.  -.-. 

5.  Required  the  produvSl  of -|-,  -J-,  and  y^.  Anf. -- 


*  Muitlplication  of  any  ihing  by  a  frachon  implies  the  faking 
fome  part  or  parts  of  the  thinjj  ;  it  may  theretore  be  truly  exprefre^ 
by  a  compound  fra<5tion  :  which  is  refolved  by  multiplying  toge- 
tiier  the  numerators  and  the  denominators. 

No/e,  A  fradion  is  beft  multiplied  by  an  integer,  by  dividing 
the  denominator  by  it ;  but  if  it  will  not  exaCliy  divide,  then 
multiply  the  numerator  by  iL 

Q.  Required 


€4. 
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6.  Required  the  produ61:  of  |,  ^.,  and  5.  Anf.  |,, 

1.  Required  the  produ6l  of  -^^  ^,  and  4,-^.  Anf.  2 

8.  Required  the  prodi!(SI:  of  .J,  and  -J  of  y.  Anf 

9.  Required  the  produ(5l:  of  6,  and  ^  of  5. 

10.  Required  the  produ6t  of  |-  of  4»  a^"*^  I  o^  3y. 

11.  Required  the  produa:  of  3|,  and  444.  Anf.  14|44. 

12.  Required  the  produdl  of  5,  -|,  y  of  ^,  aivl  4^.  Anf.  2^^ 


1  o 

Anf.  20c 
Anf.  14. 


DIVISION  OF  VULGAR  FRACTIONS. 


RULE*. 

Pp.EPARE  the  fra6^ions  as  before  in  Multiph'catron  ;  then 
clivide  the  numerator  by  the  numerator,  and  the  denominator 
by  the  denominator,  if  they  will  exa61-ly  divide  ;  but  if  not, 
then  invert  the  terms  of  the  divifor,  and  multiply  the  dividend 
by  it,  as  in  Multiplication. 


EXAMPLES. 

I.  Divide  V  ^Yt- 

Here  y  ~  4-  1=:  4-  -r  U,  by  the  firfl  method. 

2.  Divide  |-  by  y\. 

XlCiC  73-     .TT   —    g-^      a.     T^i    

^5  —  4 » 

3.  It  is  required  to  divide  i|-  by  ^. 

Anf.  ^„ 

4.  It  is  required  to  divide  -/^  by  |. 

AnL^\, 

5.   It  is  required  to  divide  '-^  by  -J. 

Anf.  1|. 

6.   It  is  required  to  divide  |-  by  y . 

Anf.^^,. 

7.  It  is  required  to  divide  '^^,  bv  |-. 

Anf.  *. 

8.  It  is  required  to  divide  y  by  |. 

Anf.  .i2. 

*  Divlfion  being  the  reverfe  of  Multiplication,  the  reafon  of 
the  Rule  is  evideiU. 

I^ote,  A  fracbon  is  beft  divided  by  an  integer,  hy  dividing  the 
DumeFator  by  it  j  but  ^f  it  will  not  exaclly  divide,  then  multiply 
the  denominator  by  it, 

9,  It 
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9.  It  is  required  to  divide  t^  by  3.  Anf.  ^\. 

10.  It  is  required  to  divide  ^  by  2.  J^nf.  -i%» 

11.  It  is  required  to  divide  7|  by  9|.  Anf.  44* 

1 2.  It  is  required  to  divide  J  of  |  by  A  of  7-|-.  Anf.  j-f t» 


RULE  OF  THREE  in  VULGAR  FRACTIONS. 


RULE. 

Make  the  necefTary  preparations  as  before  dire6led  ;  then 
multiply  continually  together,  the  fecond  and  third  terms, 
and  the  tirft  vrith  its  parts  inverted  as  in  Divilion,  for  the 
aniwcr*. 

EXAMPLES. 

1 .  If  I  of  a  yard  of  velvet  coft  |.  of  a  pound  flerling ;  what 
will  tV  ^^  ^  yard  coft  ? 

3       2         5g2f^,,  .*^ 

-^  :  --  : :  —  :  -^ X  — X  —  =  i^  =  6^  8^,  Anfwer. 
8        D  15       3        ^      ^6       ^  ' 

2.  What  will  3^  oz  of  filver  coft,  at  6s  4d  an  ounce  ? 

Anf.  1/  Is  4ld. 

3.  If -/^  of  a  fhip  be  worth  2131  2s  ed;  what  are  4^  of  her 
tvorth?  Anf.   2211  \2s  \d. 

4.  M'hat  is  the  purchafe  of  1230/  bank-ftockj  at  ]08|  per 
cent.?  Anf.  1336/  \s  9d. 

5.  What  is  the  intereft  of  273/  155  for  a  year,  at  3|  per 
cent.?  •  Anf.  8l  lis  II ^d* 

6.  If  I  of  a  ftiip  be  worth  73/  is  3d;  what  part  of  her  is 
worth  250/  lOs?  Anf.  f. 

7.  What  length  muft  be  cut  ofF  a  board  that  is  7|  inches 
broad,  to  contain  a  fquare  foot,  or  as  much  as  another  piece 
of  12  iitches  Ions:  and  12  broad?  Anf.  184-4-  inches. 

8.  What  quantity  of  fhalloon  that  is  |  of  a  yard  wide,  will 
line  91  yards  of  cloth  that  is  2j,  yards  wide  ?     Anf.  31 1  yds.. 


*  This  is  only  multiplying  the  2d  and  3d  terms  together,  and 
dividing  the  proUu<5t  by  the  fiiil,  &s  in  the  Rul«  of  Three  in  whole 
numbers. 

VgL.L  F  #.  If 
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9.  If  the  penny  loaf  weigh  6^^  oz  when  the  price  of  wheat 
is  5s  the  buihel ;  what  ought  it  to  weigh  when  tlie  wheat  is 
at  85  6d  the  bufhel  ?  Anf.  4-^y-oz. 

10.  How  much  in  length,  of  a  piece  of  land  that  is  1 1|4 
poles  broad,  will  make  an  acre  of  land,  or  as  much  as  40  poles 
in  length  and  4  in  breadth  ?  Anf  13~j  poles. 

11  If  a  courier  perform  a  certain  journey  in  35 ^  days, 
travelling  13-^-  hours  a  day;  how  long  would  he  be  in  per- 
forming the  fame,  travelling  only  1  l-^o  hours  a  day? 

Anf.  40^1  days. 

12.  A  regiment  of  foldiers,  confifting  of  976  men,  are  to 

be  newctoathed;  each  coat  to  contaiii  2^  yards  of  cloth  that 

is  l|  yard  wide,  and  lined  with  ihalloon  -|  yard  wide:  hov/ 

many  yards  of  Ihalloon  will  line  them  ? 

Anf.  4531  yds  Iqr  2-|- nails. 


awn  f,  I.I-,    ■       n,. 


DECIMAL  FRACTIONS. 

A  Decimal  Fraction  is  that  which  has  for  its  deno- 
minator an  unit  (1)  with  as  many  ciphers  annexed  as  the 
numerator  has  places ;  and  it  is  ufually  expreiled  by  fetting 
down  the  numerator  (^nly,  with  a  point  before  it,  on  the  left- 
hand.  1  hus,  -jig  is  -5,  and  ^-V-q  is  'J25,  and  T^la  i^  '075,  and 
T6WOO  is  '00124  ;  where  ciphers  are  prefixed  to  make  up  as 
many  places  as  are  ciphers  in  the  denominator,  when  there  is 
a  deficiency  of  figures. 

A  mixed  number  is  made  up  of  a  whole  number  with  fome 
decimal  fra6i:ion,  the  one  being  feparatedfrom  the  other  bv  a 
point.     Thus,  3 '25  is  the  lame  as  S-^-^-,  or  |-|4- 

Ciphers  on  the  right  hand  of  decimals  make  no  alteration 
^n  their  value  ;  for  -5,  or  -50,  or  '500,  are  decimals  having  all 
the  fame  value,  being  each  ^-y^,  or  f .  But  if  thev  are  placed 
on  the  left-hand,  they  decreafe  the  value  in  a  ten-fold  propor- 
tion :  Thus,  'b  is  -^o,  or  5  tenths;  but  -05  is  only  -j-J^,  or  5 
hundredths,  and  '005  is  but  two,  or  5  thoufandths. 

The  ill:  place  of  decimals,  counted  from  the  left-hand  to- 
wards the  right",  is  called  the  place  of  primes,  or  lOths ;  the 
2d  is  the  place  of  feconds)  or  ICOths ;  the  3d  is  the  place  of 
thirds,  or  lOOOths  ;  and  fo  on.  For,  in  decimals,  as  well  as 
in  whole  numbers,  the  vaUies  of  the  places  increafe  towards 
■the  left-hand,  and  decreafe  towards  the  right,  both  in  the 

fame 
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of  Notation : 


lame  tenfold  proportion ;  as  in  the  following  Scale  or  Table 


W5 


a, 


to        Ch      c 

c  13  ^   IT  G    2    ^ 

.S     -::;     '^     ^     -^  fo     ^     -3     ~3     '^     -^     •- 

E:S     =     ?gg-SG§oc:g=H 

•g  ^  ii  -5  J  S   3  ^  i'  -s  i^  ^  a 

3333333*333333 


CO 


ADDITIOxNF  OF  DECIMALS. 

RULE. 

Set.  the  numbers  under  each  other  according  to  the  valut 
of  their,  places,  like  as  in  whole  numbers ;  in  which  flate  the 
decimal  feparating  points  will  ftand  all  exadtly  under  each 
other.  Then,  beginning  at  the  right  hand,  add  up  all  the 
columns  of  numbers  as  in  integers;  and  point  off  as  many- 
places,  for  decimals,  as  are  in  the  greatefl:  number  of  decimal 
places  in  any  of  the  lines  that  are  added ;  or  place  the  point 
dnedtly  below  all  the  other  points. 

EXAMPLES. 

1.  To  add  together  29-0146,  and  3146*5,  and  2109,  and 
'62417,  and  14'16. 

29-0146 
3146-5 
2109- 

-62417 
14-16 


5299-29S77  the  Sum, 


Ex.  2.  To  fmdthe  fum  of  376-25  +  86-125  +  637'4725-f 
e-5  +  4l-02  +  358-865.  Anf.  1506  2325. 

3.  Rec^uired  the  fum  of  3'5  +  47-25  +  2'0073  +  927-01-f- 
1-5.  Anf.  981  2673. 

4.  Required  the  fum  of  276  +  54-321-f-112-hO-65  f  12-5 
Hh'0463.  Anf.  455-5173. 

F5  X  SUSTRACTION 
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SUBTRACTION  of  DECIMALS. 

RULE. 

Place  the  numbers  under  each  other  according  to  the 
value  of  their  places,  as  in  the  lafl  Rule.  Then,  beginning 
at  the  right  hand,  fubtn6?:  as  in  whole  numbers,  and  point 
ofF  the  decnnals  as  in  Addition, 

EXAMPLES. 

1.  To  find  (he  difference  between  91*73  and  2-13:8. 

91-73 
2-138 


Anf-  89 -5^1) 2  the  DifFerence. 

2.  FindthedifF.  between  1-9185  and  2-73.    Anf.  0-8115.^ 

3.  To  fubtraa  4*90142  from  214-81.  Anf.  209-90S'58. 

4.  Find  the  difF.  between  2714  and  '916.     Anf.  2713'084c 


MULTIPLICATION  gf  DECIMALS. 

RULE*. 

Place  the  factors,  and  multiply  them  together  the  fame 
as  if  they  were  whole  numbers.^— Then  point  ofl-'  in  the  pro- 
du£l  jull  as  many  places  of  decimals  as  there  are  decimals  in 
both  the  factors.  But  if  there  be  not  fo  many  figures  in  the 
produdl,  then  fupply  the  defedl  by  prefixing  ciphers. 


*  The  Rule  will  be  evident  from  this  example : — Let  it  be  re- 
quired to  multiply  •]2  by  361 ;  (hefe  numbers  are  equivalent  to 
7^  and  T3^e\y;  the  produa  of  which  is  .^4i^=-04332,  by  the 
nature  of  Notation,  which  conflfts  of  as  mai»y  places  as  tliere  are 
ciphers,  that  is,  of  as  many  places  as  there  are  in  both  numbers. 
And  in  hke  manner  for  any  other  numbers. 

EXAWIP15S, 


MULTIPLICATION  or  DECIMALS.  Q9 


EXAMPLES. 


i,  Multiply  -321096 
by       '2465 


i6054Sa 
1926576 
128438'i 
642192 


Anf.  -0791501640  the  ProJudt, 

2.  Multiply  79-3n  by  23-15.  Anf.  1836*88305. 

3.  Multiply  -63478  by  -8204.  Anf.  '520773512. 

4.  Multiply  -385746  by  '00464.  Anf.  •00^8386144. 


CONTRACTION   I. 

To  multipli/  Decimals  by  1  mth  any  numhcr  of  Ciphers^  as 

by  10,  or  100,  or  1000,  Kc, 

This  is  done  by  only  removing  the  decimal  point  fo  many 
places  farther  to  the  right-hand  as  there  are  cipher*  in  the 
multiplier;  and  fubjoining  ciphers  if  need  be. 

EXAMPLES. 

1.  The  prodi]61:  of  51*3  and  1000  is  51300. 

2.  The  produ6t  of  2-714  and  100  is 

3.  The  produd  of  -916  and  1000  is 

4.  The  produ6l  of  21-31  and  10000  is 


CONTRACTION   1$. 

To  Contract  the  Operation^  fo  as  to  retain  only  as  majiy 
'  J)ecimuls  in  the  Product  as  viaij  be  thought  Ntcejj'aryy 
.  xvhcn  the  Product  Tjcould  naturally  contain  feveral  vwrc 
Places, 

Set  the  units'  place  of  the  multiplier  under  that  figure  of 
the  multiplicand  whofe  place  is  the  fame  as  is  to  be  retained 
for  the  laft  in  the  produdl ;  and  difpole  of  the  refl  of  the 
figures  in  the  inverted  or  contrary  order  to  what  they  are 
ufually  placed  in. — 'J  hen,  in  multiplying,  rejed:  all  the  figures 
that  are  more  to  the  right  than  each  multiplying  figure,  and 
(et  down  the  produt^Sj  fo  that  their  light-hanU  figures  may 
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fall  in  a  column  firaight  below  each  other ;  but  obferving  to 
increafe  the  fiift  figure  of  every  line  with  what  would  arife 
from  the  figures  omitted,  in  this  manner,  namely  1  from  5  to 
14,  2  from  1 5  to  24,  3  from  25  to  34,  &:c  ;  and  the  fvu-n  of  all 
the  lines  will  be  the  product  as  required,  commonly  to  the 


neareil  unit  in  the  lafi:  figure. 


EXAMPLES. 


1.  To  multiply  27'14986  by  92  41035,  {o  as  to  retain  only 
four  places  of  decimals  in  the  produdl. 


Contracted  IVai/, 
2"'14986 
53014  29 


Common  Way, 
27-14986" 
92  41035 


24434874 

542997 

108599 

2715 

81 

14 

2508-9280 


13 

5749 3Q 

81 

44[)5S 

2714 

986 

1085^9 

44 

542^97 

2 

24434874 

2508  9280 

650510 

2.  Multiply  480'1493o  by  2  72416,   retaining  only  four 
decimals  in  the  product. 

3.  Multiply  2490-3048  by  •573286,  retaining  only  five 
decimals  in  the  produ(fi:  * 

4.  Multiply    325  70 1 428    by    -7218393,    retaining   only: 
three  decimals  in  the  produ61:. 


DIVISION  OF  DECIMALSc 


RULE 


Divide  as  in  whole  numbers  ;  and  point  off  in  the  quo- 
tient as  many  places  for  decimals,  as  the  decimal  places  in  thq 
.dividend  exceed  thofe  in  tlie  divifor  ^. 


*  The  reafon  of  this  Rule  is  evident;  for  (ince  the  divifor 
inuUipiied  by  the  quotient  gives  the  dividend,  tiierefore  the  num- 
ber of  decimai  places  in  the  dividend  is  equal  to  thofe  in  the  di- 
vifor and  quotient,  taken  together,  by  the  nature  of  Multiplica- 
tion ;  and  conlequenlly  the  quotient  ilfelf  mull  coiUain  as  many 
as  the  dividend  exceeds  t!ie  diviiur. 

Ar^other 
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Another  wav  to  know  the  place  for  the  deciinal  point  is 
this  :  The  fivft  figure  of  the  quotient  mud  be  made  to  oc- 
cupy the  fame  place,  of  integers  or  decimals,  as  doth  that 
fip-ure  of  the  dividend  which  flands  over  the  unit's  figure  of 
the  firft  product. 

When  the  places  of  the  quotient  are  not  fo  many  as  the 
Rule  requires,  the  defe6t  is  to  be  fupplied  by  prefixing 
jcrpiiers. 

When  there  happens  to  be  a  remainder  af^er  the  divifion  ; 
or  when  the  decimal  places  in  the  divifor  are  more  than  thofe 
in  the  dividend  ;  then  ciphers  may  be  annexed  to  the  divi« 
dend,  and  the  quotient  carried  on  as  far  as  required. 


EXAMPLES. 


1. 


2. 


179)  •4-8624097  ('00271643 
12S2 

1150 
769 
537 
000 


•26S5)  27-00000  (100'5586S 
15000 
15750 
23250 
17700 
15900 
f4750 


5.  Divide  23470525  by  64'25. 
4.   Divide  14  by  -7854. 

6.  Divide  2175-68  by  100. 
€.  Divide   8727587  by  -162. 


Anf.  3-653. 
Anf.  17'S25, 
Anf.  21-7568. 
Anf.  5-38739. 


CONTRACTION   I. 

When  the  divifor  is  an  integer,  with  any  number  of  ci- 
phers annexed  ;   cut  off  thofe  ciphers,  and  remove  the  deci* 
mal  point  in  the  dividend  as   many  places  farther  to  the  left 
,  as  there  are  ciphers  cut  off,  prehxing  ciphers  if  need  be  ;  thcu 
proceed  as  before  ''^.  « 


*  This  is  no  more  than  dividinor  bo'.h  divifor  and  dividend  by 
the  fame  i^.unibtfr,  either  10.  or  100,  or  IX)00,  &c  accordingr  to 
the  number  of  ciphers  cut  off;  which,  leaving  tiiem  in  the  fam.e 
proportion,  doe-*  not  aff'ed  the  quotient.  And,  in  the  fame  way, 
♦he  decimal  point  may  be  moved  the  fame  number  of  places  ir> 
both  the  divifor  and  dividend^  cidier  to  the  ri^ht  or  left,  whether 
they  have  ciphers  or  not, 

ilX.AMPLES' 
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EXAMPLES. 

1.  Divide  45*5  by  2100. 

.21-00;  -455  (-0216,  &c. 
35 
J40 
14 


2.  Divide  41020  by  32000, 

3.  Divide       953  by  21600. 

4.  Divide        61  by  79Q0Q. 

CONTRACTION  !!• 

Hence,  If  the  divifoi  be  1  with  ciphers,  as  10,  or  100,  or 
1000,  &c. :  then  the  quotient  will  be  found  by  merely  mov- 
ing the  decimal  point  in  the  dividend  fo  many  places  farther 
to  the  left  as  the  divlfor  has  ciphers  ;  pretixing  ciphers  if 
need  be. 

EXAMPLES, 

So,  217-3   ~100=:2-n3.  And419-r      10  = 

And    5-16-r-100=  .  And  -21  —  1000=: 

CONTRACTION   III. 

When  there  are  many  figures  in  the  divifor ;  or  when 
only  a  certain  num.ber  of  decimals  are  neceflary  to  be  re- 
tained in  the  quotient ;  theq  take  only  as  many  figures  of 
the  divifor  as  will  be  equal  to  the  number  of  figures,  both  in- 
tegers and  decimals,  to  be  in  ti  e  quotient,  and  find  hov/ 
inany  times  tney  may  be  contained  in  the  firfl  figures  of  the 
dividend,  as  ufual. 

Let  each  remainder  be  a  new  dividend  ;  and  for  every  fuch 
dividend,  leave  out  one  fi.gme  more  on  the  right-hand  fide  of 
the  diviior  j  remembering  to  carry  for  the  increaie  of  the 
^gures  cut  off,  as  in  the  2d  contradion  in  Miikipiicatlon. 

Note.     When  tliere  are  not  fo  many  figures  in  the  divifor 

as  are  required  to  be  in  the  quotient,  begin  the  operation  with 

all  the  figures,  and  continue  it  as  ufual  till  the  number  of 

figures  in  the  divifor  be  equal  to  thofe  remaining  to  be  fpund 

;i  the  quotient,  afte;-  which  begin  the  coutra^ion. 

EXAMPLES. 

3.  Divide  2508*92806  by  92-41035,  fo  as  to  have  only 
four  decimals  in  the  quotient,  in  which  cafe  the  quotient  will 
contain  fix  figures. 

Contracted 
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Contracted. 

9j2-4I03,5)2508-928,Od('27-H9? 

660721 

138i.y 

4608 

912 

80 

6 


Common  xcay. 
92-4-lC3,5}2.508-y28/).:(27'149| 
66072106 
I.'^>^iS610 
4607.5750 
9i  116100 
79+67830 
5.539570 


2.  Divide  4109-2351  by  2:30*409,  fo  that  the  quotient  inay 
contain  only  four  decimals.  Anl.  n-Sj4.5. 

3.  Divide  37*10438   by  571 3*96,  that  the  quotient  may 
contain  only  five  decimals.  Anf.  •00649, 

4.  -Divide  913*08  by  2137*2,  that  the  quotient  may  cou^ 
tain  only  tiij-ee  decimals. 


REDUCTION  OF  DECIMALS, 


CASE   I. 

7"t?  reduce  a  Vulgar  Fraction  to  its  equivalent  DccinuiL 

RULE. 

Divide  the  numerator  by  the  denominator  as  in  Divifion 
of  Decimals,  annexing  ciphers  to  the  numerator  as  far  as  a^i- 
cefTary  ;  fo  lliall  the  quotient  be  the  decimal  required, 

EXAMPLES. 

J.  Reduce  -^^  to  adecim/al. 

24  =  4  X  6.     llien  4)7*' 

6j    1-7.50000. 

•29 1666,  5cc, 


2.  Redude  J,  and  \,  and  |,  to  decimals. 

Anf.  '25,  and  '5,  and  -75, 

3.  Reduce  J  to  a  decimal.  Anf  -315. 

4.  Reduce  ^  to  a  decimal.  Anf.  -04. 

5.  Reduce  -^^^  to  a  decimal.  Anf  •OL562a. 
^.  Reduce  f/;^\-  to  a  decimal                Anf.  -071577,  cxc. 


CASE 
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CASE    II. 

7'<9  find  the  Value  of  a  Decimal  in  terms  of  (lie  Inferior 

Denominations, 

RULE. 

Multiply  the  decimal  by  the  number  of  parts  in  the 
next  lower  denominatioa  ;  and  cut  ofF  as  many  places  for  a 
remainder  to  the  right-hand,  as  there  arc  places  in  the  given 
decimal. 

Multiply  that  remainder  by  the  parts  in  the  ne\"t  lower 
denomination  again,  cuttmg  ofF  for  another  remamder  a§ 
before. 

Proceed  in  the  fame  manner  through  all  the  parts  of  the 
integer  ;  than  the  feveral  denominations  fcparated  on  the  left- 
hand,  will  make  up  the  anfwer. 

Note,  TJiis  operation  is  the  fame  as  Redu6lion  Defcend« 
ing  in  whole  numbers, 

EXAMPLES. 

1,  Required  to  find  the  value  of  ''^15  pounds  flerllng^ 

•775 
20 


A"  15-500 
12 


^6 '000  Anf.  15-5  6^ 


■  n.  What  is  the  value  of  -625  Oiil?  Anf.  7|J, 

3.  What  is  the  value  of -8635/.^  Anf.  175  3-24^. 

4.  What  is  the  value  of  ?0125lb  troy?  Anf.  3dwts. 

5.  What  is  the  value  of  '4694 lb  troy? 

Anf.  5oz  12dwt  15'744gr. 

6.  What  is  the  value  of  '^'2,5  cwt  ?  Anf.  2qr  14 lb. 

7.  What  is  tHs  value  of  -009943  miles? 

Anf.  i7yd  ift  5-98848 inc, 
S.   What  is  the  value  of  •6875  yd?  Anf.  2(p-.  Snls. 

9.  What  is  the  value  of  •3375acr?  Anf.  Ird  14  poles, 

\0,  Wha^  is  the  value  of  2*083 hhd  of  wine? 

Anf.  13-1 229  gaL 


^h 


Q  I? 
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CASE   III. 

jTp  7'cduce  Integers  or  Decimal^to  Equivalent  Decimals  of 

Higher  IJenominations. 

RULE. 

Divide  by  the  numb^  of  parts  in  tlie  next  higher  deno- 
mination: continuing  the  operation  to  as  many  higher  deno- 
minations as  may  be  neceiUry,  the  fame  as  in  iveuu6lioii 
Afcending  of  whole  numbers. 

EXAMPLES. 
1.  Reduce  Idwt  to  tlie  decimal  of  a  pound  troy. 


20 
12 


Idvvt 

0  05  oz 

0-00416(5,  &c.  Ih.  Anf. 


3.  Reduce  9d  to  the  decimal  of  a  pound.        Anf  '0375/. 

5.  Reduce  1  drams  to  the  decimal  of  a  pound  avoird. 

Anf.  •027343751b. 

4.  Reduce  '26dto  the  decimal  of  a/,   Anf.-00I0S33,3cc./, 
C.  Reduce  2*  15  lb  to  the  decimal  of  a  cwt. 

Anf.  -019196-1- cwt, 

6.  Reduce  24  yards  to  the  dec'mil  of  a  niile. 

Anf.  -013636,  &c.  i-Hea 

7.  Reduce  056  pole  to  the  decimal  of  an  acre. 

^  Anf  -00035  aC. 

8.  Reduce  1*2  pint  of  wine  to  the  decern  il  of  a  Iihd. 

Aiif.  -00233 -fhhd. 

9.  Reduce  14  minutes  to  the  decimal  of  a  day. 

Ai.f.  -009722,  ^c,  da, 

10.  Reduce  -21  pint  to  the  decimal  of  a  peck. 

Anl.'-013125  pcco 

11.  Reduce  23"  12"'  to  the  decimal  of  a  minute. 

Note,  When  there  are  feveral  uiunherSf  to  he  redueed 
fill  to  the  decimal  of  the  highe,t  : 

Set  tiie  given  numbers  direcliy  under  each  other,  for  divi- 
dends, proceeding  orderly  from  the  lowed  denonimation  to. 
the  hiv-^heft. 

Oppofite  to  each  dividend,  on  the  left-hand,  fet  fuch  a 
number  for  a  divifor  as  will  bring  it  to  the  next  higiier  name; 
drawing  a  perpendicular  line  between  all  tne  divaors  and  di- 
vidends. • 

Begin  at  the  unpermoO:,  and  peiform  a'.l  the  divifions: 
only  obfciving  to  lee  the  cjuotient  of  each  diviilon,  as  decimal 

'  carts. 
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parts,  on  the  right-hand  of  the  dividend  next  below  It ;  io 
{hull  the  lail  (quotient  be  the  decimal  required. 

EXAMPLES. 

}.  Reduce  155  9|^  to  the  decimal  of  a  pound, 

.3-  -  ' 

9-75 
15-8125 
'£  0-790625  Anf, 

2.  Fednce  19/  17^^  3ld  to  /.        Anf.  19-8635416d,  See.  i, 

3.  Keduce  155  6d  to  the  decimal  of  a  /.  Aaf.  •775/. 

4.  Reduce  l\d  to  the  decimal  of  a  {hillinp^.      Anf.  •6255. 
^.  Reduce  5oz  12dvvts  i6gr  to  lb.      Anf.  -46944,  Sec.  lb. 


4 
12 

20 


—  wi  '■■m»w;«i^«iii  ■wm  iCi 


RULE  OF  THREE  jn  DECIMALS, 


Prepare  the  terms  by  reducing,  the  vulgar  fra£i:ions  to 
flecltTials,  any  compound  numbers  either  to  decimals  of  the 
JTigher  denominations,  or  to  integers  of  the  lower,  aUo  the 
firil:  and  third  terms  to  the  fame  name  i  Then  multiply  and 
divide  as  in  whole  numbers. 

uS'ofey  Any  of  the  convenient  ^>xamples  In  the  Rule  of 
Three  or  Rule  of  Five  in  Integers,  or  Vulgar  Fradtions,  may 
be  taken  as  proper  examples  to  the  fame  riiles  \\i  Decimals, 
■--I'he  following  Example,  which  is  the  tirfl  in  Vulgar  Frac- 
tions, is  wrought  out  here,  to  fhew  the  method. 

If  ^  of  a  yard  of  velvet  coft  ^/,  what  will  ^s  yd  coil  ? 

yd       /  yd  /  s  d 

i  =-37.1  t375  :  -4  :  :  -3125  :  -333,  &c,  or  6  8 

•4 

;|=M.  "-^75)  •12500     (-333333,  &c. 

1250  20 

j|25     56  66666,  &,c. 

Anf.   65  3<l,  fli"7-9i)999,  &c.  =  8  4 

rr-' —        ■ < 7- 

2)U0.DE- 


^DUODECIMALS.  77 


DUODECIMALS. 


Duodecimals,  or  Cross  Multiplication,  is  a  r-;'*i 

made  uie  of  by  workmen  and  artincers,  in  computing  Cm 
contents  of  their  works. 

Dinienfions  are  ufuallv  taken  in  feet,  inches,  and  quarters  i 
any  parts  fmaller  than  thele  being'  neglected  as  of  no  confe- 
quence.  And  the  fame  in  multiplying  them  together,  or 
cafting  up  the  contents. 

RULE. 

Set  down  the  two  dimenfions,  to  be  multiplied  together, 
one  under  the  other,  fo  that  feet  ftand  under  feet,  mches 
under  inches,  &c. 

Multiply  each  term  in  the  multiplicand,  beginning  at  the 
lowcft,  by  the  feet  in  the  multiplier,  and  fet  the  rcfuit  of 
each  ftraight  under  its  correfponding  term,  oblervlhg  to 
carry'  1  for  every  1 2,  from  the  inches  to  the  feet. 

In  like  manner,  multiply  all  the  multiplicand  by  the  inches 
and  parts  of  the  m.ultiplier,  and  fet  the  refult  of  each  term 
one  place  removed  to  the  right-hand  of  thofe  in  the  multipli- 
cand ;  omitting,  however,  what  is  below  parts  of  inches,  onlv 
carrying  to  thefe  the  proper  number  of  units  from  the  lowefl 
denomination.  ■ 

Or,  inftead  of  multiplying  by  the  inches,  take  fuch  parts 
of  the  multiplicand  as  thefe  are  of  a  foot. 

Then  add  the  two  lines  together,  after  the  manner  of 
Compound  Addition,  carrying  1  to  the  feet  for  12  inches, 
when  thefe  come  to  fo  many. 


1. -Multiply  4f  7inc 
by  6     4 

EXAMPLES. 

2.  Multiply  I4f  9 inc. 
by    4     6 

27     6 
Anf.    29     04 

59     0 
1     4i 

Anf.  66     4| 

5.  Multiply  4  feet  7  inches  by  9  f  6  inc.  Anf.    43  f.  6 1  Inc, 

4.  Multiply  12f  sine  by  6f  Sine.  Anf.    82     9^ 

5.  Multiply  35f44inc.by  12f  Sine.       Anf.  433     4^ 
«.  Multiply  64f  6inc  by  8f  9jinc,         Anf.  565     S^ 

INVOLUTION. 
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INVOLUTION, 

Involution  is  the  raifing  of  Powers  from  any  giveni 
number,  as  a  root. 

A  Power  is  a  quantity  produced  by  multiplying  any  given 
number,  called  the  Root,  a  certain  number  of  times  conti-' 
nuaiiy  by  itfelf.     Thus,.      . 

£!  =r   2  is  tlic  root,  ©r  id  power  of  2. 
2  X  2  —   4  is  the  2d  power,  or  fquare  of  2* 
2x2x2—   8  is  the  3d  power,  or  cube  of  2. 
2x2x2x2  =  16  is  the  4th  power  of  2,  tec. 

And  in  this  manner  may  be  calculated  the  following  Table  of 
the  firA  nine  powers  of  the  firil  9  numbers* 


TABLE  of  the  firft  Nine  Powers  of  Number^. 


ill 
1 

o 

3 
4 
5 

6 

7 
8 
9 

id 
1 

4 
9 

3d 

1 

8 
27 

•irh 

5  th 

6rh 

7th 

8th 

9  th 

1 

1 

1 

1 

1 

1 

16 

32 

64 

1  28 

256 

512 

81 

243 

729 

2187 

6561 

19683 

16 

■25 

19 
64 
SI 

64 

125 
216 
343 
512 
729 

256 

1024 

4096 

16384 

65536 

262144 

625 

3125 

7776 
16807 

[5625 

78125 

390625 

1953125 

1296 

46656 

279936 

167961-6 

10077696 

2401 

117649 

8235  13 

5764801 

40353607 

4096 

32768 

262144 

2097152 

16777216 

13421772S 

6561 

59049 

531441 

4782969 

13046721 

L 

38742048<; 

The 
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TTie  Tnflex  or  Exponent  of  a  Power,  is  the  number  de- 
noting the  height  or  degree  of  that  power ;  and  it  is  1  more 
than  the  number  of  multiplications  ufed  in  producing  the 
fame.  So  1  is  the  index  or  exponent  of  the  id  power  Cr 
root,  2  of  the  2d  power  or  fquare,  3  of  the  third  power  or 
cube,  4  of  the  4th  power,  and  fo  on. 

Powers,  tliatare  to  be  raifed.  are  ufually  denoted  by  placing 
the  index  above  the  root  or  firft  power. 

So  2'=  4  is  the  2d  power  of  2. 

2^=   8  is  the  3d  power  of  2. 

2'^=  16  is  the  4th  power  of  2. 
540^  is  the  4th  power  of  540,  Sec, 

When  two  or  more  powers  are  multiplied  together,  their 
product  will  be  that  power  whofe  index  is  the  fum  of  the 
exponents  of  the  fa6lors  or  powers  multiplied.  Or  tlie  mul- 
tiplication of  the  powers,  anfwers  to  the  addition  of  the 
indices,     "i^hus,  in  the  following  powers  of  2, 

1ft    2d    3d    4th     5th     6th      7th      8th       9th        10th 
2       4       8       16       32       64       123       256       512       1024 
or  2^     2'     2'      2*       2'       2'         2^  2^  2"  2"^ 

Here,    4x4=      16,  and  2  +  2  =   4  its  index; 

and    8x  16  =    128,  and  3  4-4=   1  its  index; 

alfo  16  X  64  =1024,  and  4  -j-  6  ==  10  its  index ; 


OTHER    EXAMPLES, 

1.  What  is  the  2d  power  of  45  ?  Anf.  2025, 

2.  What  is  the  fquare  of  4-16?  Anf.  17-3056. 

3.  What  is  the  3d  power  of  3*5  ?  Anf.  42*875. 

4.  What  is  the  5th  power  of  -029  ?  Ad*.  -0000000205 11149. 

5.  What  is  the  fquare  of  ^  ?  Anf.  ±^ 

6.  What  is  the  3d  power  of  |.  ?  Anf.  l^, 

7.  What  is  the  4th  power  of  |.  Anf.  ,y^. 


EVOIIJTION^ 


iO     "  ARITHMETIC. 


EVOLUTION. 

EyoLUTioN,  or  the  reverfe  of  Involution,  is  the  exfrac^ing 
or  £jiciing  the  roots  of  any  given  powers. 

The  root  of  any  number,  or  power,  is  fuch  a  number,  aS 
being  multipheil  into  itfelf  a  certain  number  of  times,  will 
produce  that  power.  'I'hus,  2  is  the  fquare-root  or  2d  root 
of  4,  becaufe  2^=2x2  —  4;  and  3  is  the  cube-root  or  3d 
root  of  27,  becaufe  3'  =  3  x  3  x  3  =  27- 

Any  power  of  a  p-iven  number  or  root  may  be  found  ex- 
actly, naiTiely,  by  multiplying  the  number  continually  into 
itfelf.  But  there  are  many  numb-ers  of  vvhiclv  a  piopoied  root 
can  never  be  exactly  found.  Yet,  by  means  of  decimals  we 
may  approximate  or  approach  towards  the  root,  to  any  de- 
gree of  exaclncfs. 

T'hofe  roots  whicli  only  approximate,  are  called  Surd 
roots  ;  but  thofe  which  can  be  found  quite  exavft,  are  called 
Rational  roots.  Tlius,  the  fquare  root  of  3  is  a  iurd  root ; 
but  the  fquare  root  of  4  is  a  rational  root,  being  equal  to  2  : 
aifo  the  cube  root  of  8  is  rational,  being  equal  to  2  i  but  the 
cube  root  of  9  is  furd  or  irrational. 

Roots  are  fometimes  denoted  by  writing  the  character  ^ 
before  the  power,  with  the  index  of  the  root  againft  it. 
'ilius,  the  3d  rootpf  20  is  expreffed  by  -V20  ;  and  the  fquare 
root  or  2d  root  of  it  is  ^  20,  the  index  2  being  always  omit* 
ted*  when  the  fquare  root  is  dcfigned. 

When^the  power  is  expreiTed  by  feveral  numbers,  with  the 
fign  +  or  —  between  them,  a  line  is  drawn  from  the  top  of 
the  fign  over  all  the  parts  of  it  :     thus   the  third   root   of 

45-12  is  •\/-^5-i2,  or  thus  ^(45-12),  inclofing  the 
12 umbers  in  parenthefes. 

But  all  roots  are  now  often  defigned  like  powers  with 

i 

fra6lional  indices  :  thus,  the  fquare  root  of  8  is  8^,  the  cube 
root  of  25  is  25'^  and  the  4th  root  of  45-  18  is  45-  18|% 
or  (45-18)*. 


TO 


^UARE  ROOti  $i 

to  EXTRACT  THE  SQUARE  ROOT. 

RULE  .* 

Divide  the  given  number  into  periods  of  two  figures  each'^ 
hy  fetting  a  po  at  over  the  place  of  un.ta',  another  ov»  ;Jie 
place  of  hunJiejs,  and  io  on,  over  every  lecona  figure,  oth 
to  the  left-nand  in  integeFS,  and  to  the  rigiit  m  decimals. 


*  The  rcfon  for  feparating  the  figures  of  the  dividend  into 
periods  or  portions  of  two  places  each,  is,  that  the  fquare  ot  any 
lingie  figure  never  confifts  of  more  than  two  placed;  the  (quare  of 
a  number  ot  two  figures,  of  not  more  tlian  four  places,  and  fo  on. 
So  that  there  will  be  as  many  figures  in  the  rf)0t  as  the  given  num- 
ber contains  periods  Io  divided  or  parted  off. 

And  the  reafon  of  the  feveral  fteps  in  the  operation  appears 
from  the  algebraic  form  of  the  Iquare  of  any  number  of  terms, 
whether  two  or  three  or  more.    Thus, 

C-f  aI-  =  fl^  +  2ab  4-  b^  =  a^  +  2a -{-b.  b,  the  fquare  of  two 
terms;  where  it  appears  that  a  is  the  fiilf  term  of  the  root,  and 
b  the  (econd  term;  al/(>  a  the  firfi;  divifor,  and  the  new  divifor  is 
^a  -\-  b,  or  double  i\\^  fiiil  term  increafed  by  the  fecond.  And 
hence  the  manner  of  extra6lion  is  thus : 

Jit  divifor  a)  a'  -\-  2ab  -f-  b'  {a  -{•  b  the  root* 


a~ 


i2d  di'viror2iz  -f- ^ 
b 


2ab  +  i- 
2ab  4-  ^- 


Again,  for  a  root  of  three  parts  a^  b,  c,  thiisf 

fl-fZ.  +7]  -  =  a'  +  2ab  -f  b"-  4-  2ac  -^  2bc  -\-  c' ^ 

a^  -f"  27X7.  b  +  2a  -f  2b  -f  c  .  c,  the 
fquare  of  three  teriVis*  where  a  is  the  firft  term  of  the  root,  b  the 
f(?cond,  and  c  the  third  t-srm  ;  alfo  a  (he  firft  divifor,  2ci  -f-  b  the 
fecond,  and  2a  -^  2b  -{-  c  the  third,  each  confining  of  tne  double 
of  the  root  increafed  by  the  next  term  of  the  lame.  And  the 
mode  of  extradlion  is  thus  : 

Ift  divilor  a)  a-  -f  2ab  -{-  ^.-  -\- 2ao  -{^  2hc  ■\- c"  [a  ^  b -\' c  tlie 
root. 

,5 


a 


^d  divifor  2a  -f-  b     2ab  +  3" 

2ab  4-  b"" 


5d  divifor  2a-\-2h  ■\-c\  Qac  -\-  2hc  -f  c 

Vol.  ir,  G  %nl 


82  ARITHMETIC, 

Find  the  greateft  fqiiare  in  the  firft  period  on  the  left-haiKf, 
and  fet  Its  root  on  the  right-hand  of  the  given  number,  after 
the  manner  of  a  quotient  figure  in  Divifion. 

Subtract  the  fquare  thus  found  from  the  faid  period,  and 
to  the  remainder  annex  the  two  figures  of  tlie  next  following 
period,  for  a  dividend. 

Double  the  root  above  mentioned  for  a  divifor ;  and  find 
how  often  it  is  contained  in  the  faid  dividend,  exclufive  of  its 
right-hand  figure  ;  and  fet  that  quotient  figure  both  in  the 
quotient  and  divifor. 

Multiply  the  whole  augmented  divifor  by  this  lafb  quotient 
figure,  and  fubtra6t  the  produ6t  from  the  faid  dividend, 
bringing  down  to  it  the  next  period  of  the  given  number,  for 
a  new  dividend. 

Repeat  the  fame  procefs  over  again,-  viz.  find  ai:jother  new 
clivifor,  by  doubling  all  the  figures  now  found  in  the  root ; 
from  which,  and  the  laft  dividend,  find  the  next  figure  of 
the  root  as  b€fore  j  aiid  fo  on  through  all  the  periods,  to  the 
laft. 

Note,  The  beft  w'acy  of  doubh ng  the  root,  to  form  the  new 
divlfors,  is  by  adding  the  laft  figure  always  to  the  laft  divifor, 
as  appears  in  the  following  examples.— Alfo,  after  the  figures 
belonging  to  the  given  number  are  all  exhaufted,  the  opera- 
tion may  be  continued  into  decimals  at  pleafure,  by  adding 
any  number  of  periods  of  ciphers,  two  \ii  each  period.. 


EXAMPLES. 

i.  To  find  the  fquare  root  of  29506624. 

•    •    .   • 

29506624   (  5432  the  root. 
25 


104  ; 
4 

450 
416 

1083 
3 

3466 
3249 

•10862 
2 

■  2172-^ 
21724 

Note, 


SQUARE  ROOT, 


as 


Note,  When  the  root  is  to  he  extracted  to  many  places 
'df  figures,  the  icork  may  be  confiderahly  Jlwrten&dy  thus: 

Having  proceeded  in  the  extradtioii  after  the  common  me- 
thod, till  there  be  found  half  the  required  number  of  figures 
in  the  root,  or  one  figure  more  ;  then,  for  the  refi",  divide 
the  lail  remainder  bv  its  correfponding  divifor  after  the  man* 
ner  of  the  third  contra6lion  in  Divifion  of  Decimals  ;  thus, 


2.  To  find  the  root  of  2  to  nine  places  of  figures, 

2  (  1-41421356  the  root, 
1 


24 
4 


100 


281 
1 


400 
281 


2824 
4 


11900 
11296 


28282 
2 


6U4UO 
56564 


28284  )       3836   (1356 
••••  1008 

160 
19 


3. 

What 

4. 

What 

5. 

What 

6. 

What 

7. 

What 

8. 

What 

9. 

What 

io. 

What 

11. 

What 

12. 

What 

s  the  fqtiare  root  of  2025  ? 
s  the  fquare  root  of  l'7-3056  ? 
s  the  fquare  root  of  -000729  ? 
s  the  fquare  root  of  3  ?  Anf. 

s  the  fquare  root  of  5  ?  Anf. 

s  the  fquare  root  of  6  ?  Anf. 

s  the  fquare  root  of  7  ?  Anf. 

s  the  fquare  root  of  10?  Anf. 

s  the  fquare  root  of  1  i  ?  Anf. 

s  the  fquare  root  of  12?  Anf. 


Anf.  45. 
Anf.  4-16, 
Anf.  -027. 
1-732050. 
2-236068. 
2-449489. 
2*645751. 
3-162277. 
3-316624. 
3-464101. 


RULES    FOR    THE    SQUAI^E    ROOTS    OF   VULGAR 
FRACTIONS   AND   MIXED   NUMBERS. 

First  prepare  all  vulgar  fra6l:ions,  by  reducing  them  to 
their  lead  terms,  both  for  this  and  all  other  roots.     Then 

1.  Take  the  root  of  the  numerator  and  of  the  denomiinatof 
for  the  refpe6\ive  terms  of  tlie  root  required.    And  this  is  the 

G2  wa 


Bi 


AKiriniETic. 


bcfl  way  if  the  denominator  be  a  complete  po\Ver :  but  if  it 
be  not,  then 

2.  Multiply  the  numerator  and  denominator  together ; 
take  the  root  of  the  produ6l:  this  root  being  made  the  nume- 
rator to  the  denominator  of  the  given  frad^ion,  or  made  the 
denominator  to  the  numerator  of  it,  will  form  the  fractional 
root  required. 

That  IS,  ^  -  =  — -  =  — —  =  -—-  . 
b        a/ b  b  ^ab 

And  this  ru2e  will  ferve  whether  the  root  be  finite  or  infinite. 

3.  Or  reduce  the  vulgar  fractioato  a  decimal,  and  extra(5i 
its  root. 

4  Mixed  numbers  mav  be  either  reduced  to  imnroper 
fractions,  and  extracted  by  the  firft  or  fecond  rule;  or  the 
tulgar  fracSlion  may  be  reduced  a  decimal,  then  joined  to  the 
integer,  and  the  root  of  the  whole  extracted. 


EXAMPLES. 

1.  What  is  the  root  of  ^|.? 

2.  What  is  the  root  of -f^^y? 

3.  What  is  the  root  of -j-\? 

4.  Whjit  is  the  root  of  t^? 

5.  What  is  the  root  of  171- ? 


6 


Anf. 

Anl. 
Anf.  0-866025. 
Anf.  0-645497. 
hi\(.  4-168:333. 


By  means  of  the  fquare  root  alfo  may  readily  be  found  the 
4th  root,  or  the  8th  root,  or  the  16th  root,  &c.  that  is,  the  root 
of  any  power  whofe  index  is  fome  power  of  tlie  number  2 ;. 
namely,  by  extracting  fo  often  the  iquare  root  as  is  derated 
by  that  power  of  2 ,  that  is,  two  extractions  for  the  4th 
root,  ttiree  for  the  8th  root,  and  fo  on. 

So,  to  iind  the  4th  root  of  the  number  21035-8,  extradl 
iht  fquare  root  two  times  as  follows  : 


21035-80GO 
1 


(  145-037237  (l  2-0431 407  the  4th  yoot. 
1 


24 

4 


no 

9^ 


-o 


22  I  45 
2  j  44 


285 
5 


1435 
142:5 


2404 
4 


10372 
9616 


29003 
6 


108000  24083 
87009  6 


75631 
72249 


20991  (7237 

3388 

687 

980 

107 

17 

(1407 


£x.  2.  What  is  the  4th  root  of  97'-41  ? 


t^ 
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TO  EXTRACT  THE  CUBE  ROOT. 

I.  BiJ  the  Covimon  Rule*. 

.  A" 
\ .  Having  divided  the  given  numbt-r  into  periods  of  three 

ifigure^'  each,   (by  fetting  a  po'nt  over  the  place  of  units,  and 

aho  over  every  third  figure,  from  thence,  to  the  left  liand  in 

wliole  nnmbers,  and  to  the  right  \\\  decimals),  find  the  neareft 

lefs  cube  to  the  hi  ft  period;  let  'ts  root  in  the  quotient,  :.nd 

rubtra6l  the  faid  cube  from  the  fii  il  period  ;  to  the  remainder 

bring  down  the  fecond  period,  and  call  this  the  refolvcnd, 

2.  To  three  times  the  fquare  of  the  root,  jufc  found,  add 
tiirce  times  the  root  itleif,  letting  this  one  place  more  to  the 
right  than  the  former,  and  call  this  fum  the  divifor.  Then 
divide  the  rcfolvend,  wanting  the  lafl  figuie,  by  the  divifor, 
for  the  next  figure  of  the  root,  which  annex  to  the  former ; 
calling  this  lail:  figure  6",  and  the  part  of  the  root  before 
found  let  be  called  a. 

3.  Add  all  together  thefe  three  producfls,  namely,  ttu'ice  a 
fquare  muItipHc.i  by  <?,  thric3  a  multiplied  by  c  fquare,  and 
e  cube,  fetting  each  of  them  one  place  more  to  the  right  than 
the  former,  and  call  the  fum  the  fubtrahend  ;  wliich  mull: 
not  exceed  tlie  refolvend  ;  but  if  it  does,  then  make  tlie  luft 
figure  c  lefs,  and  repeat  the  operation  for  finding  the  fubtra- 
hend, till  it  be  lefs  than  the  refolvend. 

4.  From  the  refolvend  take  the  lubtrahend,  and  to  the  re- 
mainder join  the  next  period  of  the  given  number  for  a  new 
refolvend;  to  which  form  a  new  diviior  from  tne  whole  root 
now  found ;  and  from  thence  another  figure  of  the  root,  as 
dirc6led  m  Article  2,  and  fo  on. 


*  The  reafon  for  pointing  the  given  number  into  periods  o.f 
tlirec  figures  each^,  is  becanfe  thecuije  ot  one  iiirure  never  anioants 
to  more  than  three  places.  Arjch  ii'r  a  limilar  reafon,  a  given 
number  is  pointed  Into  periods  of  Tour  figures  for  the  4th  root, 
of  five  figures  lor  the  .5(h  root,  and  fo  on, 

Aiid  the  reafon  for  the  other  parts  of  the  rule  depends  on  the 
algebraic  formation  of  a  cul>e:  for,   if  the  root  confifl  of  the  two 

parts  a  -\-  b,  then  its  cube  is  as  follows  :  a  -p  bV  =  a^  -\-  Sirb  4- 
3a/r  -j-  A';  where  a  is  the  root  of  the  firft  part  a^;  the  refolvend 
is  ^a-'h  -\-  3ab^-  -\--  d\  which  is  [ilfo  the  lame  as  the  three  parts 
of  the  fubtrahend;  aUO  the  difilor  is  3«'  -|-  3a,  by  which  divid- 
ing the  firit  two  terms  of  the  refolvend  3a-if  -{-ab"^}  gives  b  for  the, 
(ecQud  part  of  the  ro^tj  and  fp  or. 

EXAMPLE. 
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ARITHMETIC. 


EXAMPLE'. 
To  extract  the  cube  root  of  48228 '544. 


4822a-541^|(36-4  root, 
27 


3    X    3^  =i  27 
3x3=;      09 

Divifor  279 


21228  refolvend. 


3x3 
3x3 


X    6     =    162      1 
X    6^   =      324     J- 

6^   =        216} 


add 


3    X    36'-   =    3888 
3    X    36     =        108 


38988 


19656  fubtrahend. 


1572544  refolvend. 


3    X    36'^     X    4       ==        15552    1 
3    X    36      X    4^     =  1728  Udd 

43     :=  64  J 


1572544  fubtrahend. 


0000000  remainder. 


Ex.  2.  Extra(51:  the  cube  root  of  571482-19. 
Ex.  3,  Extract  the  cube  root  of  1628-1582. 
Ex.  4.  Extradl  the  cube  root  of  1332. 

II.  To  ejrtract  the  Cube  Boot  by  ajliort  Wayj  *. 

1 .  By  trials,  or  by  the  table  of  root?  at  p.  90,  take  the 
neareft  rational  cube  to  the  given  number,  whether  it  be 
greater  or  lefs  ;  and  call  it  the  affumed  cabe. 

2.  Then  fay,  by  the  Rule  of  Three,  As  the  fum  of  the  given 
number  and  double  the  affumed  ciibe,  is  to  the  fum  of  the. 

aflumed 


*  The  method  uruaily  given  for  extradiiig  Ihe  cnbe  root,  Xi,  fo 
exceedingly  tedious,  and  difficult  to  be  remembered,  that  various 
other  approximating  rul^s  have  been  invented,  by  Newton^ 
.Raphfon,  HalleVj,  De  Lagny,  Simpfon,  Erxierfon,  and  feveral  otiier 
mathematiciajisj  but  no  one  tliat  I  have  vet  feen,  is  fo  frinpie  irj 
its  form,  or  feems  (b  well  adapted  for  general  ufe,  as  that  above 
given.  This  rule,  aj,;  far  as  1  have  learned,  firft  came  iiom  Mr. 
James  Dodlon^  and  is  the  fame  i\\  cfTc^  aa  Dr.  Hallcy's  rational 

formula^ 


/ 


CUBE  ROOT.  '  S7 

aSlimed  cube  and  double  the  given  number,  fo  Ts  the  root  of 
the  aiUimed  cube,  to  the  root  required,  nearly.  Or,  As  the 
rirft  i'um  is  to  the  difference  of  the  given  and  a^umed  cube, 
fo  Is  the  affumed  root,  to  the  difference  of  the  roots  nearly. 

3.  Again,  by  ufing,  in  like  manner,  the  cube  of  the  root 
lall  found  as  a  new  affumed  cube,  another  root  will  be  ob- 
tained ftill  nearer.  And  fo  on  as  far  as  we  pleafe;  ufing  aU 
ways  the  cube  of  the  laft  found  root,  for  the  afTumed  cuii^e. 

EXAMPLE. 

To  find  the  cube  root  of  21035-8. 
Here  we  foon  nnd  that  the  root  lies  between  20  and  30, 
and  then  between  27  and  28.  Taking  therefore  27,  its  cube 
is  19683,  which  is  the  affumed  cube.     Then 
19683                21035-8 
2  2 

39366  42071-6 

21035-8  19683 


As  60401-8      :      61754-6    ! :    27    !    27*6047 

27 

4322822 
1235092 


60401-8  )    1667374-2  (27-6047  the  root  nearly. 
459338 
36525 
284 
42 
Again,  for  a  fecond  operation,  the  cube  of  this  root  is 
21035-318645155823,  and  the  pvocefs  by  the  latter  method 
will  be  thus  : 

21035-318645,  &c. 


42070-637290       21035-8 

21035-8  21035'318645,  &c. 


As  63106-43129      :     diff.   -481355    ;:    27*6047   ; 

thedifF.  -000210560 

confeq.  the  root  req.  \s  27'6vJ49i0560. 

formula,  but  fomewhat  more  conimodioully  exprelled ;  and  the 

firll  invefligation  of  it  was  given  in  my  Trads,  p.  49.    The  aige- 

braic  form  of  it  is  this  : 

As  p  -f-  2a  :  A  +  2p  :  :  r  :  R.     Or, 
As  p  -f-  2a   :   p   CO      A  :  :  r  :  R  LTj  r; 

wljere  p  is  the  given  number,  a  the  ailumed  neareft  cube^  r  the 

cub^  root  of  A,  and  r  the  root  of  ?  fouglit. 

Ex.  3. 


8S  ARITHMETIC. 

Ek.  2.  To  extract  the  cube  root  of  -67. 
jEx.  ;J.  To  Gxtra6t  the  cube  root  of  -01. 

to   EXTRACT   ANY   ROOT  WHATEVER*. 

Let  p  be  the  given  power  or  number,  n  the  index  of  the 
power,  A  the  afTumed  power,  r  its  root,  r  ihe  required  root 
of  p. 

Then,  as  the  funi  o£  n  •\-  1  times  a  and  n  ~\  times  p., 
is  to  the  fum  of  7i  +  i  times  ?  and  n  ~  I  times  a, 
fo  is  the  afTumed  root  r,  to  the  required  root  r. 

Or,  as  half  the  faid  fum  oi  ri  -\-  I  times  a  and  n~  1  times 
P,  is  to  the  difference  between  tlie  given  and  affumed  powers, 
fo  is  die  affumed  root  r,  to  the  difference  between  the  true 
and  affumed  roots:  which  difference,  added  or  fubtra6led,  aS 
the  cafe  requires,  gives  the  true  root  nearly. 

That  is,  7Z  +  i ..  A  -}-  W-  1 .  P  .  7Z  +  L.  P.  +  7i-  1.  A  :  :  V  .'  R, 

Or,  n  -i-  1.  §A  -f  n^\,  |p   :  p  go  a  : :  r  :  R  c/:  r. 

And  the  operation  may  be  repeated  as  often  as  weplcafe, 
by  ufing  always  the  laff  found  root  for  the  affumed  root,  an4 
its  ni\i  povyer  for  the  affumed  power  a. 

$:X  AMPLE. 

To  extra6t  the  5th  root  of  21035-8. 

Here  it-  appears  that  the  5th  root  is  between  7*3  and  7'4, 
Taking  7-3,  its  5ih  power  is  20730-71593.  Hence  we  have, 
p  =  2iu35*S,  n  ■—  5,  r  ==  7-3 -and  A  —  20730*71593;  then 

'n^  1.  I A  -f  n  —  1 .  \v  :  p  c/2  A  ::  r  :  r  co  r,  that  is, 

^X20730*7i593  +  2x  21035-8. 305-034  ::  7*3  ; 


Ot 


2  7  3 


62192-li779  4207i'6      915252 

42071-6  2135588 


104263-74779)  ^227-1132(   •02i3u05=:R  £/>?■ 

7-3—  r,  add. 


7-321360  =R,   true 
to  the.  laft  figure. 


*  This  is  a  very  general  approxlraafing  rule,  of  \vhich  that  }(;r 
the  rube  root  is  a  particular  cafe,  and  is  the  heft  adapted  fur 
pra<5tice,  and  for  memory,  of  any  that  I  have  \ct  feen.  It  was  fii  ft 
di'fcovered  in  this  form  by  ni^felf,  and  the  invefligatio]i  and  utie 
<qf  it  were  ^iyeii  at  large  m  my  Tra(5ts^  p.  45^  8cc. 


GE|vJERAL  ROOTS, 


1^ 


1.  What 

2.  What 

3.  What 

4.  What 

5.  What 

6.  What 

7.  What 

8.  What 

9.  AVhat 

10.  What 

11.  What 

12.  ^V1lat 

13.  What 


OTHER  EXAMPLES. 

s  the  3d  root  of  2  ? 

s  the  3(1  root  of  321  k 

s  the  4th  root  of  2  ? 

s  the  4th  root  of  97*41? 

s  the  5th  root  of  2  ? 

s  the  6th  root  of  21035-8  ? 

s  the  6lh  root  of  2  ? 

s  the  7th  root  of  21035-8  ? 

s  the  7th  root  of  2  ? 

s  the  8  th  root  of  2 103  5 '8  ? 

s  the  8th  root  of  2  ? 

s  the  9  th  root  of  21035*8  ? 

s  the  9rh  root  of  2  ? 


Anf. 

1-259921, 

Anf. 

14*75758. 

Anf. 

1- 1892)7. 

Anf. 

3-1415999. 

Anf. 

1-148699. 

Anf. 

5*254037. 

Anf. 

M224u2. 

Anf. 

4-145392. 

Anf 

1-104089, 

Anf. 

3*470323. 

Anf. 

1 -090508. 

Anf. 

3-022239, 

Anf. 

1  -080059. 

The  foUowViT;  is  a  Tabl^  of  fquares  and  cubes,  as  alfo  the 
fquare  roots  and  cube  roots,  of  ajl  numbers  xrom  I  to  1000. 


A    TABLE 


96      A  TABLE  op  SQUARES,  CUBES,  and  ROOTS. 


Number, 

Square. 

Cube. 

Square  Root. 

Cube  Root. 

1 

1 

1 

rooooooo. 

1000000 

2 

4 

8 

r4J42136 

1-259921 

3 

9 

27 

1  '7320508 

1-442250 

4 

16 

64 

2-ooooax) 

1-587401 

5 

25 

125 

2-2360680- 

1-709976 

0 

36 

216 

2-4494897 

1-817121 

7 

49 

343 

26457513 

1-912933 

8 

64 

512 

2-8284271 

2-000O00 

9 

81 

^  729 

3  00000(X) 

2  080(304 

10 

100 

1000 

3-1622/77 

2-154435 

11 

121 

1331 

3-3166248 

2-223:;80 

12 

144 

1728 

3-4641016 

2-289423 

13 

log 

2197 

3-605  55]  3 

2-351335 

14 

196 

2744 

3-7416574 

2-410142 

15 

225 

3375 

3-8729833 

2  466212 

1C> 

256 

4096 

4-octobooo 

2-519842 

1/ 

289 

4913 

4-1231056 

2-5712S2 

18 

324 

5832 

4 -2426407 

2-020741 

19 

361 

6859 

4-3538989 

2-668402 

20 

400 

8000 

4-4721360 

2-714418 

21 

441 

•9261 

4-5825757 

2-758923 

22 

484 

10648 

4-6904158 

2-602039 

23 

529 

12167 

4-7958315 

2-843867 

24 

576 

13S24 

4-bySp,79^ 

2-881*199 

25 

625 

15625 

5-0(.xyjooo 

2-924018 

2(3 

6/6 

17576 

5-0090195 

2-962496 

2-7 

7-^9 

}  C)6S3 

5-1061524 

3oaxxx) 

2S 

7b4 

21952 

5-2915026 

-3-036589 

29 

641 

24389 

5-3851648 

3-072317 

30 

000 

27000 

5-4772256 

3-107232 

31 

961 

29791 

5-56/7644 

3-141381 

32 

1024 

32768 

5-6568542 

3-1 74802 

33 

10b9 

35Q37 

5-7445626 

3-207534 

34 

1156 

3(f'>0-i 

5-8309519 

3-239612 

35 

1225 

42875 

5-9160798 

3-271066 

36 

1296 

46656 

6-0(XX)000 

3 -301 927 

37 

13ij<) 

50653 

6-0827625 

3-332222 

3S 

1444 

548/2 

6- 1644 140 

3-361975 

39 

1521 

59319 

6-2449980 

3-391211 

40 

1600 

64000 

6-3245553 

3-419952 

41 

I68I 

6S92I 

6-4031242 

3-448217 

42 

1704 

74088 

6-4807407 

3-476027 

43 

1849 

79-507 

6  5574385 

3-503398 

44 

1936 

85184 

6  63324g6 

3-530348 

45 

2025 

91125 

6 708203 9 

3-556893 

46 

2116 

97336 

6  7823300 

3-583048 

47 

2209 

103823 

6-8556546 

3-608826 

4S 

2304 

110592 

6-9282032 

3-634241 

^9 

2401 

117649 

7  (XKXXJOO 

3-659306 

50 

25  (K) 

125(KX) 

7 -07]  067. s 

3-684031 

SQUARES,  CUBES,  and  ROOTS. 


51 


Number. 

Square. 

Cube. 

Square  Root. 

Cube  Hoot. 

51 

2001 

132051 

7-14142b-* 

3 '706430 

52 

2704 

140608 

7-2111020 

3 -732511 

53 

2SO9 

148877 

7*2801099 

3-750286 

54 

2916 

157404 

•7 -34  64092 

3-779/63 

55 

3025 

100375 

7-4101985 

3-802953 

56 

3136 

175016 

.  7-4S9314S 

3  -825802 

57 

3249 

185 193 

7-5498344 

3*846501 

53 

3364 

195112 

7-6157731  ' 

3 -870877 

59 

3481 

205^79 

7-O8II457 

3-892996 

60 

3600 

216000 

7-7459607 

3-914807 

61 

3721 

22698 1 

7- 8 102497 

3-936497 

62 

3844 

238328 

7 -6740079 

3  957^9'^ 

63 

3969 

250047 

7-93/2539 

3-<j7y057 

64 

4096 

262144 

8  (XXX)000 

4-000000 

65 

4225 

274625 

8-0022577 

4-020726 

66 

4356 

-  287496 

8-1240384 

4-041240 

07 

4489 

300/03 

8-1853528 

4  001548 

68 

4624 

314432 

8-24021 J  3 

4-081656 

69 

4761 

32850f) 

8-3066239 

4-101500 

;o 

4(,^00 

343U00 

8 '3  006003 

4  121285 

71 

5041 

357911 

8-4261498 

4- 14 08 J  8 

72 

5184 

37^^248 

84852814 

4- 100168 

73 

5329 

389017 

8-5440037 

4-179339 

74 

5476 

405224 

8-60232o3 

4-198336 

75 

5625 

42 J  875 

8  0602540 

4-217103 

70 

5770 

438976 

87177LV'- 

4-235824 

77 

5929 

450533 

8  774904-i 

4  254321 

78 

6084 

474552 

8-8ji7009 

4  272659 

79 

6241 

493039 

8  888li^44 

4-2j,j0641 

80 

6400 

512000 

8-944'27l9 

4-308670 

81 

6561 

531441 

9OOGO0OO 

4-320749 

82 

6724 

551368 

9-0553851 

4-344481 

83 

6889 

57^7^7 

9-1 101336 

4  302071 

84 

7056 

592704 

9- 105 15 14 

4-379519 

85 

7225 

614125 

9-2195445 

4  ■390  630 

86 

7396 

630056 

9-2736185 

4  4I4O05 

87 

756g 

658503 

93-273791 

4-43 1  (H  7 

88 

77^ 

68 1472 

93808315 

4-447960 

89 

7^21 

7O4u0g 

9 -4  3  3  98 11 

4404745 

90 

8100 

729000 

9-4808330 

4-481405 

91 

8281 

753571 

9-5393920 

4-497942 

9'^ 

8464 

778088 

9 -50 16630 

4  514357 

Q3 

8649 

S04357 

9  0436506 

4  "530055 

94 

8830 

830584 

9  6y535Lj7 

4546836 

95 

Q025 

857375 

9-7467943 

4-502CjO3 

9<5 

9216 

884/36 

9-79795yO 

4-57SS57 

97 

9109 

912673 

9-8468578 

4  594701 

98 

9'J04 

941192 

9  899-4  9-19 

4- 61 043 6 

99 

9801 

970299 

9-9496744 

4  626005 

100 

10000 

10(X)(XX) 

10CXXX)000 

4  041,-' 9 

9-i 


AKITHIvIETie. 


J\  u;ni)<-*r. 

Square. 

C.;be. 

Sq.  a.:e  Root, 

C:.rbt^R()(  t 

101 

lOiOi 

ip30o01 

JO  0498756 

4-657010 

102 

]  0404 

1061208 

10-0995049 

4-6;2330 

103 

10609 

1092727 

104488916 

4*6o7548 

104 

lOSK) 

1124804 

10'1980:i90 

4702069 

105 

11025 

1157025 

1 0-246;  <508 

4717694 

10(5 

l]23ui 

1191016 

10-2956301 

4-732624 

107 

1144:j 

1225043 

10  3440804 

4-747459 

108 

1  loo4 

1259712 

10-3923048 

4-762203 

109 

11881 

1 295029 

10-4403065 

4-776856 

110 

12100 

1331000 

10 -4  880885 

4-791420 

111 

12321 

1367631 

10-5356538 

4-805896 

112 

12544 

1404928 

10-5vS30052 

4  820284 

113 

I27O9 

1442897 

10  6301458 

4-834588 

114 

1 2g(j6 

1481544 

10-67/0783 

4-848S08 

115 

13225 

1520875 

10-7238053 

4-802944 

116 

13456 

I56O896 

10/703296 

4-370U99 

117 

13639 

1601613 

10-8106538 

4-890973 

lid 

13024 

1643032 

10-8627q05  . 

4*904868 

ng 

14161 

1685159 

109037121 

491^665 

120 

14400 

1728000 

10-9544512 

4-932424 

121 

14641 

1771561 

1 1  ooocca) 

4 946088 

122 

14S84 

1815848 

110453610 

4-959675 

123 

15120 

I86OS67 

1  1  -0905305 

4-.' )73 190 

124 

15376 

190(^24 

11-1355287 

4i;-sGCi31 

125 

]  5625 

1953125 

11  18033,99  ' 

5'bo(XXX) 

]2(J 

15876 

2000376 

1 1  2249722 

5-013208 

127 

16129 

2048383 

11-2694277 

5-026520 

j   128 

16334 

2097152 

11  3 137085 

5-039684 

!   1 29 

]6641 

•  21466S9 

11-3578167 

5  052774 

130 

16900 

2 1 97000 

11 --10 17543 

3-0657i}7 

131 

17161 

22480()1 

11-4455231 

5  0/8753 

132 

17424 

229r)968 

11-4891253 

5-091043 

1   v'j  O 

1/680 
179">6 

2352637 

11-53256*26 

5-104469 

134 

2106104 

11-5758369 

5-117230 

]35 

18225 

2460375 

1  1-6189500 

5-129928 

130' 

18-196 

2515456  • 

11 -661 903 B 

5-142563 

i3r 

lS7(nj 

2571353 

ir704f;999 

5']55K]7 

}:ys 

190J4 

2628O72 

11-7473444 

5-167649 

■  139 

19321 

2685619 

11  7 89 82 61 

5-1  S(M  01 

140 

19600 

2744000 

11-8321596 

5-192494 

141 

1988I 

2803221 

11-8743421 

5-204828 

142 

201 64 

2863288 

11-9103753 

5-217103 

143 

.    20rl49 

2924207 

11*9582607 

5-229321 

J44 

2(\736 

29S5984 

12-0000000 

5-241482 

145 

2i025  . 

3048625 

12-0415046 

5-253588 

1.^0 

21316 

3112136 

12-0830460 

5-265637 

147 

21609 

317(:)^'23 

12-1243557 

5-277632 

148 

21904 

3241792 

12-1655251 

5  289572 

1^9 

7,'-V2Ul 

3307949 

12-2065556 

5-301459 

]50 

22500 

3375(X}0 

12-2474487 

5 -3 13  29:3 

*       •- 

SQUARED,  CUBES,  ANb  ROOTS. 


9.1 


Num-.Ikt. 

Sq;i  tre. 

Cube. 

Square  Root. 

Cuhe'  Kcr.W. 

l.)l 

22801 

3442951 

12-2882057 

5 -.3  25074 

1.32 

23104 

3511808 

12-3288280 

5  •336803 

153 

.23409 

3581577 

12-3693169 

5 -.34  8481 

151 

23716 

3652204 

12-4(X)6736 

5-3(X)10S 

155 

2-1025 

0/  Z3(^/  0 

12-4498996 

5  371685 

15a 

24336 

3796416 

12-4899900 

5  ■38321 3 

1.3/ 

24649 

3869893 

12-5299641 

5 -31)4  690 

158 

249(>1- 

394^1312 

12-5(i98051 

5-406120 

159 

25281 

40  I9(i79 

12  6095202 

5-417501 

itio 

25000 

40!>6ooo 

12-649110(1 

5-428835 

1()1 

25921 

4173281 

12-6885775 

5-U0122 

162 

2624-1- 

4251528 

12  7279221 

5-451362 

1'J3 

2656g 

4330747 

12  7671453 

5'4(yi556 

1C>4 

26896 

4410944 

12-8062485 

5-473703 

10'5 

27225 

4492125 

12-8-452326 

5-484806 

lO'J  . 

2755G 

4574296 

12  83401)87 

5  4g5S65 

10'7 

27S89 

4657463 

12-9228480 

5- 506879 

108 

28224 

4741632 

12-9614314 

5-517848 

lOQ 

28561 

4826801) 

13-0000000 

5-528775 

170 

28900 

491300b 

13 -03  8-1-048 

5  53g65S 

1/1 

292-U 

5000211 

l3'07U(yjS 

5-550499 

172 

29584 

5088448 

13-1148)70 

5-561298 

173 

29929 

5177717 

13-152946^1 

5-572054 

174 

30276 

5268024 

13-19(X)060 

5  582770 

175 

30J25 

535g'375 

1.3-2*287566 

5-5f)3445 

170 

'3p()76 

5451770 

13*2664992 

5-60-1079 

177 

31329 

5545233 

13-3041347 

5-614673 

17s 

31684 

5639752 

13-3416641 

5-625226 

179 

32041 

573533(.) 

13-3790882 

5  63 57 41 

180 

32400 

5832000 

13 -4 164079 

5  6-16216 

181 

32761 

5929741 

13*4536240 

5 '656652 

182 

33124 

6028568 

13-49073.76 

5-667051 

183 

33489 

6128487 

13'52774r,3 

5-677411 

184 

33S56 

622950 i 

13-5646600 

5-6S7734 

185 

34225 

6331625 

13 '6014705 

5-69'8019 

1S(J 

3-1596 

6434856 

13-6381817 

5-703267 

187 

34969 

6539203 

13 '6747943 

5 '7 18479 

188 

35344 

6644672 

13-7113092 

5-728654 

IS'J 

35721 

6751269 

13-7477271 

5-733794 

1C)D 

SOiOO 

6859000 

13*784048.8 

5'74S897 

11)1 

36181 

6r/d7S7i 

13*8202750 

5-75SC)65 

192 

3686-1- 

7077888 

13*8564065 

5'76sq9S 

193 

37'2AC) 

71SQO57 

13'S924440 

5-77^996 

1.9-^ 

37636 

7301384 

13-02S3SvS:3 

5-788L)60 

105 

38025 

7414875 

13 '9612400 

5-798890 

196 

38416 

752i)530 

14'(X)0aXX> 

5 -308786 

19; 

38809 

7645373 

14'035668S 

5-Sl8(i48 

i   193 

39204 

77623Q2 

14-0712473 

5 -82 3476 

1   199 

39'JOl 

788O599 

14-1067360 

5-838272 

i   200 

40000 

800000Q 

14*1-421356 

5-848035 

^4. 


ARITHMETI6. 


Niinib'.ir. 

o(|Mau-. 

U'!  ')e 

Sf  111  a  re  Root. 

Cub''  Root. 

20  i 

40^101 

BiZOOOl 

14-1774409 

5-85/705 

^  202 

40804 

8242408 

14-2120704 

5-807404 

203 

4]  209 

8305427 

14- 2-178008 

5  877130 

204 

41010 

8489004 

14-2828509 

5-880/05 

205 

42025 

8015125 

14  3178211 

5-sg63i5s 

20d 

42430 

8741810 

14-3527001 

5-905941 

20/ 

42849 

8SO9743 

14-3874940 

5-915481 

208 

43204 

8998912 

14-4222051 

5-924<J91 

2og 

43G81 

9123329 

14-4508323 

5-934473 

210 

4410<0 

92OIOOO 

14-4913707 

5-043911 

211 

44521 

9393931 

14-5258390 

5-953341 

212 

449^U 

0528128 

14-5002198 

,5-902731 

213 

45309 

go635g7 

14-5945195 

5-972091 

214 

4579O 

98003-14 

14-0287388 

5 -98 1420 

215 

40225 

9938375  . 

14-0028783 

5-99^7 27 

216 

40050 

10(377090 

14-O9O9385 

0000000 

-  21/ 

47O89 

10218313 

14-7309199 

0009244 

218 

47524 

103a)232 

14-7048231 

0O18403 

219 

479OI 

10503459 

14-7980480 

0-02/050 

220 

48400 

10043000 

14-8323970 

0-O30811 

221 

48841 

10793 80 1 

14  800O?387 

0-045943 

222 

4U284 

10941048 

14-8990044 

0-055048 

223 

4^7'29 

11089507 

14-933 1845 

60()4126 

224 

50170 

11239424 

14-9000295 

0-073177 

225 

50O25 

11390025 

15-0000000 

0-O822O1 

220 

510/0 

11543170 

15-0332904 

0-091199 

227 

51529 

IIO97O83 

15  0005*192 

0-100170 

228 

51U84 

11852352 

15-O9(,)0089 

0 109115 

229 

52441 

I2OO89S9 

15  1327400 

0-llk)32 

230 

52L)00 

12107000 

15  1 05 7509 

0  120925 

231 

53361 

123 203 9] 

15 '1980842 

0-135702 

232 

53  824 

12487108 

15-2315402 

0-144034 

233 

54289 

12  04  93  3  7 

15-2043375 

015344Q 

234 

5475b 

128 12904 

15-2970585 

O-IO2239 

235 

55225 

12977875 

15-3297007 

0-171005 

23 1) 

556g0 

131-14250 

15-3022915 

(>•  179/47 

237 

5O1O9 

13312053 

15-3048043 

•- 

0-188403 

238 

50044 

13481272 

15 -4272480 

0-197154 

239 

57121 

13051019 

15-4590248 

0-205821 

240 

5  7  OCX) 

13821000 

15-49Vq334 

0-2  \H64 

241 

58081 

}3gg'/521 

15-5241747 

0-223083 

242 

58504 

14172488 

15-5503492 

0-231 078 

243 

59049 

14348907 

15-5884573 

0-240251 

244 

50530 

14520784 

15-0204994 

0-2488OO 

245 

00025 

1470O125 

15-0524758 

0-257324 

24  () 

00510 

14880930 

15-0843871 

6-265S26 

24/ 

oi  009 

I50G9223 

15-7UJ2336 

0-274304  . 

248 

0I5O4 

15252992 

15-/4S015/ 

0-28270O 

249 

O2OOI 

15438249 

15-7797338 

0-291194 

250 

025OO 

15025000 

15-8113883 

_0-29(.)(.)O4 

SQUARES,  C-JBES, 

an6  ROCT5. 

9i 

Ntinib. 

bc^uare.  \ 
03001 

Cube. 

Square  Root. 

Cube  Root. 

251 

15813251 

15-8420/05 

6-307992 

252 

63504 

16003008 

15-8745079 

6  316350 

253 

64009 

16194277 

15*9059737 

6-32  i7ai 

254 

64516 

16387064 

15-9373775 

6-333025 

255 

65025 

16581375 

15-9687194 

6-341325 

256 

65536 

167772 J  6 

l6'b(XKK)(-)0 

6-349602 

25/ 

66049 

16974593 

16-031 2 105 

6-357859 

258 

66564 

17173512 

16  0623784 

6-3600</5 

259 

67081 

I7''i7'^^979 

16-0934769 

6-3  74310 

200 

67600 

17576000 

16  1245155 

6-382504 

201 

68121 

177795B1 

16  1554944 

6-390676 

262 

68644 

17984728 

16-1864141 

6  308827 

263 

69169 

181914^^7 

16-2172747 

6-406958 

264 

69696 

18399744 

16-2480768 

6-415068 

265 

70225 

1 8609625 

16-2788206 

6-423157 

266 

70/56 

18821096 

16-3095064 

6-431226 

26/ 

71289 

19034163 

16-3401346 

6-439275 

268 

71824 

19248832 

16-3707055 

6  447305 

269 

72361 

19465109 

16-4012195 

6-455314 

270 

72900 

1968300b 

16-4316767 

6-463304 

2/1 

73441 

19902511 

16-4620776 

6-471274 

272 

73984 

20123648 

16-4924225 

6-479224 

273 

74529 

20346417 

16-5227116 

6-4S7153 

27^1 

75076 

20570824 

16-5529454 

6-495064 

275 

75625 

20796875 

16-5831240 

6-502956 

276 

76176 

21024576 

166132477 

6-5108-29 

277 

76729 

21253933 

16-6433170 

6-518684 

278 

772S4 

21484952 

16-6733320 

6-526519 

279 

77S41 

21717*639 

16-7032931 

6-534335 

280 

78400 

21952000 

16-7332005 

6-542132 

281 

7SQ6I 

22i88an 

16-7630546 

6549911 

282 

79524 

22425768 

167928556 

6-557672 

2S3 

80089 

22665187 

16-8226038 

6-565415 

284 

80650 

22C)063ai 

16  85-22995 

6-573139 

2S5 

81225 

23149125 

16-88 19430 

6-58084^1 

280 

8179(3 

23393656 

16-9115345 

6-588531 

287 

82369 

23639903 

16-9410743 

'  6-596202 

288 

S2944 

.  23887*872 

16-9705627 

6-003854 

289 

83521 

24137569 

17-booooo'O 

6-011488 

'2Q0 

84100 

24389(.X)0 

17*0293864 

6'6l9106 

291 

84681 

24642171 

17-0587221 

6-626705 

292 

85264 

24897083 

17-O88OO75 

6-634287 

293 

85S4Q 

25153757 

17-1172-428 

6-641851 

294 

86436 

254J2184 

17-1404282 

6-649399 

205 

8702:^ 

25672375 

17-1755640 

6-656930 

296 

87616 

25934336 

17-2046505 

6  664^143 

297 

88209 

2619SO73 

17-2336870 

6-671940 

298 

8SS04 

264635Q2 

17-2626765 

6-679419 

299 

S94OI 

2673O899 

17-2916165 

6-6S6S82 

300 

90000 

27000000 

17-3205081 

6-694328 

96 


ARITTOTETia 


Ntinib. 

Square. 
90001 

Cube. 

Sqi'.ire  Root. 

Cube  R(U)i., 

301 

27270901 

17  3493516 

6-701758 

302 

91204 

27543608 

17-3781472 

6-709172 

303 

918(K) 

278I8I27 

17-4068952 

6-7i656g 

304 

92410' 

28094464 

17-4355958 

6-723950 

305 

93025 

28372625 

174642492 

6-731316 

30ti 

934)30' 

28652616 

174928557 

6-738665 

30/ 

91249 

28934443 

1 7*5214155 

6-745997 

308 

94804 

2921 81 12 

17*5499288 

67  ■'^33 13 

30(> 

95481 

29503629 

]7'''^7S'3g58 

6-760614 

310 
3il 

96100 

2979100b 

17-6068169 

6'767S[)g 

96721 

30080231 

17-6351921 

6-77  5 1 6S 

312 

97344 

30371328 

17 '663521 7 

6- 7 82422 

313 

9796^0 

30664297 

17-6918060 

6-7SC)66i 

314 

93590 

30959144 

17-7200451 

6- 796384 

315 

99225 

31255875 

17-7-1^2393 

6-8b40ia 

316 

9(,J856 

31554-196 

17-7763888 

6811284 

31/ 

.  1(X)489 

31855013 

17- 3044938 

6  818461 

318 

101124 

32157432 

17  3325545 

6-825624 

319 

101701 

32461759 

17-8605711 

6-832771 

320 

102400 

32768(X)b 

17-8885438 

6-839903 

321 

103041 

33076161 

17-9164729 

6-847021 

322 

103084 

33386248 

17-9-1-13584 

6'854124 

323 

104329 

33698267 

17-97^2008 

0-861211 

324 

104970 

3401 2224 

1 8  0000000 

6' 868284 

.   325 

105025 

34:528125 

18-0277564 

6875343 

326 

100270 

34645976 

18-0554701 

6-882388 

327 

100929 

34965783 

18-0831413 

6  889419 

328 

107584 

35287552 

18-1107703 

6'6i)6435 

32,g 

108241 

35611289 

3  8-1383571 

6-903436 

330 

1 08()00 

35Q3';'0O0 

18-1659021 

6-910423 

331 

10()50l 

36264691 

1$- 1 934054 

6'gi73y6 

332 

1 10224 

36594368 

18-2208672 

6-924355 

333 

110889 

36926(337 

18-2482876 

6-931300 

334 

111550' 

3725.9704 

I8'275666g 

6  938232 

335 

112225 

375(>5375 

18-3030052 

6-945149 

330' 

112890 

37933056 

18-3303028 

6'g52X^53 

33/ 

1135(39 

38272753 

18-3575598 

6-958943 

1142^14 

38614472 

18-3847763 

6-9658 19 

3.>9 

114921 

38958219 

IS  41 19526 

6-972682 

340 

1150(K) 

39304(X3b 

IS  4390889 

6-979532 

341 

110281 

3965 1821 

184604853 

6986369 

342 

1 IO9O4 

4b0Ol688 

18  4932420 

6'993l9l 

343 

117649 

4035360/ 

18-5202592 

7-oooobo 

'   344 

118336 

40/07584 

18-5472370 

7'0067g6 

345 

1 1()025 

41063625 

18-5741756 

7  013579 

34t> 

119716 

41421736 

1 8-601 0752 

7-020349 
7-027106 

347 

1 204(39 

4 178 1923 

18-6279360 

343 

121104 

42144192 

3  8  65475s 1 

7-033850 

249 

3  21801 

42508540 

18-6815417 

7-040581 

350 

12250^1 

42S750rK3 

18 -7082860 

7  0-)'7'2r8 

SQUARES,  CUBES,  a^d  ROOTS. 
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Numb. 
J51 

Square. 

Cuoe. 

Square  Root. 

Cube  Root. 

123201 

43243551 

18  7349940 

7  054003 

'652 

123904 

43614208 

18-7616630 

T^^m^ 

.  353 

I24JO9 

43986977 

1 8-7882942 

7'0b7370 

354 

125316 

44361864 

18  8148877 

7  074043 

2>b5 

126025 

AA:'J'6'i^'J5 

18-8414437 

7-080698 

35(3 

126736 

45118016 

13-8679623 

7-087341 

357 

127449 

45499293 

18-8944436 

7-093970 

'   358 

128164 

45882712 

18-9208879 

7-100588 

359 

128881 

46268279 

1 8-9472953 

7-107193 

360 

129600 

46656000 

18 -9736660 

7-113786 

361 

130321 

47045 «81 

l9-(JO000O3 

7  120367 

3  62 

131044 

47437928 

19  0262976 

7-126935 

303 

131769 

47832147 

190525589 

7-133492 

304 

13249(5 

43228544 

19  0787840 

7-140037 

365 

133225 

48627125 

19-1049732 

7-146569 

366 

133956 

49027896 

ig-1311265 

7-153090 

367 

134689 

4943O863 

19-1.572441 

7-159599 

368 

135424 

49836032 

,19-1833261 

7  166095 

369' 

136161 

50243409 

19-2093727 

7- 172580 

370 

136900 

50653000 

19-2353841 

7-179054 

371 

l'3764l 

51064811 

19-2613603' 

7-185516 

372 

138384 

51478848 

192873015 

7-191966 

373 

139129 

5I895117 

19-3132079 

7-108405 

374 

139876 

52313624 

19-3390796 

7*204832 

375 

140625 

52734375 

19-3649167 

7-211247 

376 

1-41376 

53157376 

19-3907194 

7-217652 

^77 

142129 

53582633 

19-4164878 

7*224045 

378 

142884 

54010152 

19-4422221 

7*230427 

379 

143641 

54439939 

19-4679223 

7-2.36797 

380 

144400 

54872000 

19-4935887 

7*243156 

381 

145101 

55306341 

19-5192213 

7  240304 

382 

145924 

551^2^^^ 

19-5448203 

7-255841 

383 

146689 

56I8I887 

10-5703858 

7*262167 

384 

14/456 

56623104 

195959179 

7-208482 

385 

148225 

57QQQQ25 

I96214169 

7-274786 

386 

143996 

5/512456 

19-6468827 

7'281079 

387 

149769 

5796OGO3 

19-6723156 

7-287362 

388 

J  50544 

58411072 

\^'0{)77\5i5 

7*293633 

389 

151321 

58863809 

19-7'230829 

7299893 

390 

152100 

50310000 

19-7484177 

7*300143 

391 

152881 

5o>'ji^6An 

197737199 

7-312383 

392 

153664 

60236288 

197989899 

7-318611 

395 

1544-49 

6069845 7 

19-S242276 

7  324829 

394 

155236 

61162984 

19  8494332 

7-331037 

395 

150025 

61629875 

19  8740069 

7  337234 

396 

150816 

62009136 

19-8997487 

7-343420 

3Q7 

157609 

m5'^(d']Ti 

19-9248588 

7^49596 

398 

158404 

63044792 

19-9499373 

7-355762 

399 

159201 

63521199 

19-9749844 

7361917 

400 

160000 

64000000 

20-boobooo 

7-368003 

Vol.  1, 


li 


us 


i^RITHMETIC. 


Numb. 

Square. 

Cube. 

S(|iiare  Root. 

■- w' 

Cube  Rooi. 

401 

1 60801 

64481201 

20-024^844 

7-374198 

402 

161604 

64964808 

200499377 

7-380322 

403 

l6240q 

0- 

65450827 

20  0748599 

7-386437 

404 

1632J6 

65939264 

200997512 

7-392542 

405 

164025 

66430125 

20-1246118 

7  39S636 

406 

164836 

66923416 

20-1494417 

7  404720 

407 

165649 

67419143 

204742410 

7 -4 10794 

408 

166464 

67911312 

20-1990099 

7416859 

409 

16/281 

68417929 

20-2237484 

.  7-422914 

410 

1 68 100 

68921000 

20-2484567 

7-428958 

411 

168921 

6942653 1 

202731349 

7-434993 

412 

169744 

69934528 

20-2977831 

7-441018 

413 

170569 

70444997 

20-3224014 

7-447033 

:  414 

171396 

70957944 

20-3469899 

7-453039 

415 

172225 

71473375 

20-3715488 

7  459036 

416 

173056 

71991296 

20  3 9607 81 

7-465022 

417 

173889 

72511713 

20  4205779 

7  470()99 

418 

174724 

73034632 

20-4450483 

7-476966 

419 

}755(h 

73560059 

20-4694895 

7-482924 

420 

1764a) 

74088000 

20-4939015 

7-488872 

421 

177241 

74618461 

20-5182845 

7'494S10 

422 

17S0S4 

75151448 

20  5420386 

7-500740 

423 

173929 

756s6gb7 

20-5069638 

7'5G6660 

424 

179/7^^ 

76225024 

20-5912603 

7-512571  , 

425 

1 80025 

70/65625 

20-6155281 

7-51847S 

426 

18 1476 

77^08770 

20-6397674- 

7  ■524365 

427 

182329 

77854483 

20*6639783 

7*53^)248 

428 

183184 

78402752 

20-6831609 

7-536121 

429 

184041 

78953589 

207123152 

7-541986 

430 

1' 84900 

7950700b 

20-736^Ul4 

7-547841 

431 

185761 

8OO62991 

20-7605395 

7'553688 

432 

186624 

80621568 

20-7846097 

7'55g525 

433 

187489 

:  81182737 

'  20-8086520 

7-565353 

434 

188356 

^81746504 

20-8326667 

7-571173 

435 

,  1 89225 

82312875 

20-8566536 

7-576g84 

436 

190096 

82881856 

20-8806130 

7-582786 

-437 

190969 

83453453 

20 -90454  50 

7-588579 

438 

191 844 

84027672 

20-9284495 

7-594303 

439 

192721 

84604519 

20-9523268 

7 -6^1 3  8 

440 

193600 

851840013 

20-9761770 

7-605905 

441 

1 04481 

85766121 

2rcoooa)o 

7 '61 1,662 

442 

195364 

86350888 

21-0237960 

7  •617411 

443 

106249 

86938307 

21-0475652 

7-623151 

44^1 

197136 

87528384 

210713075 

7-628883 

445 

198025 

88121125 

2  J -0950231 

7-634606 

446 

I9S916 

88716536 

21-1187121 

7-640321 

447 

I998O9 

^  89314623 

21-1423745  ■ 

7-646027 

448 

200704 

89915392 

21-1660105 

7-651725 

.  449 

201601 

90518849 

21-1896201 

7657414 

450 

202500 

9112500b 

21-2132034 

7-663094 . 

SQUARES,  CUBES,  and  ROOTS. 
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Numb, 
451 

Square. 

Cube. 

Square  Rout. 

Cabe  Root. 

203401 

91733351 

21-2367606 

7'66S766 

452 

204304 

02345408 

2 1-26029 16 

7 '674430 

453 

205209 

Q2g5(}677 

21-2837967 

7-680085 

454 

206116 

g3 576664 

21-3072758 

7'6&5732 

455 

20/025 

94196375 

21-3307290 

7-691371 

456 

207936 

9481SS16 

21-3541565 

7-697002 

457 

208849 

95443903 

21-3775583 

7-702624 

458 

209764 

96071912 

21-4009346 

7- 70823 8 

45g 

210681 

96702579 

21-4242853 

7-713344 

460 

-211600 

97336000 

21 -4476106 

7-71-9442  . 

461 

212521 

97972 181 

21-4709106 

7  725032 

402 

213444 

9S61112S 

21-4941853 

7  7306] 4 

463 

214369 

99252S47 

21-5174343 

7 -7361 87 

464 

215296 

99397344 

21-5406592 

7-741753 

465 

216225 

1005-14625 

21-5638587 

7-747310 

466 

217156 

101194696 

21-5870331 

7*752860 

467 

2I8OS9 

^  101847563 

21-6101828 

7*758402 

468 

210024 

102503232 

21-6333077 

776^3936 

469 

219961 

IO316J709 

21-6564078 

7709462 

470 

220900 

103323000 

21-6794334 

7774080 

471 

221841 

104487111 

21-7025344 

7*780490 

472 

222784 

10515-^K)48 

21-7255610 

7785992 

473 

223729 

105823817 

21*7435632 

7*791487 

474 

224676 

106496424 

21-7715411 

7790974 

475 

225625 

IO717I875 

21-7944947 

7  802453 

476 

226576 

107350176 

21-8*]  74242 

7-8O7925 

477 

227529 

108531333 

21-8403297 

7*813389 

478 

22S484 

i 09215352 

21-3632111 

■  7S18S45 

479 

220441 

109902239 

21-0860686 

7*824294 

480 

230400 

110592000 

21-9089023 

7-829735 

481 

231361 

1112S4641 

2 1-93 17  J  22 

7*835168 

482 

232324 

III9SOI68 

21  •9544984 

7*840594 

483 

233289 

JJ  2678587 

21  •0772610 

■^/- 8460 13 

•484 

234256 

1] 3379904 

22-OOOCO'30 

7-351424 

485 

235225 

li40iU125 

22-022/155 

7-8563-2S 

.  486 

236^96 

114791256 

22-0454077 

7*862224 

487 

237169 

115501303 

22-0680/65 

7-867613 

488 

23S144 

116214272 

22-0907220 

7-872994 

4S9 

239121 

116030169 

22-1133444 

7 -878368 

49b 

240 100 

117649000 

22-1359436 

-  7-883734 

491 

241031 

1183707/1 

22-1585198 

7*889094 

492 

242064 

119095488 

22-1810730 

7-39-1446 

493 

243049 

119823157 

22-2036-033 

7-899791 

494 

244036 

1205537S4 

22-2261108 

7-905120 

4g5 

245025 

1212S7375 

22-2435955 

7*910460 

496 

246016 

122023936 

22-2710575 

7-915/84 

•  497 

247009 

122763473 

22-293496S 

7021100 

49s 

248004 

123505992 

22-3  r59 136 

7*9264-08 

499 

249001 

124251499 

22-3383079 

7*931710 

500 

250000 

125000000 

22-3606798 

7-037005 

a  2 


loo 


ARITHMETIC. 


Numb. 

Square. 

Cube. 

S.quare  Root. 

Cube  Root. 

501 

251001 

125751501 

22-3830293 

7-942293 

502 

252004 

126506008 

22-4053565 

7-947573 

503 

2530(39 

127263527 

22-4276615 

7-952847 

504 

254016 

] 28024064 

224499443 

7-958114 

505 

255025 

128787625 

22-4722051 

7963374 

506 

256036 

129554216 

22-4944438 

7'QOsO'i7 

507 

257049 

130323843 

22-5166605 

7-973873 

5C8 

25S064 

131096512 

22-5388553 

7-9791  i2 

50() 

25 90s 1 

13I872229 

22-5610283 

7-984344 

510 

260100 

132651000 

22-5831796- 

7'989569 

511 

261121 

133432831 

22-6053091 

7-994788 

512 

262144 

134217728 

22*6274170 

8000000 

513 

2631  (5g 

135G05697 

22-6495033 

8-005205 

514 

264196 

135796744 

22-6715681 

8-010403 

5}  5 

265225 

136590875 

22-6936114 

8-015595 

51(5 

266256 

137383096 

22-7'l  56334 

8-020779 

517 

267289 

138188413 

22-7376340 

8-025957 

513 

268324 

138991832 

22-7596134 

8-031129 

510 

269361 

139793359 

22-7815715 

8*036293 

520 

270-100 

14C608000 

22-8035085 

8-041451 

521 

271441 

141420761 

22-8254244 

8-046603 

522 

2/2484 

142236648 

22-8473 193 

8-051748 

523 

273529 

143055667 

22-8693933 

8-O50886 

524 

27-1576 

143877824 

22-8910463 

8  06201 8 

525 

275625 

144703125 

22-9128785 

8  067 143 

526 

2/0070 

145531576- 

22-9346899 

8-072262 

527 

277729 

146363183 

22-9564806 

8-077374 

528 

27S7S4 

147197952 

22-U782506 

8-082480 

529 

279841 

148035889 

23-0000000 

8-087579 

530 

280900 

14SS77O00 

23-0217289 

8-092672 

r.  '1  1 

28 1901 

149721291 

23-0434372 

8-097758 

532 

283024 

150568768 

23-0651252 

8*102833 

533 

2840S9 

15141Q437 

2  5 '0867928 

8-107912 

534 

285156 

152273304 

23-1084400 

8-112960 

535 

286225 

153130375 

23-1200670 

8-ii8C4i 

530 

287296 

153990656 

23-1516738 

8-123000 

^6/ 

28S2tig 

154854153 

23-1732605 

8-128144 

538 

289444 

155720872 

23-1946270 

8-133186 

539 

290521 

,   156590819 

23-2163735 

8-138223 

540 

291600 

157464a>0 

23-2379001 

8-143253 

541 

29268 1 

15834ai2i 

23-2594067 

8-148276 

542 

293764 

1 5922OO88 

23-2SOS935 

8-153293 

543 

294349 

160103007 

23-3023604 

8-158304 

544 

295936 

1609891 84 

23-3238076 

8-i6330Q 

545 

■2970^5 

161878625 

23-3452351 

8-16S308 

54G 

298} 16 

}02771o36 

23-3666429 

8-173302 

547 

299209 

163667323 

23-3880311 

8-178289 

548 

3:X)3.>4 

1(>1 566592 

23-4093998 

3- 183269 

540 

301401 

165469149 

23-43b74()0 

S- 188244 

550 

3025(X) 

166375000 

23-4520788 

8-193212 
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Numb. 

Square. 

Cube. 

Scjuart-  Root. 

Cube  Root. 

551 

303601 

167284151 

23  4733  892 

8-193175 

552 

304704 

I68I966O8 

23-4946802 

8-203131 

553 

305309 

169112377 

23-5159520 

8 -203082 

554 

306916 

170031464 

23 '53720^16 

S-2 13027 

555 

30S025 

i7og53H7J 

23-5534380 

8-217965 

55G 

30c)136 

171S79616 

23*5796522 

8  222398 

557 

310249 

17280S693 

23-6lK)S474 

S-227825 

558 

311364 

173741112 

23-6220236 

8  232746 

559 

312481 

174676879 

23-6431803 

S-23jf66l 

560 

313000 

175616000 

23-6643191 

8-242570 

561 

314721 

170558481 

23-6854386 

S-247474 

562 

315844 

17750132s 

23  ■70653i)'2 

8-252371 

563 

316969 

173453547 

23-7276210 

'S-257263 

564 

318O96 

179406144 

23-7486842 

8*262149 

565 

319225 

180302125 

23-7697286 

8-267029 

566 

320356 

18 1321496 

23-7907545 

8 -27 1(^)3 

567 

321489 

182284263 

23-8117618 

8-276772 

568 

322024 

183250432 

23-8327506 

8 -2  3 1035 

'  56g 

323701 

1 84220009 

23-3537209 

8-206493 

570 

324900 

185193000 

23-8746728 

8-291344 

571 

326041 

1 861 69411 

23-8956063 

8-296190 

572 

327184 

187149248 

23  9165215 

8-301030 

573 

328329 

188132517 

23*9374184 

8 -305  860 

574 

329476 

189119224 

23-95S2Q71 

8  310094 

575 

330625 

190109375 

23-9791570 

S  315517 

576 

331776 

191102976 

24-0000000 

8-320335 

577 

332929 

192100033 

24-0208243 

8-325147 

5/8 

334C34 

193100552 

24-0416306 

8-329954 

579 

335241 

194104539 

24  06241 SB 

8'334755 

5  SO 

336400 

195112000 

24-0831892 

8*339551 

581 

337561 

196122941 

24-1039416 

8*344341 

582 

338724 

197137368 

24*1246762 

8-340125 

583 

339889 

198155287 

24*1453929 

S-353904 

584  • 

341056 

199176704 

24-1660919 

S-35S67S 

585 

342225 

200201025 

24-1807732 

8-363446 

586 

343396 

201230050 

24  2074369 

8-368209 

587 

34456q 

202262003 

24*2280829 

8*372966 

5SS 

345744 

203297472 

24*2487113 

8 37771s 

5S9 

340921 

204336469 

24-2693222 

8-382-1:65 

590 

348100 

20537900<J 

24-2899156 

8-337206 

591 

341)281 

200425071 

243104^:6 

8-39194^ 

51)2 

350404 

2O74746SS 

24-3310i;01 

S- 30/367  3 

593 

351649 

208527857 

24-3515913 

6  401398 

!  ^9^ 

352336 

209584584 

243721152 

8--t^6il6 

,    595 

354025 

210644875 

24 -39262 18 

8*410832 

596 

355216 

2II7GS736 

24-4131112 

8-415341 

5i)7 

350409 

212776173 

24-4335834 

S -420245 

i  598 

357604 

213847192 

24-4540J35 

8-4249-i4 

590 

358801 

214921799 

24-4744765 

8  429038 

0\)O 

360000 

2l6'000000 

24-4948974 

S-434327  [ 
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ARITHMETIC. 


Numb. 

Square. 

Cube. 

Square  Root. 

Cube  Root. 

001 

361201 

217O8I8OI 

24-5153013 

8-439009 

602 

302404 

218107208 

24-5356883 

8-443687 

603 

303609 

219250227 

24-5560583 

8-448360 

604 

364816 

220348864 

24-5764115 

8-453027 

605 

366025 

221445125 

24-5967478 

8-457689 

606 

367236 

222545016 

24-6170673 

S-462347 

607 

36S449 

223648543 

24-6373700 

8-4.66999 

608 

369664 

224755712 

24-6576560 

8*471647 

609 

37O88I 

225866529 

24-6779254 

8-476289 

6i0 

372100 

2269s 1000 

24-698 1 781 

8-480926 

6ii 

373321 

228099131 

24  7184142 

8485557 

612 

374544 

229220928 

24-7386338 

8-490184 

613 

375709 

230346397 

24-7588368 

8-494806 

6J4 

376996 

231475544 

24-7790234 

8-499423 

6l5 

3/8225 

232608375 

24-7991935 

8-504034 

6l6 

379456 

233744896 

24-8193473 

8-508641 

617 

3SO6S9 

234885113 

24-8394847 

8-513243 

618 

3 81 924 

236020032 

24-8596058 

8-517840 

619 

383161 

237176659 

24-8797106 

8-522432 

620 

3S4400 

238328000 

24-8097992 

8-527OI8 

621 

385641 

239483061 

24-9198716 

S-531600 

622 

3868S4 

240641848 

24-9399278 

8 -53  61 77 

623 

38SI29 

241804307 

24  9599<-''79 

8-540749 

624 

389376 

242970624 

24-9799920 

8-545317 

625 

390625 

244140625 

25-0000000 

8-549879 

626 

391 876 

245314376 

25-0199920 

8-554437 

627 

3C3 1 29 

246491883 

25-O39968I 

8-558990 

623 

39^384 

247673152 

25-0599282 

8*563537 

629 

395641 

248858189 

25-0798724 

8-568080 

630 

396900 

250047000 

25-0998008 

8-572618 

631 

398161 

251239591 

25-1197134 

8-577152 

632 

399424 

252435968 

25-1396102 

8-581680 

633 

400689 

253636137 

25-1594913 

8-586204 

634 

401956 

254840104 

25-1793566 

8-590723 

635 

403225 

25 6047875 

25-1992063 

8-595238 

636 

404406 

257259456 

25-2190404 

8-599747 

637 

405769 

25S474853 

25-2388589 

8-604252 

638 

407044 

259694072 

25-2586619 

8-608752 

639 

408321 

260917119 

25-2784403 

8-613248 

640 

409()00 

26214400b 

25-2982213 

8-617738 

641 

410881 

263374721 

25-31 7977B 

8-622224 

642 

412104 

264609288 

25-3377I89 

8-626706 

043 

413^^9 

265847707 

25-3574447 

8-631183 

644 

414736 

267O89.Q84 

25-3/71551 

8-635655 

645, 

416025 

268336125 

25-3968502 

8-640122 

646 

417316 

2695S6136 

25-4165301 

8-644585 

647 

418609 

270840023 

25-4361947 

8-649043 

6-lS 

419904 

272097792 

25-45584n 

8  653^97 

649 

421201 

273359449 

25  4/54784 

8'6579-iO 

050 

42i5(X) 

27-16250O0 

25-405O(!70" 

8-662:>'^l  ( 
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Numb. 

Square. 

Cube. 

Square  Root. 

Cu'^e  Root. 

651 

423 aoi 

275894451 

25-5147016 

8 -666831 

652 

425104 

2771678O8 

25-5342907 

8-671266 

653 

420409 

273445077 

25-5538647 

8  ■.'375697 

654 

427716 

2797262(34 

25-5734237 

8-630123 

655 

429025 

28IOII375 

25  ■5929673 

8 -634545 

656 

430330 

282300416 

25  61 24969 

8  •688963 

657 

431649 

233593393 

25-63201 J 2 

S'6'J3376 

658 

432964 

284890312 

25-6515107 

8-697734 

65g 

434281 

286191179 

25-6709953 

8702138 

660 

435600 

237496000 

25-6004652 

8-706587 

661 

436921 

288804781 

257099203 

8 -710982 

662 

43 8214 

290117528 

25-7203607 

8-715373 

663 

439569 

291434247 

25-7487864 

8719759 

6'U 

440890 

292754944 

25-7681975 

8-724141 

665 

442225 

2(H:079625 

25-7875939 

8-728513 

666 

443556 

2954O8296 

25-80v)9758 

8-73289J 

667 

444889 

296740963 

25-8263431 

8-737200 

663 

446224 

298O77632 

25-8456q60 

8741624 

66g    . 

447561 

29941 8309 

25-86503-13 

8-745934 

6/0 

443900 

300763000 

25-6S43532 

S  "750340 

6/1 

450241 

302111711 

25-9036077 

8-7546gi 

6/2 

451584 

303464448 

25-9229628 

5-759033 

673 

452929 

.304821217 

25-9422435 

S'7  63380 

674 

454276 

306132024 

25-9615100 

8767719  ' 

675 

455625 

3075468/5 

25-9SO762I 

8-772053 

'    6/6 

456g76 

30Sgi5776 

26-0000000 

8-770382 

677 

453329 

3102S8733 

260192237 

8-780703 

6/8 

459084 

311665752 

26-038433 1 

8-735029 

679 

4610^1 

313046839 

26-05762S4 

8  739346 

680 

462400 

314432000 

26  O76SOL.6 

8  7Q3  659 

681 

463701 

315821241 

26-0959707 

87979^7 

6S2 

465124 

317214568 

26-1151297 

8  SO2272 

GS3 

466489 

31 8611 937 

26-1342087 

S- 8005 72 

634 

467850 

320013504 

26-1533037 

8'8 10868 

635 

469225 

321419125 

26- 1725047 

8  bio  159 

686 

470596 

3228-8850 

26-1916017 

8:3  J  9447 

687 

471969 

324242703 

26-2106843 

8'S23730 

683 

473344 

325660672 

262297541 

3 '823009 

689 

474721 

327O82769 

26'2488095 

8-832235 

690 

470100 

32S5O;-;.0OO 

26-26785 11 

8 '83 0556  ■ 

odi 

477481 

329939371 

26-2868789 

8-S40822 

692 

47886^i 

331373888 

26-3053929 

8-8',:;085 

6q3 

480249 

332812557 

26-3248932 

8  549344 

694 

481636 

334255384 

26-3433797 

S-S535gS 

695 

4S3025 

335702375 

26-3628527 

8-857S49 

6g6 

484416 

337153536 

26-3818119 

8 '862095 

69; 

485309 

338608S73 

26-4607576 

8  •36633 7 

698 

487204 

340063392 

26-4196396 

8-370575 

699 

488001 

341532099 

26-4386031 

6-87480C) 

;oo^ 

4(>aX>0 

313000000 

26-4575131 

8-879040 

104. 


ARITHMETIC. 


j  \v.uh 

Square. 
491401 

Cube. 

Square  Root. 

Cube  Root. 

70i 

344472101 

20  4/U4046 

8-883266 

702 

4928O4 

345948OOS 

26-4952826 

8-887488 

703 

494209 

347428927 

2651414/2 

8-891706 

704 

495616 

348913064 

26-5329983 

8  895920 

705 

497025 

350402625 

26-5518361 

8-900130 

70t3 

498436 

351895816 

26-5700005 

8-(;04336 

707 

499S49 

353393243 

26-5894716 

8-908538 

708 

501204 

3548(,?4912 

26-6082694 

8  ^12736 

709 

502081 

356400829 

266270539. 

8  916931 

710  . 

504100 

357911000 

26-6458252 

8-921121 

711 

505521 

359425431' 

26'6645833 

'  8-925307 

712 

506944 

36094412s 

26-6833281  - 

8  929490 

713 

508369 

362467007 

26-7020598 

8  <;33oU8 

714 

509796 

3639^4344 

26*;2077S4 

8  937843 

yi5 

511225 

365525875 

267394839 

8-942014 

710 

512656 

367061696 

26  758 1763 

8*946180 

717 

514089 

368601813 

2G77()S557 

6-950343 

718 

515524 

370146232 

267955220 

8  95^502 

719 

516961 

371694959 

268141754 

8-95to058 

720 

518400 

373248000 

26  8328157 

8  90:ic09 

721 

519841 

374805361 

20-8514432 

8-9001^5/ 

722 

521284 

37630/048 

26-8700577 

8-971100 

723 

522729 

.  377033067 

26-S886593 

8-975240 

724 

524176 

379503424 

26-907248! 

8-979376 

725 

525625 

381078125 

26-9258240 

8  983^08 

725 

527076 

382657176 

26-9443872 

8-987637 

•    727 

528529 

384240583 

269629375 

8-991762 

728 

529984 

385828352 

26-9814751 

8-995883 

729 

531441 

387420489 

27-'ooooooo 

9-000000 

730 

532900 

389017000 

27-0185122 

9-004113 

731 

534361 

390017891 

27-0370117 

9-008222 

732 

535824 

392223168 

27*0554985 

9012328 

733 

537289 

393832837 

27-0739727 

9  016430 

734 

538750 

395446904 

27-01)24344 

9  0205 29 

735 

540225 

3g7065375 

27  1108834 

9  024023 

736 

541696 

398638256 

27-1293199 

9-028714 

737 

543169 

400315553 

27-i'J77439 

9032802 

738 

544644 

401947272 

27-1661554 

9-036885 

739 

546121 

403583419 

27-184554^1 

9040965 

740 

5476OO 

405224000 

27  2029410 

9  045041 

741 

549O8I 

406869021 

27-2213152 

9-049114 

742 

550564 

408518488 

27-23g(J7(y9 

9  053183 

743 

552049 

410172407, 

27-2530263 

9-057248 

744 

553536 

411830784 

27-2763634 

9-061309 

745 

555025 

413493625 

27  294688 1 

9-065367 

746 

550510 

415160036 

27-3130006 

9069422 

747 

556009 

416832723 

27  33 J  3007 

QO73472 

748 

559504 

4U<50S992 

27-3495887 

9-077519 

749 

561001 

4201 89749 

27-3678644 

9-O8I563 

750 

sO'ISCi) 

42] 8/5000 

27-386]  270 

O-0&5603  1 
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^   1>  -      T  - 

I\  LI  UK). 

5U4O01 

Ca!)e. 

Square  Root. 

Cube  R(.ui. 

751 

423504/51 

2/' 4043/ 92 

9O89639 

752 

565504 

425259OO8 

27-4220184 

9-093672 

753 

567001^ 

•^•05957777 

27-4408455 

9-097701 

754 

5085  i(i 

428661064 

27 '4590604 

9-101726 

755 

5/0025 

430368875 

27  4772633 

9-105743 

75^ 

5/i530 

432031216 

27-4954542 

9-109766 

757 

573049 

.  433798O93 

27  5136330 

9-II378I 

753 

574504 

435519512 

27  531799B 

9-117793 

75g 

570oyi 

437245479 

27  5499546 

9-121301 

700 

577600 

4^3076000 

2/ '5680975 

9I25S05 

701 

579121 

4i0; 11081 

27-5862284 

9-I298O6 

702 

580U44 

442450728 

27-6043475 

9-133803 

703 

532169 

444194947 

,  27-6224546 

9-137797 

7^4 

5836yu 

445943744 

27-6405499 

9-141788 

705 

5S51'15 

4476;)7125 

27-6586334 

9-145774 

706 

5'dQ750 

449455096 

27-6767050 

9"^^^9757 

707 

5S8289 

451217663 

27-0947648 

9-J53737 

70s 

5S9b24 

452984832 

27-7128129 

9-157713 

76g 

oyl36l 

454756609 

27-730^492 

9-161686 

770 

5y2yOO 

456533000 

27-7488739 

9-105656 

771 

594441 

45 831 40 n 

277668868 

9-169622 

772 

595984 

460099648 

27-7848880 

U-17J585 

773 

597'519   . 

461889917 

27-8028/75 

9177544 

774 

599076 

40o 084824 

27 -8208555 

9*181500 

775 

600025 

465484375 

27-8388218 

9-185452 

77Q 

602176 

46/288576 

l7"65o77Q^ 

91 89401 

777 

603729 

469097433 

27-8747197 

9-193347 

77-8 

005284 

47bi>  10952 

27-8926514 

9-197239 

//9 

606841 

472729139 

27-9105715 

9-201228 

780 

608400 

474552000 

27 -9284801 

9*205164 

781 

609961 

476379541 

27-9463772 

9-209096 

782 

611524 

478211768 

27-9642629 

9-213025 

783 

613089 

480048687 

27-9821372 

9-216950 

784 

614656 

4818;K)304 

2S"b000000 

Q-220872 

785 

016225 

483736025 

28-0178515 

9224791 

78(j 

6^17796 

48558/656 

28-0356915 

9-228706 

787 

619369 

487443403 

28  0535203 

9*2326l8 

788 

620944 

489303872 

28-0713377 

9-237527 

789 

622521 

491169069 

28-0891438 

0  240433 

790 

624100 

49303900b 

28  10693 86 

9-244335 

791 

625681 

494913671 

28*1247222 

9-248234 

792 

62/264 

496793O88 

28  1424946 

9252130 

79'S 

628849 

498677257 

28-1602557 

9-256022 

79^ 

630430 

500566184 

28-1780056 

9-259911 

795 

632025 

502459S75 

23-1957444 

9'Uyi797 

79^0 

633616 

504358336 

28-2134720 

9-'iQ7079 

797 

635209 

5062015/3 

2S'23118S4 

9-271559 

798 

636804 

508 I 69592 

28-2488938 

9-275435 

799 

638401 

510082399 

28-2665881 

9-27930S 

800 

64ayjo 

5i2cx>oobo 

28-2842712 

9-233177 

im 


AP-ITHMETiC. 


Numb. 
801 

Scjuyre. 

Cu!)e. 

So'iaie  Root. 

Cube  Roof 

041001 

513i;2240i  : 

28-3019434 

9'2S7044 

802 

(>i3204 

51oc!49608 

23-3196C'45 

9-290907 

803 

1 

d44S09 

5 1778 1627 

28-3372546 

9-294767 

804 

040416 

519718404 

2o-354S9.:8 

9-29S623 

805 

648025 

52] 660125 

28-3725219 

9-302477 

806 

649636 

523606616 

28-3901391 

9-30G327 

807 

651249 

523557043 

28-4077454 

9-310175 

808 

65286-i: 

527514112 

28-4253408 

9-314010 

809 

654481 

529475129 

28-4420253 

9-31/859 

810 

656100 

53144100a 

2S-4604r!S9 

9-321697 

;    811 

657721 

533411731 

28-4780617 

9-325532 

;   812 

659344 

535387328 

28-4956137 

9-329563 

■  6J3 

660969 

5o73Go7()y 

28-513 1549 

9-333191 

.•  €-14 

662596 

539353144 

28-5306852 

9-337016 

i   815 

664225 

54154337.- 

28 '5482043 

9-340838 

'   810 

665S5G 

543338496 

28-5657137 

9-344657 

:   8.17  ' 

my-isg 

545338513 

28-5832119 

9-348473 

818 

669124 

547343432 

28- 600^993 

9-352285 

819 

670761 

549353:^59 

28-6]  8 1760 

Q' 3 56005 

820 

6/2400 

551368000 

28  6356421 

g-35gii01 

821 

674041 

553387661 

28-6530976 

9-303*704 

622 

823 

67568^ 

555412248 

28-6705424 

9  307505 

677329 

557441767 

2S-0S7g766 

9  3713(^2 

824 

6/8976 

559476224 

28-7054002 

Q -3  75006 

825 

680025 

561515025' 

2S-722S132 

9-3788S7 

82(5 

6S2276 

563559976 

28-7402157 

9-382675 

827 

683929 

565609283 

28-7570077 

9-3  b  04  60 

828 

085584 

5iJ76G3552 

28-77^0891 

9-390241 

829 

687241 

5(j(.)72278Ci 

2.8-7923601 

9'3  04020 

830 

688900 

57  i  7870»J0 

28-8097206 

9*^<^7796 

S3 1 

690561 

573856191 

28-8270706 

0-401569 

832 

6Q2224 

57593036s 

28-8444102 

9-405338 

835 

693889 

57G3G(j537 

28-8617394 

9-400105 

834 

6g5550 

5 8 0093 704 

28 '8790582 

9-412869 

835 

697225 

5^2182875 

28-8963666 

9-416630 

S3  J 

69^,S9() 

5S4277056 

28-0136646 

9*420387 

837 

700569 

58637C253 

28-0309523 

9-4241 11 

833 

702244 

5S8480472 

289432297 

9-427893 

839 

703921 

590539719 

28-96549^67 

9-431642 

840 

705  6(X) 

592704000 

28-9827535 

9-435388 

841 

70728 1 

50482332:1 

29-GOOXXlOO 

9-439130 

842 

708064 

590V;47688 

290 172363 

9-442870 

\      ^'^"^ 

710649 

5.99077107 

29-0344623 

9-446607 

8-14 

712336 

601 21 1584 

29 '0516781 

9-450341 

845 

7M025 

603351125 

29-0088837 

9-454071 

S40 

yjsjPo 

605495736. 

29 .08  60791 

9'^-57799 

84/ 

717^^00 

607645423 

29^] 032644 

9-461524 

848 

7J9J04  1 

<->(■)' )800]  92 

29-1204396 

g'465247 

Q  1  /-\ 

7208OJ 

6li9'6cx}49 

29-13/^6046 

g'46sgf)6 

850 

72:0- X') 

6!  4  J  25  OCX! 

29-1 5475;  i5 

9-472682  \ 
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Numb. 

Sqi:  lie. 

Cub'.i. 

Square  Root. 

Cube  Root. 

851 

724'iOi 

O1O295051 

29-1719^43 

9-476395 

852 

720904 

01 8470208 

29  1 890390 

9-430106 

853 

7^/009 

620050477 

29 -206 103 7 

9-433813 

854 

729316 

622835804 

29-2232734 

9-437513 

85b 

731025 

625026375 

29-2403330 

9-491219 

sr,d 

732736 

627222016 

29-2574777 

9-494918 

857 

734449 

629422793 

29-2745023 

^9-498614 

858 

730 104 

631628712 

29 -291 0370 

9-502307 

85g 

73788I 

633839779 

29-3087018 

9-505998 

800 

739OOO 

63 605 0000 

29-3257500 

g'50()d85 

801 

741321 

638277381 

29-342S015 

9-513369 

862 

743044 

640503923 

29-3593305 

9-517051 

803 

744709 

642735O47 

2937O8016 

9-520730 

804 

740490 

644972544 

29-3933709 

9-524406 

805 

748225 

647214025 

29-4103323 

9-528079 

80'J 

7^m5'o 

04940 1896 

29-4273779 

9-531749 

80/ 

75].'08V) 

051714303 

29-4448037 

9-535417  ! 

808 

753424 

653972032 

29-4013397 

9-539031  i 

809 

755161 

656234909 

29-4783059 

9-542743  ' 

8/0 

756900 

653503000 

29-4957024 

9-546402 

8/1 

758041 

606776311 

29-5127091 

9-550058 

8/2 

700384 

663054848 

29-5296401 

9-553712 

873 

702 129 

605338017 

29-5405734 

g-557o63 

874 

763 876 

6O7627624 

29-5634910 

9-561010 

875 

7d5&15 

6O992I875 

29-5303939 

0-5(54655 

87Q 

707370 

O7222137O 

29-5972972 

9-503297 

877 

7'J9129 

674526133 

29*0141 S5S 

9-571937 

878 

770384 

67O33O152 

2'9'03 10048 

9-575574 

879 

772041 

O79151439 

29-0479325 

9-579203 

830 

774400 

6814/2000 

29-0047939 

9-532839 

831 

770 lOl 

68379/841 

29-0810442 

9-536463 

882 

777924 

68O1 2396s 

29-6984343 

9-590093 

8^3 

779-^89 

088465387 

29-7153159 

9-593716 

884 

781450 

69OSO7IO4 

29-7321375 

9-597037 

885 

7 S3 225 

693154125 

29-74S9490 

9-000954 

880 

734996 

695500456 

29 -7'05  75  21 

9  004561) 

83/ 

7SO7O9 

697S64103 

29'7325452 

9 -003181 

888 

788544 

700227072 

29-7993239 

9-611791 

889 

790321 

702595309 

29-8161030 

9' 6 15397 

890 

792100 

704969000 

29-8323078 

9-619001 

891 

793 331 

707347971 

29-8496231 

9-0220O3 

892 

795O04 

709732288 

2g-866:n}go 

9-O2O2OI 

893 

797449 

712121957 

29-3331050 

9-029797 

894 

799236 

714516934 

29'8993323 

9-033390 

895 

801025 

710917375 

29-9105506 

9  63 69 SI 

89O 

802816 

719323136 

299332591 

9-640569 

897 

804009 

721734273 

^9  94995 S3 

9-644154 

898 

800404 

7241507Q2 

29-9000431 

9-647736 

899 

808 201 

726572O99 

299333287 

9-651316 

poo 

810vX^0 

729000000 

30-0CXX)0O0 

9-654393 

lOS 


ARITHMETIC. 


Nil  nib. 

Square. 

Cube. 

Square  Root. 

Cube  Root, 

goi 

bliSOi 

73143J/01 

30  0166620 

9-653468 

902 

813004 

733870303 

300333143 

9-662040 

903 

SI 5409 

730314327 

30-0499584 

9-6C'5609 

904 

8J72IU 

y  v-»8703204 

30'GD65G23 

g-66gi76 

(J05 

81902:1 

741217025 

30-Gd32  J  79 

9-672740 

gc6 

82083d 

743677410 

30-099S33g 

9-676301 

907 

S22049 

746142643 

30- 110440/ 

g-67gsGo 

9O8 

824464 

748613312 

30-1330383 

9-683416 

909 

826281 

7-51089429 

30-1496269 

g-66Qg70 

910 

82S100 

753571000 

30-1662063 

0-690521 

911 

829921 

75 605 803 1 

30-1827705 

9-094069 

0]2 

S3i;44 

75 855052 S 

30-1093377 

9-097  01 5 

913 

833560 

761048497 

30-21583^9 

9-701153 

914 

835396 

763551944 

30-2324329 

g-7046gs 

015 

83/225 

766Q6OS75 

30-2489669 

g- 708236 

gi6 

83i)G56 

7(^S5752g6 

30-2654919 

9711772 

917 

840889 

771095213 

30-2820079 

0-715305 

91s 

842/24 

773620032 

30-2985 148 

971S835 

919 

844561 

770i5i55g 

30-3150128 

9-722363 

920 

846400 

7/8688000 

30-3315018 

9  72 5888 

921 

848241 

78 1229961 

30-3479818 

9729410 

922 

85^184 

783 77744s 

303644529 

9-732930 

923 

851929 

786330467  ■ 

30-3809151 

9-736^i48 

924 

853776 

78S8S9024 

30-3973083 

9-739903 

925 

855625 

791453125 

304138127 

9743475 

926 

8574/6 

794022776 

30-4302481 

9746935 

927 

859329 

79-J5g7gs3 

30-4466747 

9750493 

92s 

861184 

7ggi7S752 

304630924 

9753998 

929 

863041 

801765089 

30-4795013 

9  757500 

930 

864900 

8043570^30- 

30-49590:4 

9-761000 

931 

866/61 

SO695449I 

30-5122926 

9'70ug7 

932 

868024 

8O9557568 

30-5286750 

g  7(^7992 

933 

870489 

8 121 66237 

30-545O-187 

9771484 

934 

872356 

814780504 

30-5614136 

9774974 

935 

874225 

81 7400375 

30-57776J7 

9  778461 

936 

876096 

82^025856 

305941171 

9782946 

937 

877969 

822656953 

30-6104557 

9  785428 

U3S 

879844  . 

825293672 

30-6267357 

9-788908 

939 

8S1721 

827936019 

30-6431009 

9792366 

940 

883000 

830584000 

306594494 

9'795S6i 

941 

885431 

833237621 

306757233 

9  799333 

942 

887364 

835S96888 

30-69201 85 

9-802803 

943 

889249 

838561807 

30-7083051 

9-306271 

944 

801136 

811232384 

30-7245830 

9-809736 

945 

, 893025 

8439OS625 

30-7408523 

9-813198 

946 

894916 

846590536 

30-7571130 

9-816659 

947 

8968O9 

849278 123 

30-7733651 

9-820117 

948 

898704 

851971392 

307896086 

9-823572 

949 

QOOtiOl 

854670349 

30-8058436 

9-827025 

950 

902500 

857375000 

30-8220700  ' 

9-83ai75 
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Numb. 

Square. 

Cab.e. 

Scjuare  Root. 

Cube  Root. 

051 

C04-101 

800085351 

30-8382879 

9-333923 

952 

'  9063  ai 

S028O14O8 

30-8544972 

9*837309 

953 

.90320f^ 

805523  J  77 

30-8700931 

9-840812 

954 

01011(5 

80825O004 

30-8808904 

9  •844253 

G55 

912025 

8709838/5 

30-9030743 

9-84709'2 

056 

913930 

8/3 722s lO 

309192497 

9*851128 

957 

915849 

87O4O7493 

30  93 541 00 

9*854501 

958 

917704 

879217912 

309515751 

9-857992 

9^9 

919O8I 

88 1074079 

30-9077251 

9*801421 

900 

g'2\0(X> 

884736000 

30  9838008 

9-804848 

9O1 

923521 

8875O3081 

3 1  -booooa) 

9  •808272 

962 

925444 

890277128 

31-0101248 

9-871094 

963 

92/309 

803050347 

31-0322413 

9-875]  13 

964 

929290 

895841344 

31-0483494 

9-373530 

g65 

931225 

898 03 2 125 

31  0044491 

9-8SI945 

900 

933150 

9OI42SO9O 

31-0305405 

CrSS5337 

907 

93 5089 

904231003 

3roo00230 

9-88S7O7 

90s 

937024 

907039232 

31*1120984 

9-892174 

9O9 

938Q0i 

909853209 

31-1287048 

9*895580 

970 

94090-J 

912O730OO  ^ 

31-1448230 

9-898933 

971 

942841 

915498011 

31-1008729 

9-902383 

972 

9-147S4 

918330048 

31-1709145 

9-9O578I 

973 

940729 

92IIO7317 

31-1929479 

9-909177 

974 

9480/0 

924010424 

31-2039731 

9-912571 

975 

950O25 

92OS59375 

31-2249900 

9-9159O2 

970 

952570 

929714170 

31-2409937 

9-919351 

977 

954529 

932574833 

31-2569992 

9-922738 

978 

950484 

935441352 

31-2729915 

9-920122 

979 

958441 

933313739 

31-2889757 

9929504 

9S0 

9O04OO 

941192001 

31-3049517 

9-932883 

981 

9O23O1 

94^1070141 

31*3209195 

9-930201 

082 

904324 

94O9O01O8 

3 1-3508792 

0-939030 

983 

900289 

949S02OS7 

31*3528308 

9-943009 

984 

908250 

9527O3904 

31-3087743 

9040379 

985 

970225 

955671625 

31-3847097 

9-9^^9747 

980 

972190 

058585250 

31-4OO036'9 

9-9531 13 

987 

9741 O9 

90 1504803 

31*4105501 

9-Q56477 

988 

9761 'U 

90^1430272 

31-4324073 

9959Q''i9 

9S9 

978121 

967361669 

31-4483704 

990319s 

990 

980] 00 

97029900b  . 

31*4042054 

9-966554 

991 

9S2081 

973242271 

31  4801525 

9'9099O9 

992 

984O04 

97O191488 

31-4900315 

9-973202 

993 

980049 

979146657 

31-5119025 

997OO12 

99^ 

988030 

9821077 S4 

31-5277655 

9  9799^9 

995 

990025 

935074S75 

31-5430200 

9-983304 

990 

992010 

988O4793O 

31*5594077 

9-980048 

997 

994009 

991020973 

31*5753008 

9989990 

998 

99OOO4 

994011992 

31-5911380 

999332s 

999 

99  sooi 

997032999 

Sl'OOOoOlS 

9-996665 

lid  ARith]v!etic. 


Of  ratios,  proportions,  and  PROGRESSIONS: 

Numbers  are  compared  to  each  otlier  In  two  dijEFerent^ 
ways :  the  one  compariibn  coniiders  the  difference  of  the  two 
numbers,  and  is  named  Arithmetical  Relation;  and  the  dif- 
ference fometimes  the  Arithmetical  Ratio :  the  other  confi- 
ders  their  quotient,  which  is  called  Geometrical  Relation  ; 
and  the  quotient  the  Geometrical  Ratio.  So,  of  tliefe  two 
numbers  6  and  3,  the  difference,  or  arithmetical  ratio,  is 
^—3  br  3,  but  the  geometrical  ratio  is  -t  or  2. 

There  muft  be  two  numbers  to  form  a  comparifon :  the 
number  which  is  compared,  being  placed  firft,  is  called  the 
Antecedent;  and  that  to  which  it  is  compared  the  C-mfe- 
quent.  So,  in  the  two  numbers  above,  G  is  the  antecedent, 
and  3  the  confequent. 

If  two  or  more  couplets  of  numbers  have  equal  ratios,  or 
equal  differences,  the  equality  is  named  Proportion,  and  the 
terms  of  the  ratios  Proportionals.  So,  the  two  couplets,  4,  2 
and  8,  6,  are  arithmetical  proportionals,  becaufe  4—2  =  3 
—  6  =  2;  and  the  two  couplets  4,  2  and  6,  3,  are  geometri- 
cal proportionals,  becaufe  ±  =  |-  =  2,  the  fame  ratio. 

To  denote  numbers  as  being  geometrically  proportional,  a 
colon  is  fet  between  the  terms  of  each  couplet,  to  denote  their 
ratio ;  and  a  double  colon,  or  eUe  a  mark  of  equality,  between 
the  couplets  or  ratios.  So,  the  four  proportionals,  4,  2,  6,  3 
are  itt  thus,  4  :  2  .* :  6  :  3,  which  means,  that  4  is  to  2  as  6 
is  to  3 ;  or  thus,  4:2  =  6:3,  or  thus,  4  =  4,  both 
which  mean,  that  the  ratio  of  4  to  2,  is  equal  to  the  ratio 
of  6  to  3. 

Proportion  is  diflingulfhed  into  Continued  and  Difcontl- 
nued.  When  the  difference  or  ratio  of  the  confequent  of 
one  couplet  and  the  antecedent  of  the  next  couplet,  is  not  the 
fame  as  the  common  diflerence  or  ratio  of  the  couplets,  the 
proportion  is  difcontinued.  So,  4,  2,  8,  6  are  in  difcontinued 
arithmetical  proportion,  becaufe  4—2  =  8  —  6  =  2,  where- 
as 8—2  =  6  :  and  4,  2,  6,  3  are  in  difcontinued  geometrical 
proportion,  becaufe  J  =  |-  =  2,  but  |  =  3,  which  is  not 
the  fame. 

But  when  the  difference  or  ratio  of  every  two  fucceeding 
terms  is  the  fame  quantity,  the  proportion  is  laid  lo  be  Conti- 
nued, and  the  numbers  themfelves  make  a  ferics  of  Continued 

Proportionals^ 
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Proportionals,  or  a  progreffion.  So  2,  4,  6,  8  form  an  arith- 
netical  progreffioii,  becanie  4—2  =  6  —  4  ~  8  —  6  =  2,  all 
the  iaipe  corninoii  diiFerenr c  ;  and  2,  4,  S,  If)  a  geometrical 
pro^re/iioii,  ucc:iuic  ±  =  ^  s=  '^  —  2,  all  the  fame  ratio. 

Vv'hen  tiic  foliowing  terms  of  a  progreiFion  increafe,  of 
exceed  each  other,  it  is  called  an  Afce-ading  Progrefiion  or 
Series;  but  when  the  terms  decrease,  it  is  a  cjefcendrng  one. 

So,  C,  1,  2,  3,  4,  &c.  is  an  afcegding  arirhrrietica]  progrefiion, 
by*"  9,  7,  5,  3,  1,  &:c.  is  a  defcending  arithmetical  progrefnon. 
Alio  1 .  2^  4,  3,  1  6,  t<.c.  is  an  afcending  geometrical  progreihon, 
and  i6y  8>  4,  2,  1,  c>:c,  is  a  defcending  geometrical  progrefEon. 
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In  Arithmetical  Progreffion,  the  num.bers  or  terms  have  all 
the  lame  common  diS^crence. 

The  firft  and  hft  terms  of  a  Progrefnon,  are  called  the 
Extremes ;  and  the  other  terms,  lying  between  them,  the 
Means. 

The  moil  ufeful  part  of  arithmetical  proportions,  is  con- 
tained in  the  foUcvn-ig  theorems : 

Theorem  1.  If  four  quantities  be  in  arithmetical  pro- 
portion, the  fum  of  the  two  extremes  will  be  equal  to  the 
ium  of  the  two  means. 

Thus,  of  the  fo-.r  2,  4,  6,  8,  here  2-{-8  =  44-6=10. 

Theorem  2.  In  anv  continued  arithmetical  progrefiion, 
the  fum  of  the  two  extremes  is  equal  to  the  fum  of  any  t\v« 
means  that  are  eqifally  dillant  from  them,  or  equal  to  double 
ihe  middle  :e^m  when  there  is  an  uneven  number  of  terms. 

Thus,  in  the  terms  ly  3,  5,  it  is  1  -f  -^  —  3  -f-  3  =^  6. 

And  in  the  feries  2,  4,  6,  8,  10,  12,  14,  it  is  2  +  14  =  * 
-h  12  =  6  4-  10  t^  8  -f  3  =  16. 

Theorem  3.  The  difference  between  the  extrem.e  terms 
of  an  arithmetical  progrefiion,  is  equal  to  the  common  dif- 
ference of  the  feries  multiplied  by  one  lefs  than  the  number 
of  the  terms. 

So,  of  the  ten  tsrms,  2,  4,  6,  8,  10,  12,  14,  16,  18,  20,  the 
common  difference  is  2,  and  one  lefs  than  the  number  of  terms 
9  ;  then  tae. difference  of  the  extremes  is  20— 2  =  IS,  and 
2  X  9  =  1^  alfp, 

Coniequenriy, 
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Conrcqucntly,  the  greatefl  term  is  equal  to  the  leafl  term 
added  to  the  product  of  the  comraoii  dilference  multiplied  by 
1  Icl's  than  the  nuqiber  of  terms. 

Theorem  4.  The  fum  of  all  the  terms,  of  any  arithme- 
tical progreffion,  is  equal  to  the  ium  of  the  two  extremes  mul- 
tiplied by  the  number  of  terms  and  divided  by  2;  or  the  lum 
of  the  two  extremes  multiplied  by  the  number  of  the  terms, 
gives  double  the  fum  of  all  the  terms  in  the  feries. 

This  is  made  evident  by  fetting  the  terms  of  the  feries  in 

an  inverted  order,  under  the  ilime  feries  in  a  direft  order,  and 

•  adding  the  correfponding  terms  together  in  that  order.    Thus, 

in    the    feries     1,       3,       5,     7,     9,     11,     13,     15; 

ditto  inverted  M5,      13,      11,     9,     7,        5,        3,        1; 

the  fums  are  16  -\-  16+  16-1-1^^4-16  +  16  +  16  -j-  16, 
which  mufi;  be  double  the  fum  of  the  fmgle  feries,  and  is  equal 
to  the  fum  of  the  extremes  repeated  fo  often  as  are  the  num- 
ber of  the  terms. 

From  thefe  theorems  may  readily  be  found  any  one  of 
thefe  five  parts ;  the  two  extremes,  the  number  of  terms,  the 
common  difference,  and  the  lum  of  all  the  terms,  when  any 
three  of  them  are  given ;  as  in  the  following  problems : 

PROBLEM  I. 

Given  the  Extremes,  arid  the  Number  of  Terms;  to  fnd 

the  Sum  of  all  the  Terms, 

RULE. 

Add  the  extremes  together,  multiply  the  fum  by  the  num- 
ber of  terms,  and  divide  by  2. 

EXAMPLES. 

1.  The   extremes  being   3   and   19,   and   the  number  of 
terms  9  j  recjuired  the  fum  of  the  terms  ? 
19 


?, 


oo 


19  _}_  3  22 

9  2  2 
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Anf.  J^ 

2.  It  is  requi'-ed  to  fmd  the  number  of  all  the  flrokes  a 
clock  (Irikes  in  one  wliole  revolution  of  the  index,  or  in  12 
horns?  Anf.  78, 

Ex. 
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Ex.  3.  How  many  flrokes  do  the  clocks  of  Venice  flrlke 
in  the  compafs  of  the  day^  which  go  right  on  from  1  to  24 
o'clock?  Anf.  300. 

4.  What  dv'^bt  can  be  difcharged  in  a  year,  by  weekly  pay- 
ments in  arithmetical  progreflion,  the  firfl  payment  being  1^, 
and  the  laft  or  52d  payment  5l  3s?  Anf.  13-5/  4^, 


PROBLEM  II. 

Given  the  Extremes,  and  the  Number  of  Terms;   to  Jind 

the  Common  Difference, 

RULE. 

Subtract  the  lefs  extreme  from  the  greater,  and  divide 
the  remainder  by  1  lefs  than  the  number  of  terms,  for  the 
common  difference. 

EXAMPLES. 

I.  The  extremes  being  3  and  19,  and  the  number  of  terms 

9 ;  required  the  common  difference  ? 

19 

3  ^    19-3      16 

Or—--  =-   r=  2. 


8  )  16  9-1        8 

Anf^^      2 

2.  If  the  extremes  be  10  and  70,  and  the  number  of  terms 
21 ;  what  is  the  common  difference,  and  the  fum  of  the  feries  ? 

Anf.  The  com.  diff.  is  3,  and  the  fum  is  840. 

3.  A  certain  debt  can  be  difcharged  in  one  year,  by  weekly 
payments  in  arithmetical  progreflion,  the  firll:  payment  being 
Is,  and  the  lafl  5l  Zs\  what  is  the  common  difference  of  the 
terms?  Anf.  2. 

r 

PROBLEM  III. 

Given  one  of  the  Extremes,  the  Common  Difference,  and 
the  Number  of  Terms ;  to  find  the  other  Extreme,  and  the 
Sum  of  the  Series, 

RULE. 

Mu  LTiPLY  the  common  difference  by  1  lefs  than  the  num* 
ber  of  terms,  and  the  produ£l  will  be  the  difference  or  thf 
extremes :  Therefore  add  the  produdt  to  the  lefs  extreme,  to 
give  the  greater^  or  fubtradt  it  from  the  greater^  to  give  the 
lefs. 

Vol.  I.  I  EXAMPLES. 
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EXAMPLES. 
I .  Given  the  leafl  term  3,  the  common  dlfFerence  3,  of  an 
arithmetical  fcries  of  9  terms ;   to  find  the  greateft  term,  an4 
the  fum  of  the  feries, 

2 
8 

16 
3 


19  the  greatefl:  ternl 
3  tlie  leaft 


22  fum 
9  number  of  terms. 
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99  the  fum  of  the  ferle^. 

2.  If  the  greateil:  term  be  70,  the  common  difference  S, 
and  the  number  of  terms  21 ;  what  is  the  leaft  term  and  the 
fum  of  the  feries  ? 

Anf.  The  leafl:  term  is  10,  and  the  fum  is  840. 

3.  A  debt  can  be  difcharged  in  a  year,  by  paying  1  ihilhng 
the  firfi;  week,  3  fliillings  the  fecond,  and  I'o  on,  always  2 
Ihiiiings  more  every  week;  what  is  the  debt,  and  what  will 
the  laft  payment  be? 

Anf.  The  laft  payment  will  be  5^  3.?,  and  the  debt  is  135/  4s, 

PROBLEM  IV. 

To  find  an  Arithmetical  Mean  Proportional  between  TW0 

Given  Terms, 

RULE. 

Add  the  two  given  extremes  or  terms  together,  and  take 
half  their  fum  for  the  arithmetical  mean  required. 

EXAMPLE. 

To  find  an  arithmetical  mean  between  the  two  numbers  4 
and  14. 

Here                 Or       14  Or     14 

14  4  5 

4  2)  10  "^ 


2)  18  5  the  com  dif. 

Anf.      9  "^  ^^^  ^^^^  extreme. 

Hz 

So  that  9  is  the  mean  reuuired,  by  both  methods. 

PROBLEM 
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JPROBLEM  V. 

To  fold  Two  Arithmetical  Means  bei:i)een  Two  Given 

Extremes. 

RULE. 

Subtract  the  lefs  extreme  from  the  greater,  and  divide 
the  difFerence  by  3,  (o  will  the  quotient  be  the  Common  dif- 
ference; which  being  continually  added  to  the  lefs  extreme, 
er  taken  from  the  greater,  gives  the  means, 

EXAMPLE. 
To  find  two  arithmetical  nleans  between  2  and  8.    . 

Here  8 
2 


3)6         Then  2  +  2  =  4  the  one  mcan^ 
com.  dif.  2  ^^^  4  -f  2  =  6  the  other  mean. 


t>ROBLEM  Vi. 

To  find  any  Number  of  Arithmetical  Means  bettveen  Two 

Given  Terms  or  Exty^emes, 

RULE. 

Subtract  the  lefs  extreme  from  the  greater,  and  divide 
the  difFerence  by  1  more  than  the  number  of  means  required 
to  be  found,  which  will  give  the  common  difFerence;  then 
this  being  added  continually  to  the  leafl  term,  or  fubtracfted 
from  the  greateft,  will  give  the  mean  terms  required. 

EXAMPLE* 
To  find  five  arithmetical  means  between  2  and  14. 

Here  14 

2 

6)  12         Then  by  adding  this  com.  dif.  continually, 
com.  dif.  2  ^^s  means  are  found  4,  6,  8,  10,  12. 

See  more  of  Arithmetical  progreflion  In  the  Algebra. 

I  3  GEOMETRICAL 
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GEOMETRICAL  PROPORTION  and  PROGRESSION. 

In  Geometrical  Progreflion  the  numbers  or  terms  have  all 
the  fame  multiplier  or  divifor. 

The  mcft  ufeful  part  of  Geometrical  Proportion,  is  con- 
tained in  the  following  theorems. 

Theorem  1.  If  four  quantities  be  in  geometrical  pro- 
portion, the  produdl  of  the  two  extremes  will  be  equal  to  the 
produ6l  of  the  two  means. 

Thus,  in  the  four  2,  4,  3,  6,  it  is  2  x  6  =  3  x  4  =  12. 

And  hence,  if  the  produdl  of  the  two  means  be  divided  hj 
one  of  the  extremes,  the  quotient  will  give  the  other  extreme. 
So,  of  the  above  numbers,  the  produtS  of  the  means  12-^-2 
=  6  the  one  extreme,  and  12-^  6  =:  2  the  other  extreme; 
and  this  is  the  foundation  and  reafon  of  the  pradtice  in  the 
Rule  of  Three. 

Theorem  2.  In  any  continued  geometrical  progrefHon, 
the  produ6l  of  the  two  extremes  is  equal  to  the  produ6t  of 
any  tw^o  means  that  are  equally  diftant  from  them,  or  equal 
to  the  fquare  of  the  middle  term  when  there  is  an  uneven 
number  of  terms. 

Thus,  in  the  terms  2,  4,  8,  it  is  2  x  8  =  4  x  4=16. 

And  in  the  feries  2,  4,  8,  16,  32,  64,  128, 

it  is  2  X  128  =  4  x  64  =  8  X  32  =  16  X  16  =  256. 

"Theorem  3.  The  quotient  of  the  extreme  terms  of  a 
geometrical  progrefiion,  is  equal  to  the  common  ratio  of  the 
feries  raifed  to  the  power  denoted  by  1  lefs  than  the  number 
of  the  terms. 

Confequently  the  grcateft  term  is  equal  to  the  leafl  term 

multiplied  by  the  faid  quotient. 

So,  of  the  ten  terms  2,  4,  8,  16,  32,  64,  128,  256,  512, 

1024,  the  common  ratio  is  2,  one  lefs  than  the  number  of  terms 

1024 
9  ;  then  the  quotient  of  the  extremes  is  —^  =512,   and 

2''  =  5i2alfo. 

Theorem 
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Theorem  4.  The  fnm  of  all  the  terms,  of  any  geome- 
trical progreffion,  is  found  bv  adding  the  greateft  term  to  the 
difference  of  the  extremes  divided  by  1  lefs  than  the  ratio. 

So,  the  fum  of  2,  4,  8,  16,  32,  64,  128,  256,  512,  1024. 

(whofc  ratio  is  2),  is  1024H ^—=1024+1022  =  2046. 

2     1  y 

The  foregoing,  and  feveral  other  properties  of  geometrical 
proportion,  are  demonftrated  more  at  large  in  the  Algebraic 
part  of  this -work.     A  few  examples  may  here  be  added  ^ 
the  theorems,  jull  delivered,  with  fome  problems  concerning  ' 
mean  proportionals. 

EXAMPLES. 

1.  The  lead  of  ten  terms,  in  geometrical  progreffion, 
being  1,  and  the  ratio  2  ;  what  is  the  greatell:  term,  and  the 
fum  of  all  the  terms  ? 

Anf.  The  greatefl:  term  is  512,  and  the  fum  1023. 

2.  What  debt  may  be  difcharged  in  a  year,  or  1 2  months, 
by  paying  1/  the  lirft  month,  2/  the  fecond,  4/  the  third,  and 
fo  on,  each  fucceedi ng  payment  being  double  the  laft ;  and 
what  will  the  lafl  payment  be  ? 

Anf.  Tlie  debt  4095/,  and  the  lafl  payment  204S/. 


PROBLEMI. 

7V  Jind  One  Mean  Geometrical  Proportional  hetxveen  any 

Two  Numbers, 

RULE. 

Multiply  the  two  numbers  together,  and  extrafl  the 
fquare  root  of  the  produ(ft,  which  will  give  the  mean  propor- 
tional fought, 

EXAMPLE. 

To  find  a  geometrical  mean  between  the  two  numbers 
3  and  12. 

Fhifi  JFay. 
12 
3 

36  (  6  the  mean, 
36 


PROBLEM 
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PROBLEM  II. 


To  jind   Two   Geometrical  Mean  Proportioyials  between 

any  Two  Numbers. 

RULE, 

Divide  the  greater  number  by  the  Icfs,  and  extradl  the 
cube  root  of  the  quotient,  which  will  give  the  common  ratiQ 
of  the  terms.  Then  multiply  the  leaft  given  term  by  the 
ralio  for  the  firft  mean,  and  this  mean  again  by  the  ratio  f®r 
the  fecond  mean  :  or,  divide  the  greater  of  the  two-given 
terms  by  the  ratio  for  the  greater  mean,  and  divide  this  again 
bv  the  ratio  for  the  lefs  me^ln. 

EXAMPLE. 

To  find  two  geometrical  mean  proportionals  between 
3  and  24. 

Here  3  )  24  (  8  ;  Its  cube  root  2  is  the  ratio. 

Then  3x2=   6,  and    6  x  2  =  12,  the  two  means. 

Or    24-r  2  =  12,  and  12-^  2  =   6,  the  lame. 

That  isj  the  two  means  between  3  and  24,  are  6  and  12. 


PROBLEM  III. 

To  Jind  any  Number  of  Geometrical  Mean  Proportionals 

between  T^wo  Numbers, 

RULE. 

Divide  the  greater  number  by  the  lefs,  and  extra61:  fuch 
root  of  the  quotient  whole  index  is  1  more  than  the  number 
of  means  required ;  that  is,  the  2d  root  for  one  mean,  the  3d 
root  for  two  means,  the  4th  root  for  three  means,  and  fo  on ; 
and  that  root  will  be  the  common  ratio  of  all  the  terms. 
Then,  with  the  ratio  multiply  continually  from  the  firfl  term, 
or  divide  continually  fro^n  the  laft  or  greatell:  term. 

EXAMPLE. 

To  find  four  geometrical  mean  proportionals  between  3 
and  96. 

Here  3  )  96  (  32 ;  the  5th  root  of  which  is  2,  the  ratio. 
Then  3x  2  =  6,  &  6x2=  12,  &  12  x  2  =  24,  &  24  x  2  =  48. 
Pr96-i-2  =  4S,  6^  484-2  =  24,  6d  24-f-2=  12,  &  12-^2  =  6. 

That  is  6,  12,  24,  ^8,  are  ihe  four  means  between  3  and  9Q\ 

Of 
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Of  musical  PROPORTION. 

There  is  alfo  a  third  kind  of  proportion,  called  Mufical, 
which  being  but  of  little  or  no  common  ufe,  a  very  fhort  ac- 
count of  it  may  here  fuffice. 

Mufical  Proportion  is  when,  of  three  numbers,  the  firft 
has  the  fame  proportion  to  the  third,  as  the  difference  between 
the  firft  and  fecond,  hath  to  the  difference  between  the  fecond 
and  third. 

As  In  thefe  three,  6,  8,  13; 
wliere    6  :  12  :;  8-6  :  12-8, 
that  is    6  :  12  ::  2  :  4. 

When  four  numbers  are  in  mufical  proportion  ;  then  the 
firft  has  the  fame  proportion  to  the  fourth,  as  the  difference 
between  the  firft  and  fecond  hath  to  the  difference  between 
the  third  and  fourth. 

As  in  thefe,  6,  8,  12,  18  ; 

where  6  *.  18  ::  8-6  :  18-12, 
that  is  6  :  18  ::  2  :  6. 

When  numbers  are  in  mufical  progreflion,  their  recipro- 
cals are  in  arithmetical  progreflion  ;  and  the  converfe,  that 
}s,  when  numbers  are  in  arithmetical  progreflion,  their  reci- 
procals are  in  mufical  progreflion. 

So  in  thefe  muficals  6,  8,  12,  their  reciprocals  -J,  j,  -^^y 
are  in  arithmetical  progreflion ;  for  -J  4"  tt  ^^  tt  =  i » 
and  i-  +  -i  — :  |-  =:  4  ;  that  is,  the  fum  of  the  extremes  is 
equal  to  double  the  mean,  which  is  the  property  of  arithme- 
ticals. 

The  method  of  finding  out  numbers  in  mufical  propor« 
lion,  is  beft  expreffed  by  letters  in  Algebra. 


FELLOWSHIP,  OR  PARTNERSHIP. 

Fellowship  is  a  rule,  by  w^hich  any  fum  or  quantity 
may  be  divided  into  any  number  of  parts,  which  fliall  be  iu 
any  given  proportion  to  one  another. 

By  this  rule  are  adjufted  the  gains  or  lofs  or  charges  of 

parmers 
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partners  in  company ;  or  the  effects  of  bankrupts,  or 
legacies  in  cafe  of  a  deficiency  of  affets  or  eJfFedls ;  or  the 
fliares  of  prizes ;  or  the  numbers  of  men  to  form  certain  de- 
tachments ;  or  the  diviflon  of  wafle  lands  among  a  number 
of  proprietors. 

Fellowfhip  is  either  Single  or  Double.  It  is  Single,  when 
the  fhares  or  portions  are  to  be  proportional  each  to  one  lln- 
gle  given  number  only  ;  as  when  the  ftocks  of  partners  are 
all  employed  for  the  fame  time :  And  Double,  when  each 
portion  is  to  be  proportional  to  two  or  more  numbers  ;  as 
when  the  ftocks  of  partners  are  employed  for  different  times. 


SINGLE  FELLOWSHIP. 


GENERAL  RULE. 


Add  together  the  numbers  that  denote  the  proportion  of 
the  fhares.     Then  fay, 

As  the  fum  of  the  laid  proportional  numbers, 
Is  to  the  whole  fum  to  be  parted  or  divided, 
So  is  each  feveral  proportional  number, 
To  the  correfponding  fliare  or  part. 

Or,  As  the  whole  flock,  is  to  the  whole  gain  or  lofs, 
So  is  each  man's  particular  ftock, 
To  his  paf  ticuiar  fhare  of  the  gain  or  lofs. 

To  PROVE  THE  Work.  Add  all  the  fhares  or  parts  to- 
gether, and  the  fum  will  be  equal  to  the  whole 'number  to 
be  fliare^,  when  the  work  is  right. 

EXAMPLES.  ^- 

1.  To  divide  the  number  240  into  three  fuch  parts,  as 
jhall  be  in  proportion  to  each  other  as  the  three  numbers  1 , 
2,  and  3. 

Here  1  -f  2  +  3  =  6,  the  fum  of  the  numbers. 

Then,  as  6  :  240  : :  1  :  40  the  111  part, 
and  as  6  :  240  : :  2  :  80  tlie  2d  part, 
^Uo  as  6  :  240  : :  3  :    120  the  3d  part. 

Sum  of  all  240,  the  proof. 
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Ex.  2.  Three  perfons,  a,  b,  c, freighted  a  (hip  with  340tuns 
of  wine  ;  of  which,  a  loaded  1 10  tuns,  B  97,  and  c  the  reft: 
in  a  ftorm  the  feamen  were  obliged  to  throw  overboard  85 
tuns  ;  hovv  much  muft  each  perfon  fuftain  of  tlie  lofs  ? 

Here     110  +    .97  =  207  tuns,  loaded  by  A  and  B; 
theref.  340  -  207  =  133  tuns,  loaded  by  c. 


Hence,  as 

340  :  S5 

::  110 

or  as 

4  :    1  . 

: :  no  :  27^  tuns  —  a's  ofs ; 

and  as 

4  :    1  : 

: :     97  :  24^  tuns  =r  b's  lofs  ; 

alfo  as 

4  :   1  . 

: :  133  :  33^  tuns  —  c's  lofs  i 

Sum  85    tuns,  the  proof. 

3.  Two  merchants,  c  and  d,  made  a  flock  of  1  20/;  of 
which  c  contributed  75/,  and  d  the  reft:  by  trading  they 
gained  30/;  what  muft  each  have  of  it? 

Anf.  c  18/155,  and  d  11/5^. 

4.  Three  merchants,  e,  f,  g,  make  a  ftock  of  700/,  of 
which  E  contributed  123/,  F  358/,  and  g  the  reft  :  by  trading 
they  gain  125/ 10^ ;  what  muft  each  have  of  it  ? 

Anf.  E  muft  have  22/  Is  Od  2~-jq. 

F     -     -     -   64   3    8    044. 

G     -     -     -    39   5    3     1-i-. 

5.  A  General  impofing  a  contribution  *  of  700/  on  four 
villages,  to  be  paid  in  proportion  to  the  number  of  inhabitants 
contained  in  each;  the  ift  containing  250,  the  2d  350,  the 
3d  400,  and  the  4th  500  perfons  ;  what  part  muft  each  vil- 
lage pay  ?  Anf.  the  ift  to  pay  1 1 6/  1 3^  4d, 

the  2d  -  -  163  6  8 
the  3d  -  -  186  13  4 
the  4th  -     -   233      6    8 

6.  A  piece  of  ground,  confifting  of  37  ac  2  ro  14  ps,  is 
to  be  divided  among  three  perfons,  l,  m,  and  n,  in  propor- 
tion to  their  eftates  :  now  if  l's  eftate  be  worth  500/  a  year, 
m's  320/,  and  n's  75/;  what  quantity  of  land  muft  each  one 
have?  Anf.  l  muft  have  20 ac  3  ro  39|?,|.ps. 

M       -     -      13       1       30-i-W. 
N      -       -        3      0       23^fl. 

7.  A  perfon  is  indebted  to  o  57/  15^,  to  p  108/  3.?  8r/, 
to  Q^  22/  lOr/,  and  to  R  73/;  but  at  his  deceafe,  his  effeds 


*  Contribution  is  a  tax  paid  by  provinces,  towns,  villages, 
&c.  to  excule  them  from  beiiag  plundered.  It  is  paid  in  provi- 
sions ©r  in  money,  and  lometimes  in  both. 

5re 
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are  found  to  be  worth  no  more  than  170/  I4s :  how  mufl  It 
be  divided  among  his  creditors  ? 

Anf.  o  mufthave  3ll  15s  5d  2rS^-^-^^- 

p  .  -  .70  15  2  2t?oV-3V 
Q.  -  -  14  8  4  OA%V 
R     -      -      47      14  11     2^,V-3V. 

'  Ex.  8.  A  fhip,  worth  900/,  bcingentirely  loft,  of  which  -^be- 
loncred  to  s,  4  to  T,  and  the  reft  to  v  ;  what  lois  will  each 
fuftain,  luppofmg  540/  of  her  were  infured  ? 

Anf.  s  will  lofe  45/,  T  90/,  and  v  225/, 

9.  Four  perfons,  w,  x,  y,  and  z,  fpent  among  them  255", 
and  agree  that  w  ftiall  pay  -I  of  it,  x  -i,  y  4?  and  z  ^ ;  that 
is,  their  Ihares  are  to_  be  m  proportion  as  |,  -J,  -J,  and  4.* 
what  are  tlieir  ihares  ?  Anf.  w  muft  pay  9^  Sd  3^^. 


X     -      '     6     5 


Y      ^      ^     4   10     1^}. 


z      -       -     3   10     3/-J-. 

10.  A  detachment,  confifting  of  5  companies,  being  fent 
Into  a  garrifon,  in  which  the  duty  required  76  men  a  day  ; 
what  number  of  men  muft  be  furniftied  by  each  company,  in 
proportion  to  their  ftrength  ;  the  ift  confifting  of  54  men, 
the  2d  of  5  i  men,  the  3d  of  48  men,  the  4th  of  39,  and  the 
5th  of  36  men? 

Anf.  The  ift  muft  furnlftv  18,  the  2d  17,  the  3d  16,  the 
4th  13,  and  the  5th  12  men*. 


DOUBLE  FELLOWSHIP, 


Double  Fellowship,  as  has  been  faid.  Is  concerned  Iti 
cafes  in  which  the  ftocks  of  partners  arc  employed  or  conti- 
nued for  different  times. 


*  Queftions  of  this  nature  frequently  occurring  in  mih'tary 
fervice.  General  Haviland,  an  ofiicer  of  great  merit,  contrived  an 
ingenious  infirument,  for  more  expeditioufly  relolving  them  ; 
V  hlch  is  difiinguiflied  by  the  name  of  the  inventor,  being  called 
a  Haviland. 

RULE. 
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RULE*. 

Multiply  each  perfon's  ftock  by  the  time  of  Its  contU 
puance ;  then  divide  the  quantity,  as  in  Single  Fellowfhip, 
jnto  (hares  in  proportion  to  theie  produ6ls,  by  laying, 

As  the  total  fum  of  all  the  faid  produ6ts, 

Is  to  the  whole  gain  or  lofs,  or  quantity  to  be  parted, 

So  is  each  particular  produdl, 

To  the  correfpondent  fliare  of  the  gain  or  lofs, 

EXAMPLES. 

1 .  A  had  in  company  50l  for  4  months,  and  B  had  QOl  for 
5  months  ;  at  the  end  of  which  they  find  24/  gained  :  hovr 
^luft  it  be  divided  between  them  ? 

Here     50         6U 
4  5 

^  +  300  =  500 

Then,  as  500  :  24  : :  200  :     9|  =    9Z  125  =  a's  (liare, 
and  as  500  :  24  ::  300  :   14J  =  14      8    =  b's  Ihare. 

2.  c  and  d  hold  a  piece  of  ground  in  common,  for  which 
they  are  to  pay  36/.  c  put  in  23  hories  for  27  days,  and  d 
21  horfes  for  39  days  ;  hov/much  ought  each  man  to  pay  of 
the  rent?  Anf.  c  mull:  pay   15/10^66^. 

D  muft  pay  20      9    6, 

3.  Three  perfons,  e,  f,  g,  hold  a  pafture  in  common, 
for  which  they  are  to  pay  30/  per  annum  ;  into  which  e  put 
7  oxen  for  3  months,  f  put  9  oxen  for  5  months,  and  g  put 
in  4  oxen  for  1 2  months  ;  how  much  muft  each  perfon  pay 
of  the  rent  i^  Anf.  e  muft  pay     5l  lOs  6(1  ItV^* 

F       -       -    11     16    10    0/^. 
G      -        -    12    12     7    2,^. 

4.  A  {hip's  company  take  a  prize  of  1000/,  which  they 
agree  to  divide  among  them  according  to  their  pay  and  the 
time  they  have  been  on  board  :  now  the  officers  and  midihip- 
men  have  been  on  board  6  mouths,  and  the  failors  3  months ; 


*  The  proof  of  this  rule  is  as  follows  :  When  the  limes  are 
equal,  the  Ihares  of  the  gain  or  lofs  are  evidently  as  the  ftocks,  as 
in  Single  Fellowfliip  ;  and  when  the  (locks  are  equal,  the  (hares 
areas  the  times;  therefore,  vv'hen  neither  are  equal,  the  Hiaies 
mud  be  as  their  produds. 

the 
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the  officers  have  40^  a  month,  the  mldnilpmen  30^,  and  the 
failors  22s  a  month;  moreover,  there  are  4  officers,  12  mid- 
Hiipmen,  and  1 10  lailors  :  what  will  each  man's  ihare  be  ? 

Anf.  each  officer  muft  have  23/  2s  5d  0,^-^g'. 

each  midflilp.     -     -     17    6    9     3t^^. 
each  feaman     -       -       6    7     2     0~-j.. 

Ex.  5.  H,  with  a  capital  of  1 000/,  began  trade  the  firft  of  Ja- 
nuary, and,  meeting  with  fuccefs  in  bufmefs,  took  in  i  as  a 
partner,  with  a  capital  of  1500/,  on  the  firft  of  March  fol- 
lowing. Three  months  after  that  they  admit  K  as  a  third 
partner,  who  brought  into  ftock  2800/.  After  trading  toge- 
ther till  the  end  of  the  year,  they  find  there  has  been  gained 
1776/  105  ;  how  mufl  this  be  divided  among  the  partners  ? 

Anf.   H  mufl  have  457/    9s    4lfif. 

I       -      -      571    16     81. 

K     -        -      747     3   11^. 

6.  X,  Y,  and  z  made  a  joint-ftock  for  12  months;  x  at 
£r(l  put  in  20/,  and  4  months  after  20/  more  ;  y  put  in  at 
iirft  30/,  at  the  end  of  3  months  he  put  in  20/  more,  and  2 
months  after  he  put  in  40/  more  ;  z  put  in  at  firft  60/,  and 
5  months  after  he  put  in  10/  more,  1  month  after  which  he 
took  out  30/;  during  the  12  months  they  gained  50/;  how 
jnuch  of  it  muft  each  have  ? 

Anf.  X  muft  have  10/  185  Qd  3^^?. 


y       ►      -.     22      8     1     0 
z       -      -     16    13    4.     0. 
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6  i* 


SIMPLE  INTEREST. 

Interest  is  the  premium  or  fum  allowed  for  the  loan, 
or  forbearance,  of  money. 

The  money  lent,  or  forborn,  is  called  the  Principal. 

The  fum  of  the  principal  and  its  intereft,  added  together, 
is  called  the  Amount. 

Intereft  is  allowed  at  fo  much  per  cent,  per  annum  ;  which 
premium  per  cent,  per  annum,  or  intereft  of  100/  for  a  year, 
is  called  the  rate  of  Intereft  :— So, 

When 
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"When  intereil:  is  at  3  per  cent,  the  rate  is  3 ; 

-  4  per  cent.       -      -     4; 

-  5  per  cent.     -         -     5 ; 

-  6  per  cent.       -       -     6. 

But,  by  law,  intercft  ought  not  to  be  taken  higher  than  at 
the  rate  of  5  per  cent. 

Intereft  is  of  two  forts  ;  Simple  and  Compound. 

Simple  Intereft  is  that  which  is  allowed  for  the  principal 
lent  or  forborn  only,  for  the  whole  time  of  forbearance. 

As  the  intereft  of  any  fum,  for  anv  time,  is  diredtiv  propor- 
tional to  the  principal  fum,  and  alfo  to  the  time  of  continu- 
ance ;  hence  arifcs  the  following  general  rule  of  calcula- 
tion, 

GENERAL   RULE. 

As  100/  is  to  the  rate  of  intereft,  fo  is  any  given  principal 
to  its  intereft  for  one  year.     And  again, 

As  I  year  is  to  any  given  time,  fo  is  the  intereft  for  a  year, 
juft  found,  to  the  intereft  of  the  given  fum  for  tliat  time. 

Otherv/ise.  Take  the  intereft  of  1  pound  for  a  year, 
which  multiply  by  the  given  principal,  and  this  produiSl:  again 
by  the  time  of  loan  or  forbearance,  in  years  and  parts,  for  the 
intereft  of  the  propofed  fum  for  that  time. 

Note,  When  there  are  certain  parts  of  years  in  th«  time, 
as  quarters,  or  months,  or  days  ;  they  may  be  worked  for, 
cither  by  taking  the  aliquot  or  like  parts  of  the  intereft  of  a 
year,  cw^  by  the  Rule  of  Three,  in  the  ufual  way.  Alfo,  to 
divide  by  iOO,  is  done  by  only  pointing  oiY  two  figures  for 
decimals. 

EXAMPLES. 

1.  To  find  the  intereft  of  230/  lOi-,  for  I  year,  at  the  rate 
of  4  per  cent,  per  annum. 

Here,  As  100  :  4  : :  230/  10^  :  9/  4s  ^d, 

4 

100)  9,22    0  ^ 

20 


4-40 
12 


Anf.  9/  4^  Ud. 


4-' 


O    ^ 


■Htfvv*    ^,  t 


.»*Tr 
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Ex.  2.  Tcifind  the  intereft  of  547/  155,  for  3  years,  at  5  pcf 
cent,  per  annum. 

As  100  :  5  ::  547-75  : 

Or    20  :  1  ::  547-75  :   27'3375  intereflfor  1  year* 

3 

/  82-1625  ditto  for  3  yearsi 
20 

s    3-2500 
12 


d    3-00  Anf.  82/  35  3d» 

3.  To  find  the  Intereft  of  200  guineas,  for  4  years7  months 
aiid  25  days,  at  4|  per  cent,  per  annum. 

ds  /  ds 

210/  As  365  :  9-45  : :  25  :       / 

4|  or     73  :  9-45  ::     5  :    -6472 

840 ^ 

105  73)  47-25  ('6472 

9-45  intereft  for  1  yr.        345 
4  530 

37-80       ditto  4  years. 
6mo=:|  4-725     ditto  6  months. 
Jmo=:-^    -7875  ditto  1  month. 
•6472  ditto  25  days* 


/  43-9597 
20 

.s 

19-1940 

12 

d 

2-3280 
4 

9 

1-3120 

Anf.  43/  1 9s  2ld* 


4.  To  find  the  Intereft  of  450/,  for  a  year,  at  5  per  cenL 
per  annum.  Anf.  22/  105. 

5.  To  find  the  Intereft   of  715/  125  6^,  for  a  year,  at  4^ 
per  cent,  per  annum.  Anf,  32/  45  O^d* 

6.  To  find  the  intereft  of  720/,  for  3  years,  at  5  per  ccnt« 
per  annum.  Anf.  108/. 

7.  To  find  the  intereft  of  "^SSl  IBs,  for  4  years,  at  4  per 
cent,  per  annum.  Anf.  56l  185  4|fl?. 

8.  To  find  the  intereft  of  32/  5s  8d,  for  7  years,  at  4^  per 
cent,  per  annum.  Anf.  9/  125  id^ 

9.  To  find  the  intereft  of  170/,  for  l-J-  year,  at  5' per  cent, 
per  annum.  Anf.  1 2/  1 5s, 

Ex.  10. 
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"Ex.  10.  To  find  tke  Infuraiice  on  203/  15^,  for  i  of  a  year, 
4  per  cent,  per  annum.  Anf.  2l  Is  Ifd. 

11.  To  find  the  interefl  of  319/  6d,  for  5|-  years,  at  3|  per 
cent,  per  annum.  Anf.  GSl  i5s  9^d. 

12.  To  find  the  infurance  on  107/,  for  117  days,  at  4|-per 
cent,  per  annum.  Anf.  1/  12^7^;^. 

13.  To  find  the  intereft  of  17/  5s,  for  117  days,  at  ^  per 
cent,  per  annum.  Anf.  5s  3d. 

14.  To  find  the  Infurance  on  712/  6s,  for  8  months,  at 
7^  per  cent,  per  annum.  Anf.  35/  12i"  2,{d. 

Note.  The  Rules  for  Simple  Intereft,  ferve  alfo  to"  calcu- 
late Infurances,  or  tlie  Purchafe  of  Stocks,  or  any  thing  elfe 
that  is  rated  at  fo  much  per  cent. 

See  alfo  more  on  the  fubje6lof  Interefl,  with  the  algebraical 
exprefTion  and  inveftigation  of  the  rules,  at  the  end  of  the 
Algebra,  next  followinor. 


COMPOUND  INTEREST. 


Compound  Interest,  called  alfo  Interefl  upon  In- 
terefl, is  that  which  arifes  from  the  principal  and  interefl, 
taken  toofether,  as  it  becomes  due,  at  the  end  of  each  llaied 
time  of  payment. 

Although  it  be  not  lawful  to  lend  money  at  Compound 
Interefl,  yet  in  purchafing  annuities,  penfions,  or  leafcs  in  re- 
verfion,  It  is  ufual  to  allow  Compound  Interefl  to  x\\^  pur- 
chafer  for  his  ready  money. 


RULES. 


1.  Find  the  amount  of  the  given  principal,  for  the  time  of 
the  firfl  payment,  by  Simple  Interefl.  Then  conlider  this 
amount  as  a  new  principal  for  the  fecond  payment,  whole 
amount  calculate  as  before.  And  fo  on  through  all  the  pay- 
ments to  the  lafl,  always  accounting  the  lail  amount  as  a  new 
principal  for  the  next  payment.  The  reafon  of  which  is 
evident  from  the  definition  of  Compound  In te reft.      Or  elfe, 

2.  Find  the  amount  of  1  pound  for  the  time  of  the  firfl 
payment,  and  raife  or  involve  it  to  the  power  whofe  index 
is  denoted  by  tlie  number  of  payments.  Then  that  power 
jnultiplied  by  the  given  principal,  will  produce  the  whole 

amount. 
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amount.  From  which  the  faid  principal  being  fubtra6led, 
leaves  the  Compound  Intereft  of  the  fame.  As  is  evident 
from  the  firfl  Rule. 

EXAMPLES. 

I.  To  find  the  amount  of  120/,  for  4  years,  at  5  per  cent, 
per  annum. 

Here  5  is  the  20th  part  of  100,  and  the  interefl  of  iZ  for  a 
year  is  ^V  or  -05,  and  its  amount  1'05.     Therefore, 

1.  By  tht  \ji  Rule.  2.  By  the  id  Rule. 

I       s     d  '  1-05  amount  of  !/• 

20)720     0     0      Ift  yr's  princip.  1*05 

36  0     0     1ft  yr's  intereft.         ■ 

--.^ 1-1025  2d  power  of  it, 

20)756     0     0     2d  yr's  princip.  1-1025  ditto. 

37  16     0     2d  yr's  intereft. 

' .  1-21550625  4thpow,ofit. 

20)793   16     0     3d  yr's  princip.  720 

39   13     91  3d  yr's  intereft. 

^  ^875*1645 

20)  833     9     9~  4th  yr's  princip.  20 

41    13     5|  4th  yr's  intereft.        . 

^  3-2900 

^875     3     3:^  the  whole  amo*.  12 

I         or  anf.  required. 

d  3-4800 


2.  To  find  the  amount  of  50/,  in  5  years,  at  5  per  cent, 
per  annum,  compound  intereft.  Anf.  63/.  16.^  3^</. 

S.  To  find  the  amount  of  50/,  in  5  years,  or  10  half- 
years,  at  5  per  cent,  per  annum,  compound  intereft,  the  in- 
tereft payable  half-yearly.  '     Anf.  64/0^  id. 

4.  To  find  the  amount  of  50/,  in  5  years,  or  20  quarters, 
at  5  per  cent,  per  annum,  compound  intereft,  the  intereft 
payable  quarterly.  Anf.  64/  2^  0\d. 

5.  To'find  the  com.pound  intereft  of  370/,  furborn  for  6 
years,  at  4  per  cent,  per  annum.  Anf.  98/  35  4-^d. 

6.  To  find  the  compound  intereft  of  410/,  forborn  for  2-^ 
years,  at  4^;  per  cent,  per  annum,  the  intereft  payable  half- 
yearly.  Anf.  48/45  11  \d, 

7.  To  find  the  amount,  at  compound  intereft,  of  217/, 
forborn  for  2^  years,  at  5  per  cent,  per  annum,  the  intereft 
payable  quarterly.  Anf.  242/  135  44i/. 

Note.  See  the  Rules  for  Compound  Intereft  algebraically 
inveftigated,  at  the  end  of  the  Algebra. 

ALLIGATIOK. 
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ALLIGATION* 

Alligation  teaches  how  to  compound  or  mix  together 
feveral  limples  of  different  qualities,  fo  that  the  compolirion' 
may  be  of  fome  intermediate  quahtv,  or  rate.  It  is  com- 
monly diftingulfhed  into  two  cafes,  Alh'gati'on  Medial,  aiid 
Alhgation  Alternate. 


ALLIGATION  MEDIAL. 

Alligation  Medial  is  the  method  of  finding  the  rate  ' 
©r -quality  of  the  cortipofitiori,  from  having  the  quantities 
and  rates  or  qualitieii  cf  the  feveral  fimples  given. 

\  RULE*. 

Multiply  the  quantity  of  each  Ingredient  by  Its  rate  or 
quality ;  then  add  all  the  products  together,  and  add  alfo  all 

■■      i  ■     I  .  .1 ..      ■ -  ■  I  —  ■ ..  I. .  ■ 

V 

*  Demo7iflration,     The  Rale  is  thus  proved  by  Algebra. 
Let  a,  i,  c  be  the  quantities  of  the  ingredients, 
and  77/,  71,  p  their  rates,  or  qualities,  or  prices; 
then  ayn,  bn,  cp  are  iheir  feveral  values, 
and  a77i  -f-  hn  -j-  cp  the  lum  of  their  values, 
alio  a  -\-  b  -^  c  h  the  fum  of  the  quantitieSj 
and  if  r  denote  the  rate  of  the  whole  compofitioh, 

then  a  -\-  h  -\-c  X  r  will  be  the  value  oi"  the  whole, 

confeq.  a  -\-  b  -{-  c  X  r=  aTii  +  bn  -\-  cp, 

and  r  =:^  a7n  -\-  b/c  -\-  cp  ~~  a  -\-  b  -\-  c,  wliich  is  the  Rule. 

Note,  If  an  ounce  or  any  other  quantity  of  pure  gold  be  reduced 
into  24  equ)l  parts,  thefe  parts  are  called  C?ra6ts;  hvii  gold  isofterx 
mixed  with  fome  bafe  metal,  v/hich  is  called  the  Alloy,  and  the 
mixture  is  faid  to  be  of  lo  many  caraCls  [\n^y  according  to  tho 
proportion  of  pure  gold  contained  in  it ;  thus,  if  22  caracls  of 
pure  gold,  and  2  of  alloy  be  mixed  together^  it  is  faid  to  be  22 
caracls  fine. 

If  any  one  of  the  fimples  be  of  little  or  no  value  with  refpc*^  (o 
the  reft,  its  rate  is  fuppofed  to  he  nothing ;  as  water  mixed  w.th 
wine,  and  alloy  with  gold  and  filver. 

Vol,  L  K  the 
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the  quantities  together  into  another  fum :  then  divide  the 
former  fum  by  the  latter,  that  is,  the  fum  of  the  produ6ls  by 
the  fum  of  the  quantities,  and  the  quotient  will  be  the  rate 
or  quality  of  the  compofition  required. 

EXAMPLES. 

1.  i£  three  forts  of  gunpowder  be  mixed  together,  .viz, 
50lb  at  12fl5  a  pound,  44lb  at  9d,  and  26lb  at  Sd  a  pound;, 
how  much  a  pound  is  the  compofition  worth  ? 

Here  50,  44,  26  are  the  quantities, 
and     12,    9,    8  the  rates  or  qualities ; 
then    50  X   12  =  600 

44  X     9  =  396 

26  X     8  =  208 


120)  1204  (10t|^='10-3V 

Anf.  The  rate  or  price  is  lO-^d  the  pound. 

2.  A  compofition  being  made  of  5lb  of  tea  at*75  per  Ih, 
?lb  at  8^  6d  per  lb,  and  14iib  at  5s  \0d  per  lb  ;  what  is  a 
lb  of  it  worth  ?  Anf  65  10^^. 

3.  Mixed  4  gallons  of  wine  at  45  \0d  per  gall,  with  7  gaU 
Ions  at  5s  3d  per  gall,  and  9|  gallons  at  55  8^  per  gall; 
what  is  a  gallon  of  this  compofition  worth  ?         Anf.  5s  4^d» 

4.  A  meaiman  would  mix  3  bufhels  of  flour  at^35  5d 
per  buOiel,  4  buftiels  at  5s  6d  per  bufhel,  and  5  bufhels  at 
45  Sd  per  bufhel:  what  is  the  worth  of  a  bufhel  of  this 
mixture  ?  Anf  45  l^d. 

5.  A  farmer  mixes  20  buHiels  of  wheat  at  5s  the  bufheJ, 
with  36  bufhels  of  rve  at  35  the  bufhel,  and  40  bufhels  of 
barley  at  25  per  buihel :  how  much  is  a  builiel  of  the  mixture 
wortfi  ?  Anf.  35. 

6.  Having  melted  together  7  oz  of  gold  of  22  cara6ls  fine* 
12|oz  of  21  Caracas  fine,  and  17  oz  of  19  cara(5i:s  fine:  I 
would  know  the  fi.nenefs  of  the  compofition  ? 

Anf  20  j^  cara6ls  fine. 

7.  Of  what  finenefs  Is  that  compofition,  which  is  made  by 
mixing  3lb  of  filver  of  9  oz  fine,  with  5lb  8oz  of  lOoz  fine, 
and  lib  iOoz  of  alloy.  Anf.  7|4-o^  ^'^^ 


ALXIGATION 


L     13      ] 


ALLIGATION  ALTERNATE. 

Alligation  Alternate  is  the  method  of  finding  what 
quantity  of  any  number  of  fimples,  whofe  rates  are  given, 
will  compofe  a  mixture  of  a  given  rate.  So  that  it  is  the  re- 
vcrfe  of  Alligation  iViedial,  and  may  be  proved  by  it. 

RULE   I  *. 

1.  Set  the  rates  of  the  fimples  in  a  column  under  each 
other. 

2.  Connect,  or  link  with  a  continued  line,  the  rate  of 
each  fimple,  which  is  lefs  than  that  of  the  compound,  with 
one,  or  any  number,  of  thofe  that  are  greater  than  the  corn- 
pound  ;  and  each  greater  rate  with  one  or  any  number  of  the 
lefs. 

3.  Write  the  difference  between  the  mixture  rate,  ind  that 
of  each  of  the  fimples,  oppofite  the  rate  with  which  they 
are  linked. 

4.  Then  if  only  one  difference  fl:and  againft  anv  rate,  it 
will  be  the  quantity  belonging  to  that  rate  j  but  if  there  be 
feveral,  their  fum  will  be  the  quantity. 


*  Dcmoyi/i.  By  connecling  the  lefs  rate  to  the  greater,  and 
placing  the  difference  between  them  and  the  rate  alternately,  the 
quantities  refalting  are  fuch,  that  there  is  precifely  as  much 
gained  by  one  quantity  as  is  lofl:  by  the  other,  and  therefore  the 
gain  and  lofs  upon  the  whole  is  equal,  and  is  exactly  the  propofed 
rate  :  and  the  fame  will  be  true  of  any  other  two  fimples  managed 
according  to  the  Rule. 

In  like  manner,  let  the  number  of  fimples  be  what  they  will, 
and  with  how  many  fbever  every  one  is  linked,  fince  it  is  always 
a  lefs  with  a  greater  than  the  mean  price,  there  will  be  an  equal 
balance  of  lofs  and  gain  between  every  two,  and  confequently  an 
equal  balance  on  the  whole,      q,.  e.  u. 

It  is  obvious,  from  the  Rule,  that  queflions  of  this  fort  admit  of 
a  great  variety  of  anfwers ;  for,  having  found  one  anlwer,  we  may 
find  as  many  more  as  we  pleafe,  by  only  multiplying  or  dividing 
eacii  of  the  quantities  found,  bv  2,' or  3/ or  4,  &:c. :  the  reafon  of 
which  is  evident ;  for,  if  two  quantities,  of  two  fimples,  make  a 
balance  of  lofs  and  gain,  with  refpecl  to  the  mean  price,  fo  mufl 
alfo  the  double  or  treble,  the  ^  or  \  part,  or  any  other  ratio  of  thefe 
quantities,  and  fo  on  ad  infinitum. 

Thefe  kinds  of  queftions  are  called  bv  algebraifls  indeferminnts 
or  unlimited  problems  ,•  and  by  an  analytical  procefs,  theorems  may 
be  raifed  that  will  give  all  the  poJfihU  anfwers. 

K  2  XXAMPLES 
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EXAMPLES. 

1.  A  merchant  wouW  mix  wines  at  17^,  18^,  and  225  per 
gallon,  fo  as  that  the  mixture  may  be  worth  20s  the  gallon  : 
what  (quantity  of  each  muu  be  taken  ? 

rn^    2  at  175 
Here  20  j  18x    j   o  ^t  iSs 

'^22-^    3+2  =  5at225. 
Anf.  2  gallons  at  17^,  2  gallons  at  18.?,  and  5  at  225. 

2.  How  much  wine  at  6s  per  gallon,  and  at  4^  per  gallon, 
mufl  be  mixed  together,  that  the  compolition  may  be  worth 
6s  per  gallon?  Anf.  1  qt,  or  i  gall,  <Scc. 

3.  How  much  corn  at  2s  6dt  2>s  Sd,  45,  and  45  Sd  per 
*bufhel,  mufl  be  mixed  together,  that  the  compound  may  b« 

worth  35  10^/  per  bufhei  r 

Anf.  12  at  25  6d,  12  at  35  Sd,  18  at  45,  and  18  at  45  Sd, 

4.  A  goldfmith  has  gold  of  17,  18,  22,  and  24  catadts  fine  : 
how  much  muft  he  take  of  each,  to  make  it  21  cara61:s  £ne  ? 

Anf.  4  of  17,  4  of  18,  7  of  22,  and  7  of  24. 

5.  It  is  required  to  mix  brandy  at  85,  wine  at  75,  cyder 
at  l5,  and  water  at  0  per  gallon  together,  fo  that  the  mixture 
may  be  worth  5s  per  gallon  ? 

Anf.  9  gals  of  brandy,  9  of  wine,  5  of  cyder,  and  5  of  watcr.^ 

6.  How  much  fugar  at  4d,  at  6d,  and  at  1  Irf  per  lb,  muft 
be  mixed  together,  fo  that  the  compofition  formed  by  them 
may  be  worth  Id  per  lb  ? 

Anf.  1  lb,  or  1  llone,  or  1  cwt,  or  any  other  equal  quantity 
of  each  fort. 

RULE  II. 

When  the  whole  compofition  is  limited  to  a  certain 
quantity  : 

Find  an  anfwer  as  before  by  linking  ;  then  fay,  as  the  fum 
of  the  quantities,  or  dilFerenees  thus  determined,  is  to  the; 
given  quantity  ;  fo  is  each  ingredient,  found  by  linking,  to 
the  required  quantity  of  each. 

EXAMPLES, 

1.  How  much  gold  of  15,  17,  18  and  22  cara6ls  fine,  mufl: 
be  mixed  together,  to  ferm  a  compofition  of  40  oz  of  20  ca- 
radl«  fine  ? 

H«re 
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-      g 

Here  20  J  IS^  \\-         -         -     % 


5  +  3  +  2  =  10 
Then,  16 

as    16  :  40  ::   2   :   5 

and  16    :    40   ::    10   :    25 
Anf.  .5  07.  of  15,  n,  and  18  carats  fine,  and  25  oz  of  22  ca- 
ra6ts  fine  *.  " 

Ex.  2.  A  grocer  has  currants  at  Ad,  6(1,  9  J,  and  1  k/  per  lb. 

and  he  would  make  a  mixture  of  240lb,  fo  that  it  might  bs 

aiForded  at  Sd  per  lb  ;    how  much  of  each  fort  muft  he  take  ? 

Anf.  72lb  at  4c/,  24  at  6d,  48  at  9d,  and  96  at  lie/. 


*  A  o;reat  number  of  quefhons  mi^ht  bt-  here  given  relating  to 
the  fpecific  gravities  of  mctais,  &:c.  but  one  of  the  raoft  curious 
may  here  lutiice. 

HIero,  king  of  Syracufe,  gave  orders  for  a  crown  to  be  made 
entirely  of  pure  gold  ;  but  fufpecling  the  workman  had  debafed 
it  by  mixing  it  with  filver  or  copper,  he  recommended  the  di(- 
covery  of  the  fraud  to  the  famous  Archimedes,  anddeliredlo 
know  the  exad  quantity  of  alloy  in  the  crown. 

Archimedes,  in  order  to  detect  the  impofition,  procured  tvvo» 
other  mafles,  the  one  of  pure  gold,  the  other  of  filvcr  or  copper, 
and  each  of  the  fame  weight  with  the  former;  and  by  putting 
each  feparately  into  a  veflel  full  oi'  water,  the  quantity  of  water 
expelled  by  them  determined  their  fpecific  gravities  ;  from  which, 
and  their  given  weights,  the  exact  quantities  of  gold  and  alloy  in 
the  crown  may  be  determined. 

Suppofe  the  weight  of  each  crown  to  be  lOlb,  and  that  tho 
water  expelled  by  the  copper  or  filver  was  92lb,  by  the  gold  32lb, 
and  by  the  compound  crown  64lb  ;  what  will  be  the  quantities  of 
golci  and  alloy  in  the  crown  ? 

The  rates  of  the  iimples  are  92  and  52,  and  of  the  compound 
64-;   therefore 

I  &2-^12  of  copper 
I  52_>28ofgold 
And  the  fum  of  tliefe  is  1'2  +  28  =  40,  which  fliould  havebecft 
^ut  10;   therefore  by  the  Rule, 

40  :   10  :  :   12  :  3lb  of  copper  7  ,,         r 
^0  ,  10:.:  28  ;.  7 lb  of  gold,    j  ^^^^  ^^^^'^^^ 
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RULE   III  *". 

When  one  of  the  ingredients  is  limited  to  a  certain  quan-* 
tity ;  Take  the  difference  between  each  price,  and  the  meai^ 
rate  as  before  ;    then  fay, 

As  the  difference  of  that  fimple,  whofe  quantity  is  given, 
is  to  the  reft  of  the  differences  feverally  ;  fo  is  the  quantity 
given,  to  the  feveral  (quantities  required. 

EXAMPLES. 

1 .  IIow  rnuch  t^-ine  at  5Sy  at  5s  6d,  and  6s  the  gallon, 
muff  he  mixed  with  3  gallons  at  4^  per  gallon,  fo  that  the 
niixturp  may  be  worth  5s  4(1  per  gallon? 

8  +  2  =  10 

8  +  2=10 

16  +  4  =  20 

1(3 -f- 4  =  20 
3:3 

3  :  6 
-.3:6  ■ 

Anf.  3  gallons  at  5s,  6  at  5s  6<f,  and  6  at  ^j". 

2.  A  grocer  would  mix  teas  at  12^,  10^,  and  6s  per  lb, 
with  20lb  at  4^  per  lb  :  how  much  of  each  fort  murt  he  take 
to  make  the  compofjtion  worth  8^  per  lb  ? 

Anf.  20lb  at  4^,  lOjb  at  6s,  lOlb  at  10^,  and  20lb  at  12^.' 

3.  How  much  gold  of  15,  of  17,  and  of  22  cara6ls  fine, 
muft  be  mixed  with  5  oz  of  18  carafts  line,  fo  that  the  com- 
poiition  may  be  20  cara(9:s  fine  ? 

Anf.  5  oz  of  15  cara(Sls  fine,  3  oz  of  17,  and  25  of  22, 


*  In  the  very  fame  manner  quefhons  may  be  wrought  when  fe- 
veral of  the  ingredients  are  limjted  to  certain  quantities,  by  finding 
firll  for  one  limif,  and  then  for  another. 

The  two  laft  Rules  can  want  no  demonftration,  as  (liey  evidently 
refult  from  thp  firll,  the  reaibn  of  which  has  been  already  e.^ 


Position. 
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POSITION, 

Position  is  a  method  of  performing  certain  qtieftions, 
which  cannot  be  refolved  by  the  common  direct  rules.  It  is 
fometimes  called  Falfe  Pofition,  or  Falfe  Suppofition,  becaufe 
it  makes  a  fuppofition  of  falfe  numbers,  to  work  with  the 
fame  as  if  they  were  the  true  ones,  and  by  their  means  dif- 
covers  the  true  numbers  fought.  It  is  fometimes  alfo  called 
Trial-and-Error,  becaufe  it  proceeds  by  trials  of  falfe  num- 
bers, and  thence  finds  out  the  true  ones  by  a  cgmparifon  of 
the  errors, 

Pofuion  is  either  Single  or  Double. 


SINGLE  POSITION, 

Single  Position  is  that  by  which  a  queftion  is  refolved 
by  means  of  one  fuppofition  only. 

Queftions  which  have  their  refult  proportional  to  their 
fuppofitions,  belong  to  Single  Pofition  :  fuch  as  thofe  which 
require  the  multiplication  or  divifion  of  the  number  fought 
by  any  propofed  number  ;  or  when  it  is  to  be  increafed  or  di- 
minifhed  by  itfelf,  or  any  parts  of  itfelf,  a  certain  propofed 
number  of  times, 

RULE. 

Take  or  aflume  any  number  for  that  which  is  required, 
and  perform  the  fame  operations  with  it,  as  are  defcribed  ot 
performed  in  the  queflion. 

Then  fay,  As  the  refult  of  the  faid  operation,  is  to  the 
pofition,  or  number  affumed  ;  io  is  the  refult  in  the  queftionj 
to  a  fourth  term,  which  will  be  the  number  fought  *. 


*  The  reafon  of  this  Rule  is  evident,  becaufe  it  isfuppofed  that 
the  refults  are  proportional  to  tlie  fuppofitions. 

Thus,  nx  :  X  :  i  7ia  X  a, 

X  a 

or  —  :  a;  i :  —  :  a, 

71  71 

or      ±  — ,  &c  ;  a  : :  —  i  — ,  &c  :  a, 
^        m  n        m 

and  fo  on. 

EXAMPLES* 
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EiXAMPLES. 

,    1 .  A  perfon  after  fpending  4-  and  ~  of  his  money,  has  yet 
ff^rnainiiig  60/;   Vs^hat  had  he  -at  tirfl  ? 

Suppofe  he  had  at  iiift  130/.  Proof. 

Mow  J  of  1  20  is  40  4-  of  144  is     48 

J  of  it  Is       30  I  of  144  Is     36 


/" 


their  fum  Is     70  their  fum     84 

^hlch  taken  from   120  laken  from   1 44 


leaves     50  leaves     60  ^s 

per  queflion. 
Then,  50   :    120   ::    60   :    144,  the  Anfwcr. 

2.  What  number  is  that,  which  being  multipHedby  7,  and 
the  prodii6t  divided  by  6,  the  quotient  may  be  14  ?       Anf,  12. 

3.  What  number  is  that,  which  being  increafed  by  i-,  j, 
and  -i;,  of  itielf,  the  fum  ihail  be  125  ?  Anf.  60. 

4.  A  general,  after  fending  out  a  foraging  ^  ^mcl  -i  of  his 
meri,^  had  yet  remaining  700 :  what  number  had  he  in  com- 
mand ?  Anf.   4200. 

6.  A  gentleman  diftributed  78  pence  among  a  number  of 
poor  people,  confiding  of  men,  women,  and  children  ;  to 
each  man  he  gave  6r/,. to  each  woman  4d,  and  to  each  chil^ 
2d :  moreover  tliere  were  twice  as  many  women  as  men,  and 
thrice  afi  many  children  as  women.  How  many  were  there 
of  each?  Anf.   3  men,  6  women,  and  18  children. 

6.  One  being  afked  his  age,  faid,  if  -j-  <^f  the  years  I  have 
lived,  be  multiplied  by  7,  and  4  <'>f  them  be  added  to  the 
product,  the  fum  will  be  292.  WTiat  was  his  age  ? 

Anf,  60  years 


DOUBLE  POSITION. 

Double  Position  Is  the  method  of  refolving  certain 
queftions  by  means  ot  two  luppofitions  of  falfe  numbers. 

I'o  tlie  Double  Kule  of  Poiition  belong  luch  queftions  as 
have  their  refuks  not  proportional  to  then-  politions  :  luch  are 
titofc,  in  which  the  numbers  fought,  or  their  parts  or  their 
multiples,  are  ipcrcafed  or  diminished  by  fome  given  abiolute 
number,  which  i$  no -known  part  oi  tht:.  nui;iber  fought. 

KUJU£t 
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RULE*. 

Take  or  affume  any  two  convenient  numbers,  and  proceed 
with  each  of  them  feparatelv,  according  to  the  conditions  of 
the  queftion,  as  in  Single  Pofition  ;  and  find  how  much  each 
refult  is  different  from  the  refuk  mentioned  in  the  queftion, 
calling  thefe  differences  the  errors,  noting  alfo  whether  th« 
refults  are  too  great  or  too  little. 

Tlien  multiply  each  of  the  faid  errors  by  the  contrary  fup- 
pofition,  namely,  the  firft  pofition  by  the  fecond  error,  and 
tiie  fecond  pofition  by  the  firft  error.     Then, 

If  the  errors  are  alike,  divide  the  difference  of  the  produ6ls 
by  the  difference  of  the  errors,  and  the  quotient  will  be  the 
anfwer. 

But  if  the  errors  arc  unlike,  divide  the  fum  of  the  products 
by  the  fum  of  tlie  errors,  for  the  anfwer. 

Kotc\  The  errors  are  faid  to  be  alike,  when  they  are  either 
both  too  greater  both  too  little  ;  and  unlike,  when  one  is  tQQ 
great  and  the  other  too  little. 

*  Demoujlr.  Ti)e  Rule  is  founded  on  this  luppofi'ion,  luiiiiely, 
that  the  firii:  error  is  to  the  fecond,  as  the  difference  between  the 
true  and  firlf  fuppofed  number,  is  (o  the  differer.ce  betv\ecn  tiie*rue 
^pd  Second  fuppofed  number;  ^^  hen  th:it  is  not  the  cafe,jlie  ex<^cl 
anfwer  to  the  queffion  cannot  be  found  by  this  Rule. — Tirat  the 
Rule  is  true,  according  to  that  fuppoiillon,  may  be  tluis  proved. 

Let  a  and  b  be  the  two  fuppofitions,  and  a  and  b  thrir  r»iiiifs', 
produced  by  fimilar  operations;  alio  /•  and  s  their  errors^  or  the 
differences  between  the  refuhs  a  and  b  from  the  (rue  rduh  n  ; 
andlet  x  denote  the  number  fought>  anfwering  to  the  true  rcfuit 
N  of  the  queition. 

Then  is  N  — A  =  r,  and  N-^a  =  jt.     And,   according    to    the 

fuppohtion  oiT  whicii  (he  Rule  is  iounded,  r  :  s   \\   x—-a   :   x  —  b; 

hence,   by  multiplying  extremes  anti  means,   rx  —  j-b  =z  sx  ~  sa  ^ 

tiien,    by     iranlpofilion,    rx  —  ix  =  }b~sa;      and,     by     duilion, 

rb  —  .vj 

•V  = • — =:  the  number  fouijht,  which  is  tlie  Rule  when  (he  re- 

;■  —  y 

iults  are  both  too  little. 

If  the  rehilts  be  both  too  great,  fo  that  a  and  p  are  both  grealer 
than  N  ;   then  x  —  a  =r  —  r,  and  :i  —  u  z=:  —  s,  or  r  apd  s  aie  both 
negative;  hence  ~  r  :  —s   :  :  x  —  a  :  x~b,  but  — r  :    ~s  :  :   -\-  r 
:    -\- s,  (hercfore  r  '.  s  :  :  x-a   :  x  —  b,  and  (he  rell  will  be  ex-' 
a(Stly  as  in  (lie  former  cafe. 

iiut  if  one  refult  a  only  be  too  little,  and  the  other  b  (oc)  great, 
or  one  error  r  })(i(hive,  and  the  others  negative,  then  the  thcoivni 
,  rb  -I-  sa 

Pec(aiies  x  = — ™  which  \i  the  Rule  in  this  cafe,  or  when  tlie 

r  i-s 

errors  ar<?  unlike. 

EXAMPLES. 
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EXAMPLES. 

1.  What  nlimber  is  that,  which  being'  multiplied  by  6^ 
the  produdl  increafed  by  18,  and  the  fum  divided  by  9,  the 
(Quotient  ihall  be  20  ? 

3uppofe  the  two  numbers  1 8  and  30.     Then, ' 

Firft  Pofition.  Second  Pofition,  Proof. 

18     Suppofe  30  27 

6     mult.  6  6 


108 

180 

162 

18 

add 

18 

18 

9)    126 

div.                9) 

198 

5)    180 

14 

rcfults 

22 

20 

20 

true  ref. 

20 

J. 

+  6 

errors  unlike 

-2 

2d  pof.      30 

rniiit.  ' 

18 

Ift 

pof. 

Er-/2     180 

36 

* 

rors)6       36 

•mi 

"    ■" 

fum  8}  216 

furn  of  produces 

27     Anfwer  fought. 


RULE   II. 

Find,  by  trial,  two  numbers,  as  near  the  true  nu  Caber  as 
convenient,  and  operate  with  them  as  in  the  queftion  r^,  mark- 
ing the  errors  which  arife  from  each  o{  them. 

Multiply  the  difference  of  the  two  numbers  aiTiimed,  or 
found  by  trial,  by  the  leaft  erroi",  and  divide  the  pr®du6i:  by 
the  difference  of  the  errors,  when  they  are  alike,  bul  by  their 
'fum  when  they  are  unlike. 

Add  the  quotient,  laft  found,  to  the  number  belonging  to 
the  leaft  error,  when  that  number  is  too  little,  but  fubtradl 
it  when  too  great,  and  the  refult  will  give  the  true  quantity 
fought  **. 

EXAMPLES. 

1.  So,  the  foregoing  example  worked  by  this  2d  rule, 
will  be  as  follows : 

30  pofitions   1 8  ;  their  dif.     1 2 

—  2  errors   -{-    6 ;  leaft  error     2 

fum  of  errors  8)  24   (3  fubtr* 
from  the  pofition  30 

leaves  the  anfwer  27 


■*tv 


*  For  fince,  by  the  fuppofition,  r  :  s  :  :  x~a  i  x—b,  there- 
fere  by  divilion,  r— ^  :  f  : ;  b—a  ;  x—b)  which  is  the  1^1  Kule^ 
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Ex.  2.  A  fon  afking  his  father  how  old  he  was,  received 
this  aiifwer :  Your  age  is  now  one-fourth  of  mine ;  but  5 
years  ago,  your  age  was  only  one-fifth  of  mine.  What  thea 
are  their  two  ages  ?  Anf.  20  and  80, 

3.  A  workman  was  hired  for  30  days,  at  2s  6d  per  day, 
for  every  day  he  worked  ;  but  with  this  condition,  that  for 
every  day  he  played,  he  fliould  forfeit  1^.  Now  it  fo  hap- 
pened, that  upon  the  whole  he  had  2/  I4s  to  receive.  How 
many  of  the  days  did  he  work  ?  Anf,  24. 

4.  A  and  B  began  to  play  together  with  equal  fums  of 
money:  a  £rfl:  won  20  guineas,  but  afterwards  loft  back  -J. 
of  what  he  then  had  ;  after  which,  B  had  4  times  as  much  as 
A.     What  fum  did  each  begin  with?  Anf.  100  guineas,. 

5.  Two  perfons,  A  and  b,  have  both  the  fame  income, 
A  faves -^  of  his  ;  but  B,  by  fpending  50/  per  annum  more 
<than  A,  at  the  end  of  4  years  finds  himfelf  100/  in  debt. 
What  doth  each  receive  and  fpend  per  annum  ? 

Anf.  They  receive  125/  per  annum;  alfo  a  fpends  100/, 
and  B  fpends  150/ per  annum. 


PERMUTATIONS  and  COMBINATIONS. 

Permutation  is  the  altering,  changing,  or  varying  the 
pofition  or  order  of  things ;  or  the  iliewmg  how  many  aiif'e- 
rent  ways^  they  may  be  placed. —  I  his  is  otherwife  called 
Alternation,  Changes,  or  Variation  ;  and  the  only  thing  to 
be  regarded  here,  is  the  order  they  ftand  in  ;  for  no  two  par- 
cels are  to  have  all  their  quantities  placed  in  the  fame  fitua- 
tion :  as,  how  many  changes  may  be  rung  on  a  number  of 
bells,  or  how  many  different  ways  any  number  of  perfons 
may  be  placed,  or  how  many  feveral  variations  may  be  made 
of  any  number  of  letters,  or  any  other  things  propofed  to  be 
varied. 

Combination  Is  the  fhewing  how  often  a  lefs  number  of 
things  can  be  taken  out  of  a  greater,  and  combined  together, 
without  confidering  their  places,  or  the  order  they  ftand  in. 
T'his  is  fometimes  called  Eledlion  or  Choice  ;  and  here  every 
parcel  muft  be  different  from  all  the  reft,  and  no  two  are  to 
have  precifely  the  fame  quantities  or  things. 

Combinations  of  the  fame  Form,  are  thofe  in  which  there 
are  the  fame  number  of  quantities,  and  the  fame  repetitions  : 
ihus^aabc,  bbcd,  cede,  are  of  die  fame  form  3  aabc,  abbby  aabby 
are  of  different  forms, 

Covipojition 
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Compofitun  of  Qitantities,  is  the  taking  a  given  number  of 
quantities,  out  of  as  many  equal  rows  of  different  quantities, 
one  out  of  every  row,  and  combining  them  together. 

Some  illuftrations  of  thefe  definitions  are  in  the  foilowiiig 
Problems : 

PROBLEM   I. 

To  affif^n  the  Number  of  Permutations,  or  Changes^  thai 
can  he  made  of  any  Given  Number  of  Things^  all  diffe- 
rent from  each  other. 

RULE*. 

Multiply  all  the  terms  of  the  natural  feries  of  numbers^ 
from  1  up  to  the  given  number,  continually  together,  and  the 
lafl  product  will  be  the  anfwer  required. 

EXAMPLES. 

1.  How  manv  changes  mav  be  ruiig  on  6  bells  ? 

1.     '  . 

2 
o 

^-^ 

o 

4 

5     . 


120 
6 

720  the  Anfwer. 

Or  1  X  2  X  3  X  4  X  5  X  6  =  720  the  Anfwer.  . 

2.  How  many  days  can  7  perfcns  be  placed  in  a  difFcrcnt 
pohtion  at  dinner  ?  Anl.  5040  days. 

*  The  rcafon  of  the  Ride  may  be  {hewn  tlius :  any  one  thing  a 
is  capable  only'  of  one  pofilion,  as  a. 

Any  two  things  a  and  h,  are  oidy  capable  of  two  variations;  as. 
ah,  ha;  vvhofe  number  is  exprefTed  by  1  x  2, 

If  there  be  three  things,  a,  h,  and  c ;  then  any  tw^o  of  them, 
leaving  out  the  3d,  will  have  1  x  2  variations;  andconfequently^ 
whr-n  «he  '^{S.  is  taken  in,  there  will  be  1  x  2  X  3  variations. 

In  the  lame  manner,  when  there  are  4  things,  every  three,, 
leaving  out  tiie  4ih,  will  imve  I  x  2  x  3  variations ;  confeqiienl- 
ly  by  taking  in  fucceflively  the  4  left  out,  there  will  dq  1  X  2  X-  3, 
X  4-  variations.     And  fo  on  as  far  as  we  pieafe. 

Fv   '^ 
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Ex.  3,  How  many  changes  may  be  rung  on  1 2  bells,  and 
wliat  time  would  it  rec|uire,  fuppofmg  10  changes  to  be  rung; 
in  1  minute,  and  the  year  to  conhft  of  365  days,  5  hours,  and 
49  minutes  ? 

Anf.  479001000  changes,  and  91  years,  2^  days,  22  hours, 
41  minutes. 

4.  How  many  changes  may  he  made  of  the  words  in  th« 
following  verfe  :  Tot  iibijunt  dotes^  virgo,  quot  /ickra  ca:lo  f 

Anf.  40320  changes. 

PP.OBLEP^  II. 

^ni/  Ninnber  of  different  Things  being  given ;  to  find  hoz<^ 
'many  Changes  cau  be  made  out  of  theniy  by  taking  a 
Gi^cea  K umber  of  'j^uantities  at  a  Time. 

RULE*. 

Take  a  ferles  of  numbers,  beginning  at  the  number  of 
things  given,  and  decreahng  by  1  to  the  number  of  (Quanti- 
ties 


* 


This  Rule,  exprelTcd  in  algebraic  terms,  is  as  follows: 


m  X  m  —  I  X  VI  —  1  X  m  —  3  &c.  to  fi  terms:  where  7n  ==  t1i6 
number  of  things  given,  and  //  =  the  quantities  to  be  taken  at  a 
time. 

In  order  to  demondrate  the  Rule,  it  will  be  proper  to  premil* 
the  foflowing  Lemma  : 

Lemma.  The  number  of  changes  of ;«  things,  taken  ?i  at  a  time, 
ifi  equal  to  ?n  changes  of  m  —  1  things,  taken  n—  \  at  a  tim-e. 

Demotijlr.  Let  any  five  quantities,  a  h  c  d  e  be  given. 

Firfl,  leave  out  the  a,  and  let  v  =  the  number  of  all  the  varia- 
tions of  every  two,  be,  hd,  &c.  that  can  be  taken  out  of  the  four 
remaining  quantities  h  c  d  e. 

Now,  let  a  be  put  in  the  firfi  place  of  each  of  them,  a,  b,  c,  a, 
k,  d,  &c.  and  the  number  of  changes  will  ftiil  remain  the  fame; 
that  is,  r  r=  the  number  of  variations  of  every  3  out  of  the  j, 
ii  h  c  d  e,  when  a  is  firth 

\n  like  manner,  \{ b,  c,  d,  e  be  fuccedively  left  out,  the  number 
of  variations  of  all- the  two's  will  alfo  be  =  o/.and  putting  b,  c,  d, 
e  relpeclively  in  the  firft  place,  to  make  3  quantities  out  of  5. 
there  will  Hi II  be  v  variations,  as  before. 

But  thefe  are  all  the  variations  that  can  happen  of  3  things  out 
of  5,  when  a,  b,  c,  d,  e  are  luccetfively  put  firll;  and  therefir>re  the 
fum  of  all  thefe  is  the  fum  of  all  the  changes  of  3  tilings  out  of  3. 

But  the  (urn  of  thefe  is  lO  many  times  v,  as  is  the  number  of 
thinjjs  ;  that  is  5v,  or  ?}iv.  =  all  the  changes  of  3  times  out  of  5. 

And  the  fame  way  of  reafoning  may  be  applied  to  any  numbers 
whatever. 

Divnon.  of  the  Rule.  Let  any  7  things,  abode  f  g,  be  given 
and  let  3  be  tjie  number  of  quantities  to  be  taken. 

Then  m  =  7,  and  n  =  3. 

Now, 
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ties  to  be  taken  at  a  lime,  and  the  produ6l  of  all  the  terms 
Will  be  the  anfwer  required. 

EXAMPLES. 

t.  How  many  changes  may  be  rung  with  3  bells  out  of  8? 

8 
7 

o6 
6 

336  the  Anfwer. 


Or,  8  X  7  X  6  (=  3  terms)  =  336  the  ^Anfwer. 

2.  How  many  words  can  be  made  with  5  letters  of  the 
alphabet,  admitting  that  a  number  of  confonants  alone  will 
not  make  a  word?  Anf.  5100480. 

PROBLEM  III* 

jdn^  Number  of  Things  being  given ;  of  which  there  arc 
feveral  given  Things  of  one  Sort,  and  fever  a  I  of  ano  the  f^ 
S(c. ;  To  find  how  many  Changes  can  be  made  out  of  them 
all.  . 

RULE*. 

Take  the  ferles  1x2x3x4,  &c.  up  to  the  number 
of  things  given,  and  find  the  produ61:  of  all  the  terms. 

Take 

Now,  it  is  evident,  that  the  number  of  changes  that  can  be 
made  by  taking  1  b_y  1  out  of  5  things,  will  be  5,  which  let  =  v. 

Then,  by  the  Lemma,  when  m  ■=.  6,  and  n  •■=  2,  the  number  of 
changes  will  be  =  mv  =  6x5;  which  let  be  r-  y  a  (econd  time. 

Again,  by  the  Lemma,  when  vi  ==  7  and  n  =  3,  the  number  of 
changes  is  mv  =  7  x  6  X  3  ;  that  is  j?iv  =  m  x  (w— 1)  X- 
(w~2),  continued  to  3,  or  n  terms. 

And  the  fame  may  be  ftiewn  for  any  other  numbers. 

*  This  Rule  Is  exprefled  in  terms  thus: 

1.  X  2  X  3  X  4  X  5,  &ZC  to  w  . 

1x2x3,  &C  to  /)  X   I    X  2  X  3,  &c  to  q,  &c.* 
where  m  =  the  number  of  things  given,  p  =  the  number  of  things 
of  the  firft  fort,  q  z=  the  number  of  things  of  the  fecond  fort,  &c. 

The  Demoi[flratio7i  may  be  ftievvn  as  follows  : 

Any  2  quantities  a  h,  both  different,  admit  of  2  changes  ;  but  if 

the  quantiiies  are  the  fume,  ox  ab  becomes  a  a,  there  will  be  only 

/                         1x2 
onepofition  j  which  may  be  expreffed  by —  =  I. 

Any  3  quantities,  a  b  c,  all  different  from  each  other,  afford  (5 
variations ;  but  if  the  quantiiies  be  all  alike,  oi  a  be  becomes  a  a  a, 

then 
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Take  the  feries  1  x  2  x  3  X  4,  &:c.  up  to  the  number  of 
given  things  of  the  firft  fort,  and  the  feries  1x2x3x4, 
Sec.  up  to  the  number  of  given  things  of  the  fecond  fort,  &c. 

Divide  the  produ6t  of  all  the  terms  of  the  firfl  feries  by  th« 
joint  produ6t  of  all  the  terms  of  the  remaining  ones,  and  the 
quotient  will  be  the  anfwer  required. 

EXAMPLES. 

1 .  How  many  variations  can  be  made  of  the  letters  m  the 
word  Bacchanalia  ? 

1  x  2  (  =  number  of  c's)  =  2 
Ix2x3x4(  =  number  of  a'sj  =  24- 
Ix2x3x4x5x6x'7x8x9xi0xll 
(  =  number  of  letters  in  the  word)  =  39916800 
2  X  24  =  48)  399 1 6300  (831600  the  Anfwer. 

151 
16 
28S 


then  tke 6  variations  willbe  reduced  to  I ;  which  majbeexpreffed  by 

I  X  2  JX  3 

^^ —  =  1.  Acrain,  if  two  of  the  quantities  only  are  alike,  or 

3X2 X^  ... 

«  b  cbec*)mes^j(3c;  then  tlie  6  variations  will  be  reduced  to  thefeiT, 

I  X  2  X  3 
macj c  a e,.  and  a  c  a;  which  may  be  exprefled  by ^ — -  =  3, 

Any  4 quantities,  ahc  d,  all  different  from  each  other,  will  ad- 
mit of  24  variations.  But  if  the  quantities  be  the  fame,  or  a  b  cd 
becomes  «  a  a  a,  the  number  of  variations  will  be  reduced  to  one; 

,  .  ,   .         1x2x3x4 

which  IS  :=i  =1. 

1x2x3x4 

Again,  if  three  of  the  quantities  only  be  the  fame,  ot  a  b  c  d 

becomes  a  m.  a  h,  the  number  of  variations  wiil  be  reduced  ix> 

thefe  4-,    a  et  a  b,  a  a  h  Uj    a  biaa,  and  b  a  a  a;    which  is  = 

J  X  2  X  3  J^  4 

1X2X3 

And  thus  it  may  be  fiiewn,  thatiftw^o  of  the  quantities  be  alike, 

or  the  4  quaiit  ities  be  a  a  i  c,  the  number  of  variations  will  be  re- 

1x2x3x4 
duced  to  12  ;  vt'hich  may  be  exprefled  by-^ ^ =  12. 

And  by  reafoning  in  the  fame  manner,  it  will  appear,  that  the 
number  of  chac  ges  which  can  be  made  of  the  quantities  a  b  b  c  c, 

i*o^  i-L  1.  ^,,1x2x3x4x5x6 

IS  equal  to  60 ;    which  may  be  exprefled  bv , -— 

^  ^  '1x2x1x2x3 

=?  60»     And  fo<  m  for  any  other  quantities  wkatever. 

Ex.  2, 
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Ex.  2.  How  many  different  numbers  can  be  made  of  the 
following  figures,   1220005555?  Anf.  12600*^ 

3.  How  many  varieties  will  take  place  in  the  fuccefTion  of 
the  following  mufical  notes,  fa,  fa,  fa,  fol,  fol,  la,  mi,  fa  r 

Anf.  3360 

PROBLEM   IV. 

To  find  the  Changes  of  any  Given  Number  of  7^hmf[s, 
taking  a  Given  Number  at  a  Time;  in  tchich  there  are 
Jeveral  Given  Things  of  one  Sort^  feveral  of  another,  Kc» 

RULE*. 

Find  all  the  different  forms  of  combination  of  all  the 
given  things,  taken  as  many  at  a  time  as  in  the  queilion. 

Find  the  number  of  changes  in  any  form,  and  multiply  it 
by  the  number  of  combinations  in  that  form. 

Do  the  fame  for  every  difl:in61:  form,  and  the  fum  of  all  the 
produdls  will  give  the  whole  number  of  changes  required. 

EXAMPLES. 

1 .  How  many  alternations,  or  changes,  can  be  made  of 
every  four  letters  out  of  thefe  8,  aaabbbcc? 

No.  of  forms.  No.  of  changes, 

a^b,  a^c,  b'^a,  Pc       .......     4 

a%\  d\\  Pc^      ........     6 

a^bc,  bhic,  c'^ab 12 

*  Tlie  reafon  of  this  rule  is  plain  from  what  has  been  fhewit 
before,  and  the  nature  of  the  problem. 

A  Rule  for  finding  the  Number  of  FoPtns. 

1.  Place  the  things  fo,  that  the  greatefl  indices  may  be  firll, 
and  the  rell  in  order. 

2.  Begin  with  the  firfl  letter,  and  join  it  to  the  fecond,  thirds 
fourth,  8zc.  to  the  lali. 

.1.  Then  take  the  fecond  letter,  and  join  it  to  the  third,  fourth. 
Sic.  to  the  laft.  And  fo  on,  till  they  are  entirely  exhaulled,  always 
remembering  to  reject  fuch  combinations  as  have  occurred  betbre^ 
and  th/is  will  jjive  the  combinations  of  all  the  two's. 

4.  Join  the  firll:  letter  to  every  one  ol  the  two's,  tmd  the  fecond, 
third,  &c.  as  before ;  and  it  will  give  the  combinations  of  all  the 
three's. 

5.  Proceed  in  the  fame  manner  to  get  the  conabinations  of  all 
the  four's,  &:c.  and  you  will  at  lafl  get  all  the  feveral  forms  of 
combinations,  and  the  number  in  each  form. 

Therefore  ■ 
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4X4=16 
Therefore  ^3x6=18 


1 


3xl2=36_ 

70  =  number  of  changes, 
required. 

Ex.  2.  How  many  changes  can  be  made  of  every  8  letters 
out  of  thefe  1 0 ;  aaaabbccde?  Anf.  22260. 

3.  How  many  different  numbers  can  be  made  out  of  1  unit, 
2.  twos,  3  threes,  4  fours,  and  5  iives  ;  taken  5  at  a  time  ? 

Anf.  2111. 

PROBLEM  V. 

To  find  theXumber  of  Combinations  of  any  Given  Number 
of  Things^  all  difftrent  Jroin  each  other,  taken  any 
Given  Number  at  a  Time. 

RULE*. 

'    Take  the  feries  1,  2,  3,  4,  &c,  up  to  the  num/oer  to  bs 
taken  at  a  time,  and  find  the  product  oi  all  the  terms. 

Take 


*  This  Rale,  expreffed  algebraically,  is, 

tn       in— I       m-~2vi  —  3  ,  -  .    ,, 

~  X X X ^c,  to  n  terms ;  where  m  is  the  nuna- 

12  3  4 

ber  of  given  quantities,  and  n  thofe  to  be  taken  at  a  time. 

Demoiiftr.  of  the  Rule.  1.  Let  the  number  of  things  to  be  taken 
at  a  time  be  2,  and  the  things  to  be  combined  =  w. 

Now,  when  w,  or  thc^  number  of  things  to  be  combined,  is  only 
two,  as  a  and  h,  it  is  evident  that  there  can  be  but  onc3  combination, 
as  ab  ;  but  if  7w  be  increaled  by  one,  or  the  letters  to  be  combined 
be  3,  as  a,  b,  c  ;  then  it  is  plain  that  the  number  of  combinations  will 
be  increafed  by  2,  iince  with  each  of  the  former  letters  a  and  b,  the 
new  letter  c  may  be  joined.  In  this  cafe  therefore,  it  is  evident  that 
.,  Che  whole  number  of  combinations  will  be  truly  expreffed  by  1  -\-'2. 

Again,  if?;.'  be  increafed  by  one  letter  more,  or  the  whole  number 
of  letters  be  four,  as  a,  b,  c,  d;  then  it  will  appear  that  the  whole 
number  of  combinations  muftbe  increaled  by  3,  Iince  with  each  of 
the  preceding  letters  the  new  letter^  may  be  combined.  The  combi- 
nations, therefore,  in  this  cafe,  will  be  truly  expreded  by  1+24-3. 

And  in  the  fame  manner  it  raay  be  rtiewn  that  the  whole  number . 
of  combinations  of  2,  in  5  things,  will  be  1 -|-2-f  S-fl- ;  of  2,  in  <5 
things,  1  -{-  2  4-  3  +  4  -f-  5't  and  of  2,  in  7  ihingSrl  +  2  -f  3  -f- 
4-1-3  +  6,  &c.:  whence,  univerfally,  the  num.ber  of  combinations 

WoL.  I.  L  of 


r* 
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Take  aferies  of  as  many  terms,  decreafmg  by  I,  from  the 
given  number,  out  of  which  the  ele6lion  is  to  be  made,  and 
Snd  the  produdt  of  all  the  terms. 

Divide  the  lafl:  produ6l  by  the  former,  and  the  quotient 
will  be  the  number  fought. 

EXAMPLES. 

1.  How  many  combinations  can  be  made  of  6  letters  out 
of  ten  ? 

1X2X3X4X5  X6(=::the  number  to  be  taken  at  a 
time)  z=:720. 

10x9x8X7x6X5  {  =1  fame  number  from  10) 
=: 151200. 


of  7/z  things,  taken  2by2,  is=l-j-2  +  3-f4--f5-i-6,  &c.  to 
(/n  —  1 )  terms. 

But  the  fum  of  this  feries  is  ==  -^—  x — ^ j   which   is  the  fame 

as  (he  rule. 

■2.  Let  now  the  number  of  quantities  in  each  combination  be 
fuppofed  to  be  three. 

Then  it  is  plain,  that  when  m  =  3,  or  the  things  to  be  combined 
and  a,  b,  c,  there  can  be  only  one  combination.  But  li  tn  be  in- 
creafed  by  1,  or  the  things  to  be  combined  are  4,  as  a^  h,  c,  d,  then 
will  tlie  number  of  combinations  be  increafed  by  3  :  fince  3  is  the 
number  of  combinations  of  2  in  all  the  preceding  letters,  a,  b,  c, 
and  with  each  two  of  thefe  the  new  letter  d  may  be  combined. 

The  number  of  combinations,  therefore,  in  this  cafe,  is  1  -{~  ^' 

Again,  if  m  be  increafed  by  one  more,  or  the  nun'ibcr  of  letters 
be  fuppofed  5  ;  then  the  former  number  of  combinalions  will  he 
increafed  by  6,  that  is,  by  all  the  combinations  of  2  in  the  4  pre- 
ceding letters,  a,  b,  c,  d;  fince,  as  before,  with  each  two  of  thofe 
the  new  letter  c  may  be  combined. 

The  number  of  combinations,  therefore,   in  this  cafe,  is  1  -f-  3 

Whence,  univerfally,  the  number  of  combinations  of  m  things, 
taken  3  by  3,  is  1   -|-  3  -f  6  -f-  10,  &c.  to  ?;/  — 2  terms: 

But  the  fum  of  this  feries  is  =r  —  x   —- —  X  -  - — ;    which 

is  the  fame  as  the  rule. 

And  the  fmie  thing  wifl  hold,  \ei  the  number  of  things  to  be 
taken  at  a  time  be  what  it  will ;  therefore  the  number  of  combi- 
nations of  1)1  things,  taken  ;/  at  a  time,  will  be  = 

m        m—  \       7n  ■—  2      m~3     ^ 

—  X  — ^ X  -^— —  X  —  -,  &c.  to  n  terms,     a.  e.  i>. 

1  2        '^       3  4. 

Thea 
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Then  720  )    151200  (  210  the  Anfwer. 
1440 

720 
720 


2.  How  many  combinations  can  be  made  of  2  letters  out 
of  the  24  letters  of  the  alphabet  ?  Anf.  276. 

3.  A  general,  who  had  often  been  fuccefsful  in  war,  was 
afKed  by  his  king  what  reward  he  ihould  confer  upon  him  for 
his  fervices ;  the  general  only  defned  a  farthing  for  every 
file,  of  10  men  in  a  file,  which  he  could  make  with  a  body  of 
100  men  ;  what  is  the  amount  in  pounds  ftcrling  ? 

Anf.  18O3i5''i2350/  95  2d, 

PROBLEM  VI. 

7o  find  the  Number  of  Combinations  of  any  Given  Xumber 
of  Thi7igs,  by  taking  ajiy  Given  Number  at  a  Time ;  in 
whieh  there  are  Jcveral  Things  of  one  Sort,  Jeveral  of 
another,  isc, 

RULE. 

Find,  by  trial,  the  number  of  different  forms  which  the 
thinos  to  be  taken  at  a  time  will  admit  of,  and-  the  number  of 
combinations  there  are  in  each. 

Add  all  the  combinations,  thus  found,  together,  and  tht 
fum  will  be  the  number  rec^uired. 


EXAMPLES. 

1.  Let  the  things  propofed  he  a  a  a  b  b  c  ;  it  is  required  to 
find  the  number  of  combinations  made  of  every  3  of  thefc 
•quantities  r 

Forms.  Combinations. 

a; 1 

a'b,  a'cj  b'^a,  b'c      .      .      ....     4 

a  be      . 1 

Number  of  combinations  required  =   6 

2.  Let  a  a  a  b  b  b  c  c  be  propofed ;  It  is  required  co  find  the 
number  of  combinations  of  thefc  (quantities,  taken  4  at  a 
time?  Anf.  10. 

3.  How  many  combi^'\atlons  are  there  ma  aaab  b  c  c  d  Cy 
Uking  8  at  a  time  ?  '  Anf.  13. 

}^  ^  4.  How 
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4.  How  many  combinations  are  there  in  aa  aaahh  h  b  h 
C€  c  c  ddddeee ejff§,  taking  1 0  at  a  time  ?     Anf.  28 1 9. 

PROBLEM     VII. 

To  find  the  Compofitions  of  any  Number,  in  an  eguall^mi^ 
ber  of  Sets,  the  Things  them/elves  being  all  different, 

RULE*. 

Multiply  the  number  of  things  in  every  fet  continually 
together,  and  the  produd:  will  be  the  anfwer  required. 

EXAMPLES. 

1.  Suppofe  there  are  four  companies,  in  each  of  which 
there  are  9  men  ;  it  is  required  to  tind  how  many  ways  9 
picn  may  be  chofen,  one  out  of  each  company  ? 

9 
9 


81 
9 


729 


6561   the  Anfwer. 
Or,  9X9X9X9— 6561  the  xAnrw3r. 

*  D^ynorifir.  Suppc/fe  there  are  only  two  fcLs;  then,  it  is  plain, 
that  every  quanlity  of  the  one  fet  being  combined  with  every 
quantity  of  the  other,  will  make  a'l  llie  com poli lions,  of  two  things 
iin  theie  two  lets;  and  the  number  ol  thele  compofitions  is  evi- 
dcntiy  the  produd  of  the  nutnber  of  quuntilies  in  one  (et  by  tiiat 
in  the  other. 

Again,  fuppofe  ibere  are  three  fets;  then  (hecompofitlon  of  two 
\xx  ajiy  two  o(  the,  iets,  being  combined  witii  every  qu.mlity  of  t  h 
third,  wili  make  all  the  compofitions  of  three  in  liie  three  fets,, 
That  is»  tiic  compofitions  of  two,  in  any  two  of  the  fets,  being 
inultiphed  by  the  number  of  quantities  m  tlie  remaining  let,  will 
produce  the  compoliiions  of  three  in  the  three  fets;  which  is  evi- 
dently the  conthiual  produ<^l  of  all  the  three  numbers  in  the  tinee 
fets. 

And  \\\^  faroe  manner  of  reafoning  will  bold,  let  the  number  of 
fets  be  what  it  will,     q,    e.    d. 

The  do(5trine  of  permutatioris,  combinations,  &c.  is  of  very  ex- 
tenfive  ufe  in  diiieirenl  pa^ts  of  the  Mathematics;  {>arlicuiar!y  m 
the  calculation  of  annuities  and  chances.  The  fubject  miglu  have 
been  purfued  to. a  much  greater  length,;  but  what  is  lure  done 
vvill  be'found  Sufficient  far  molt  of  the  purpofcs  ty.  vvhich  things  o.i" 
this  nature  are  sppiicable, 

Ex.  2. 


PRACTICAL  QUESTIONS.  liO 

Ex.  2.  Suppofe  there  are  4  companies ;  in  one  of  which 
there  are  6  men,  in  another  8,  and  in  each  of  the  other  two 
9  ;  what  are  the  clioices,  by  a  compolition  of  4  men,  one  out 
of  each  company  ?  Am*.  3888, 

3.  How  many  changes  are  there  in  throwing  5  dice  ? 

An..  1116, 


PRACTICAL  QUESTIONS  in  ARITHMETIC. 

Quest.  1.  The  fwifteft  velocity  of  a  cannon-ball,  is 
about  20UU  feet  in  a  fecond  of  time.  Hien  in  what  ti^pe, 
at  that  rate,  would  fuch  a  ball  be  in  moving  from  the  earth 
to  the  fun  t  admittmg  the  diftance  to  be  loO  millions  of 
miles,  and  the  year  to  contain  365  days  6  hours  ? 

Anf.  StVt-V  vears. 

Quest.  2.  What  is  the  ratio  of  the  velocity  of  light  to 
that  of  a  cannon -hall,  which  ifllics  from  the  gun  wuii  a  ve- 
locity of  1 500  feet  per  iecond  ;  light  pailing  irrcin  the  fun  to 
the  earth  in  1\^  minutes  ?         Anf.  the  ratio  of '/82222-|  to  1. 

Quest.  3.  The  ilow  or  parade-ftep  being  '70  .paces  per 
minute,  at  28  inches  each  pace,  it  is  required  to  determine 
at  what  rate  per  hour  that  movement  is  r       Anl.  144-1  n;iles. 

Quest.  4.     Tne  quick-time  or  itep,  h\  marching,  being 

2  paces  per  fecond,  or  120  per  minute,  at  28  inches  ea(  h  ; 
then  at  what  rate  per  hour  does  a  troop  march  on  a  route, 
and  hov/  long  will  they  be  in  arriving  at  a  garrifon  20  miles 
dillant,  allowing  a  halt  of  one  hour  by  the  way  to  refreih  } 

\    r  ^  the  rate  is  S-^j-  miles  an  hour, 

*  I  and  the  time  7y  hr,  or  7  h  1 7 '  min. 

Quest.  5.  T\vo  pcrfons,  a  and  B,  being  on  oppofite 
fides  of  a  wood,  which  is  2G8  yards  about,,  they  begin  to  go 
round  it,  both  the  fame  way,  at  the  fame  inftant  of  I'lr  ?  ;  a 
goes  at  the  rate  of  1 1   yards  per  minut'-,  and  B  34  ya.  ds  in 

3  minutes  ;  the  queflifui  is,  how  man  7  timc:^  will  the  wood 
be  gone  round  before  the  quicker  overtake  the  ijower  ? 

Ani".  i.7  times. 

Quest.  6.  To  detern^ine  how  far  5^0  iTiillions  of  gui- 
neas will  reach,  v/nea  laid  down  in  a  ftraio;ht  line  touchinpr 
one  another  ;  fuppofing  each  guinea  to  be  an  inch  in  diameter^ 
as  it  is  very  nearly.         Anf.  7891  miles,  728  yds,  2  fc,  8  in* 

Quest.  7.  "  A  wall  was  to  be  built  700  yards  long  in  29 
days.  Now,  after  12  men  had  been  employed  on  it  for  11. 
days,  it  was  found  that  tiiey  had  completed  only  220  yards  of 

^  '  '     '  "         '       the 
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the  wall.  It  is  required  then  to  determine  fiOw  many  men 
mufl  be  added  to  the  former,  that  the  whole  number  of  them 
may  juft  finifli  the  wall  in  the  time  propcied,  at  the  fame  rate 
cf  working.  Anf.  4  men  to  be  added, 

Qu£6T.  8.  The  hour  and  minute  hand  of  a  clock  are 
exadly  together  at  12  o'clock;  when  are  they  next  together  ? 

Anf.  at  1-rV  hr,  or  1  hr  5^^-^-  min. 

Quest.  9.  A  perfon  after  fpending  10/  niore  than  4  of  his 
yearly  income,  had  then  remaining  15/  more  than  the  half  of 
it ;   what  was  his  income?  i\nf.  150/. 

Quest.  10.  A  perfon  who  was  pofTeiTcd  of  a  -|  fhare  of 
a  copper  mine,  fold  J  of  his  intereil  in  it  for  1710/;  what 
was  the  reputed  value  of  the  whole  at  the  fame  rate  ? 

Anf..  5800/. 

Quest.  11.  a  can  do  a  piece  of  work  alone  in  10  days, 
and  B  alone  in  13  ;  in  what  time  will  they  both  together  per- 
form a  like  quantity  of  work  ?  Anf.  5~~  days. 

Quest.  12.  A  perfon  bought  120  oranges  at  2  a  penny, 
and  120  more  at  3  a  penny;  after  which,  ielling  them  out 
again  at  5  for  2  pence,  whether  did  he  gain  or  lofc  by  the 
bargain  ?  "  Anf.  he  lofr  4  pence. 

Quest.  13.  If  a  o:entleman  whofe  annual  income  is  1 20O/, 
fpend  20  guineas  a  week  ;  whether  will  he  fave  or  run  in 
debt,  and  how  much  in  the  year  ?  Anf.  fave  108/. 

Quest.  14.  In  the  latitude  of  London,  the  diftance  round 
the  earth,  meafured  on  the  parallel  of  latitude,  is  about  15550 
miles  ;  now  as  the  earth  turns  round  in  23  hours  56  minutes, 
at  what  rate  per  hour  is  the  city  of  London  carried  by  this 
motion  from  weft  to  eaft  ?  Anf.  649^11-  miles  an  hour. 

Quest.  15.  If  a  quantity  of  provnfions  ferves  1500  men 
1 2  weeks,  at  the  rate  of  20  ounces  a  day  for  each  man  ;  how 
many  rnen  will  the  fame  provifions  maintain  for  20  weeks,  at 
the  rate  of  8  ounces  a  day  for  each  man  ?  Anf.  2250  men. 
Quest.  16.  If  1000  men,  befieged  in  a  town,  with  pro- 
vifions for  5  weeks,  allowing  each  man  16  ounces  a  day,  be 
reinforced  with  500  men  more  ;  and  fuppofing  that  they  can- 
not be  relieved  till  the  end  of  8  weeks,  how  many  ounces  a 
day  muft  each  man  have,  that  the  provifion  may  laft  that 
time?  Anf.  6j  oynces. 

Quhst,  17.  A  father  left  his  fori  a  fortune,  ^  cf  which  lie 
y'dn  through  in  8  months:  ^-  of  the  remainder  lafted  him  12 
mondis  longer;  lifter  which  he  had  bare  410/  left.  What 
fum  did  the' father  bequeath  the  fon  ?  Anf.  956/  135  4d. 

Quest.  18.  A  perfon,  looking  on  his  watch,  was  afl^ed 
what  was  the  time  of  the  day,  ^yho  anfwered,  It  is  between 
4  and  5  ;    but  a  m.ore  particular  anfwer  being  rec|uired,  b.e 

"    ^        '-'         iaid 
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faid  that  th<?  hour  and  minute  hands  were  then  exactly  toge- 
ther :  What  was  the  time  ?  Anf.  2l-,\  min.  paft  4, 

Quest,  19.  If  20  men  can  perform  a  piece  of  work  in 
12  days,  how  manv  rnca  will  accomplifh  another  thrice  as 
large  in  one-fifth  of  the  time  ?  Anl.  300. 

Quest.  20.  A  younger  brother  received  6300/,  which 
was  juft  -J-  of  his  elder  brother's  fortune  :  ^V"'hat  was  the  father 
worth  at  his  death  ?  Anf.  14400/, 

Quest.  21.  A  pcrfon,  making  his  will,  gave  to  one  child 
i-l  of'his  cftate,  and  the  refi:  to  another.  When  thefe  legacies 
came  to  be  paid,  the  one  turned  out  COO/  more  than  the 
other  :  What  did  the  teftator  die  worth  ?  Anf.  2000/. 

Quest.  22.  A  father  deviled  -/-^  of  his  eflate  to  one  of  his 
fons,  and  -/g-  of  the  relidue  to  another,  and  the  furplus  to  his 
relidl  for  life.  The  children's  legacies  were  found  to  be 
257/  35  4d  different :  Pray  what  money  did  he  leave  the 
widow  the  ufe  of?  Anf.  635/  Os  iOi^cL 

Quest.  23.  Two  perfons,  a  and  B,  travel  between  Lon- 
don and  p]xeter.  a  leaves  Exeter  at  8  o'clock  in  the  morn- 
ing, and  walks  at  the  rate  of  3  miles  an  hour,  without  inter- 
miffion  ;  and  B  fets  out  from  London  at  4  o'clock  the  fame 
evening,  and  walks  for  P^xeter  at  the  rate  of  4  miles  an  hour 
conftantly.  Now,  fuppofing  the  diftance  between  the  two 
cities  to  be  130  miles,  whereabouts  on  the  road  will  they 
meet  ?  Anf.  69|  miles  from  Exeter. 

Quest.  24.  Two  perfons,  a  and  B,  travel  between 
London  and  Lincoln,  diflant  100  miles,  a  from  London, 
and  B  from  Lincoln,  at  the  fame  inftant.  After  7  hours  they 
meet  on  the  road,  when  it  appeared  that  a  had  rode  li  miles 
an  hour  more  than  B.  At  what  rate  per  hour  then  did 
each  of  the  travellers  ride  ?  Anf.  a  1^^,  and  b  6^  miles. 

Quest.  25.  The  clocks  of  Italy  go  on  to  24  hours: 
Then  how  many  ftrokes  do  they  flrike  in  one  complete  revo- 
lution of  the  index  ?  Anf.  300. 
QUEST.  26.  One  hundred  ep-o-s  beino-  placed  on  the 
ground,  in  a  ftraight  line,  at  the  diliance  of  a  yard  from  each 
other ;  How  far  will  a  perfon  travel  who  ihall  bring  them 
one  by  one  to  a  balket,  which  is  placed  at  one  yard  fVom  the 
fiift  egg  ?                  Anf.  10100  yds,  or  5  miles  and  1 300  yds. 

Quest.  27.  One  SeiTa,  an  Indian,  having  invented  the 
game  of  chefs,  fhewed  it  to  his  prince,  who  was  fo  delighted 
with  it,  that  he  promifed  him  any  reward  he  lliould  alk ;  on 
which  Scfla  requefted  that  he  might  be  allowed  one  grain  of 
wheat  for  the  hrft  fquare  on  the  chefs  board,  2  for  the  iecond, 
4  for  the  third,  and  fo  on,  doubling  continuallv,  to  64,  ths 
whole  number  of  Iquares.     Now,  fuppofnif^  a  pint  to  contain 
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76S0  of  tlicfe  grains,  and  one  quarter  or  8  bufhels  to  be  worth 
21s  6dy  it  is  required  to  compute  the  value  of  all  the  corn? 

Anf.  6450468216285/  175  5fi  3-||fJ4^. 

Quest.  28.  Two  young  gentlemeri,  without  private  for- 
tune, obtain  commiffions  at  the  fame  time,  and  at  the  age  of 
18.  One  thoughtleisly  fpends  10/  a  year  more  than  his  pay; 
but,  fhocked  at  the  idea  of  not  paying  his  debts,  gives  his 
creditor  a  bond  for  the  money,  at  the  end  of  every  year,  and 
alfo  inlures  his  life  for  the  amount ;  each  bond  cofts  him  30 
fhillings,  befides  the  lawful  inteieft  of  5  per  cent,  and  to  in- 
fure  his  life  cofts  him  6  per  cent. 

The  other,  having  a  proper  pride,  is  determined  never  to 
run  m  debt ;  and,  that  he  may  aflift  a  friend  in  need,  peifeveres 
in  faving  ;0/ every  year,  for  which  he  obtainvS  an  inteieft  of  5 
per  cent,  which  intereft  is  every  year  added  to  his  lavings,  and 
laid  out,  fo  as  to  anfwer  the  effe6l  of  compound  intereft. 

Suppofe  tliefe  two  officers  to  meet  at  the  age  of  50,  when 
each  receives  from  Government  400/  per  annum  ;  that  the 
one,  feeing  his  paft  errors,  is  refolved  in  future  to  fpend  no 
more  than  he  a»5iually  has,  after  paying  the  intereft  for  what 
he  owes,  and  the  infurance  on  his  life. 

The  other,  having  now  fomething  before  hand,  means  in 
future  to  fpend  his  full  income,  without  increafmg  his  ftock. 

It  is  defiT  able  to  know  how  much  each  has  to  fpend  per  an- 
num, and  wiiat  money  the  latter  has  by  him  to  aftift  the  dii- 
trefted,  or  leave  to  thofe  who  deferve  it  ? 
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AND 

ALGEBRA. 


Ud.  imiHIMMIllWI'll 


OF   LOGARITHMS^ 


jL( 


LOGARITHMS  are  made  to  facilitate  troublefome  calcu- 
lations in  numbers.  This  they  do,  becaufe  they  perform 
multipHcation  by  only  addition,  and  diviiion  by  only  iuDtrac- 
tion,  and  raifmg  of  powers  by  multiplying  the  logarithm  by 
the  index  o!i  the  power,  and  extra6ling  of  roots  by  dividing 
the  logarithm  of  the  number  by  che  nidex  of  the  root.  For, 
logarithms  are  numbers  fo  contrived,  and  adapted  to  other 
numbers,  that  the  funis  and  differences   of  the  former   iliall 

ccrrefpond 


*  The  invention  of  Logarithms  is  the  undoubled  rig!itofLord 
Napier,  Baron  of  Merclufton,  in  Scolland,  and  is  properJy  con- 
lidered  as  one  of  the  moft  ufeful  and  excellent  difcoveries  of  mo- 
dern times.  A  table  of  thele  niar.bers  was  firll  publiflied  by  him 
at  Edinburgh,  in  the  year  !614-,  in  a  treatiie  entitled  Cw.'on  Miriji- 
emn  Lagarithmornm  ;  and  as  their  great  utility  and  extLnfive  ap- 
plicatioti  v\ore  fiifiiciently  apparent,  they  were  imn.ediatelv  re- 
ceived Oy  all  the  learned  tiirOughout  Europe.  Mr.  Henry  Bri;rgs. 
then  j.rolflTor  of  gttonjeiry  at  Ciredvim  Coilege,  on  hearhig  of  the 
diicov^ry,  let  out  upon  a  v.ht  to  the  noble  inventor,  and  fmn 
jifterwards  ti:ey  jointly  undertook  the  arduous  talk  of  computing 
new  tables  on  this  'ubject,  and  reducing  them  to  a. more  convenient 
form  than  that  w'hich  was  ai  firll  ihougit  of.  But  Lord  Napier 
dying  befire  they  were  hnidied,  tin.  who'e  burcien  tell  upon  Mr.' 
Briggs,  who,  with  prodigious  labour  and  great  tkiii,  n.jde  an 
entue  Canon,  according  to  the  new  torni,  tor  all  numbers  from 
]  to  20000,  and  from  90000  to  10 100,  to  14  places  of  fi^i;ares,  and 
publiftied  it  at  London  in  the  year  1624,  in  a  treatife  entitled 
Arithmetica  Logarilhmica;  with  direciions  for  fjpplying  the  in- 
termediate chiliudSr 
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correr]H-)nd  to,  and  fhew/ the  produ6ls  and  quotients  of  the 
latter,  2cc. 

Or,  more  generally,  logarithms  are  the  numerical  expo- 
nents of  ratios  ;  or  thev  are  a  feries  of  numbers  in  arithmeti- 
cal progreffion,  anfwering  to  another  feries  of  numbers  in 
geometrical  progreffion. 

Th          S  "^^   ^>  ^>  ^^     ^'  ^'        ^'  Indices,  or  logarithms. 

^  1,  2,  4,  8,    16,  32,     64,  Geometric  progreffion, 

>-.        Co,    1,   2,      3,        4,  5,        6,  Indices,  or  logarithms. 

^      ^  I,  3,  9,  27,     81,  243,  729,  Geometric  prcgreffiion. 

^.      CO,      1,     2,          3,  4,              5,        Indices,  or  logs. 

i  1,   10,   100,   1000,  10000,   100000,  Geom.  progref. 


This  Canon  was  aj^ain  pablidied  in  Holland  by  Adrian  Vlacq, 
anno  1628,  together  with  the  Logaritlan'-'  of  all  the  nuaibers  which 
Mr.  Br'^'g^:  had  omitted;  but  he  contracted  them  down  to  10 
places  of  decifnals.  Mr.  Briggs  alto  computed  ti'-e  Logarithms  of 
the  fines,  tangents,  and  fecants,  to  every  degree,  and  centefm,  or 
100th  pait  of  a  degree,  of  the  whole  quadrant;  and  fabjoined 
thein  to  the  natural  fines,  tangents,  and  fecants,  which  he  had 
before  computed,  to  15  places  of  figures.  Thele  Tables,  together 
with  their  conflru6iion  and  ule,  were  firft  pubiiflied  in  the  )ear 
1633,  after  Mr.  Briggs's  dearh,  by  Mr.  Henry  Gelhbrand,  under 
the  title  of  Trigonometriu  Eiitannica, 

Benjamin  Uiiinus  alfo  gave  a  Table  of  Napier's  Logs,  and  of 
iines,  to  every  10  feconds.  And  Chr.  Wolf,  in  his  Mathematical 
Lexicon,  fays  tliat  one  Van  Lofer  had  computed  them  to  every 
iingle  fecond,  bat  his  untimely  death  prevented  tiieir  publication. 

A  great  number  of  other  authors  have  treated  on  this  fubje6t  ; 
but  as  their  numbers  are  frequently  inaccurate  and  incommodi- 
cufly  difpofed,  they  are  now  generally  negiefted.  The  Tables  in 
moii  repute  at  prefent,  are  thofe  of  Gardiner  in  4to,  firlt  pub- 
liOsed  in  the  year  1742  ;  and  my  own  Tables  in  8vo,  {nil  printed 
in  the  year  1785,  where  the  Logarithms  of  all  numbers  may  be 
eafily  found  Irorn  1  to  10000000;  and  thofe  of  the  fines,  tangents, 
and  teeants,  to  any  decree  of  accuracy  required. 

Alfo,  Mr.  Michael  Taylor's  Tables  in  large  4to,  containing  the 
comimf.n  logarithms,  and  the  ]ogaritI)mic  lines  and  tangents  to 
every  fecond  of  the  quadrant.  And,  in  Fiance,  the  new  book  of 
lo<7arithms  by  Callet;  the  2d  edition  of  which,  in  1795,  has  the 
tables  ftili  farther  extended,  and  are  printed  with  wliat  are  called 
ilereotvpes^  the  types  in  eacii  page  being  ioldered  together  mto  a 
folid  mafs  or  block. 

Dodlon's  Antifogarlthmic  Canon  is  likewife  a  very  elaborate 
work,  and  of  ufe  for  finding  the  numbers  anfwering  to  any  given 
logarithm. 

Where. 
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Where  it  is  evident,  that  the  fame  Indices  ferve  equally 
for  any  geometric  leries ;  and  confequently  there  may  be  an 
fendlels  variety  of  fyftems  of  logarithms,  to  the  fame  com- 
jnon  numbers,  bv  only  changing  tiie  fccond  term,  2,  3,  or 
10,  6cc.  of  the  geometrical  feries  of  whole  numbers  ;  and  by- 
interpolation  the  whole  fyftem  of  numbers  may  be  made  to 
enter  the  geometric  feries,  and  receive  their  proportional  lo-^ 
garithms,  whether  integers  or  decimals. 

It  is  alfo  apparent,  from  the  nature  of  thefe  feries,  that  if 
any  two  indices  be  added  together,  their  ium  will  be  the  in- 
dex of  that  number  which  is  equal  to  the  produ61:  of  the  two 
terms,  in  the  geometric  progreilion,  to  \vhlch  thofe  in^iices 
belong. 

Thus,  the  indices  2  and  3,  being  added  together,  make  5  ; 
and  the  numbers  4  and  8,  or  the  terms  correfponding  to  thofe 
indices,  being  multiplied  together,  make  32,  which  is  th« 
number  anfwerino;  to  the  index  5. 

In  like  manner,  if  any  one  Index  be  fubtra(£led  from  ano- 
ther, the  difference  will  be  the  index  of  that  number  which 
is  equal  to  the  quocient  of  the  two  terms  to  which  thofe  in- 
dices belong. 

Thus,  the  Index  6,  minus  the  index  4,  Is  =  2  ;  and  the 
terms  correfponding  to  thofe  Indices  are  64  and  16,  wtiofe 
quotient  is  zz  4,  which  is  the  number  anfwering  to  the 
index  2. 

For  the  fame  reafon,  If  the  logarithm  of  any  number  be 
multiplied  by  the  Index  of  its  power,  the  produ6l  will  be 
equal  to  the  logaritlim  of  that  power. 

Thus,  the  index  or  logarithm  of  4,  In  the  above  feries, 
is  2 ;  and  if  this  number  be  multiplied  by  3,  the  produ6^ 
will  be  =:  6  ;  which  is  the  logaritlmi  of  64,  or  the  third 
power  of  4. 

And,  If  the  logarithm  of  any  number  be  divided  by  the' 
index  of  Its  root,  the  quotient  will  be  equal  to  the  logarithm 
of  that  root. 

Thus,  the  Index  or  logarithm  of  64  is  6  ;  and  if  this  num- 
ber be  divided  by  2,  the  quotient  will  be  =  3  j  which  is  the 
logarithm  of  8,  or  the  fquare  root  of  64. 

The  logarithms  moft  convenient  for  prai^Ice,  are  fuch  as 
are  adapted  to  a  geometric  feries  increaling  in  a  tenfold  pro- 
portion, as  In  the  laft  of  the  above  forms ;  and  are  thofe 
which  are  to  be  found,  at  prefent,  in  moil  of  the  common 
tables  on  tliis  fubje<5l. 

M3  The 
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The  d-'ftin^uifhing  iriark  of  this  fyfi:em  of  logarithms  Is; 
that  the'  index  or  logauthm  of  10  is  1  ;  that  of  loO  is  2  ; 
that  of  1000  is  3  ;  Sec.  And,  in  decimuis,  the  Icgarithm  of 
•1  is  —  1 ;  that  of  -or  is  —2;  that  of  -001  is  ~^3;^6cc.  The 
log.  of  1  being  0  'in  every  lyiiem.,  ^    \  ^ 

From  whence  it  follo-vs,  that  tng '1 6 gjrfithm  of  any  nnm- 
her  betvveen  1  and  K',  rnuft  be  0  and  iome  fractional  parts  ?' 
and  that  of  a  nmriher  between  10  aiiu  100,  will  be  1  and 
fome  fractional  parts  •  and  fo  on,  for  any  other  number 
whatever. 

And  fnice  the  integral  part  of  a  logarithm^  ufually  called 
the  Index,  or  Chaia61ciift!c,  is  always  thus  readily  found,' 
it  is  commonly  omitted  in  the  tables ;  being  left  to  be  fup- 
plied  by  the  operator  himielf,  as  occafion  recjuires. 

Another  definition  of  Logarithms  is,  that  the  logarithm  of 
any  ni^mb^r  is  the  index  of  that  power  of  fome  other  num- 
ber, which  is  equal  to  the  given  number.  So,  if  there  be 
Isi  —  r%  then  n.  is  the  log,  of  N  ;  where  7i  may  be  either  poii- 
five  Ot  negative,  or  nothing,  and  the  root  ?"  any  number  what- 
ever, according  to  the  different  fyflems  of  logarithms. 

AVhsri  ?i  is  =  0,  then  N  is  =  1,  whatever  the  value  of  r 
is;  which  ihews,  that  the  log.  of  1  is  aKvays  0,  in  every 
fyftem  of  logarithms. 

When  71  is=:l,  then  Nisr:?';  fo  that  the  radix  ?'  is 
ialways  that  number  whofe  log.  is  1,   in  every  fyftem. 

When  the  radix  r  is  ~  3-7 1828 1828459  &c,'the  indices  72 
are  the  hyperbolic  or  Napier's  log.  of  the  numbers  N;  fc> 
tiiat  71  is  always  the  hyp.  log.  of  the  number  N,or  (2-7r3;&c.)"., 

But  when  the  radix  ?'  is  zz  10,  then  the  index  7i  b&omes 
the  common  or  Briggs's  log.  of  the  niinlber  N;  fo  that  the 
common  log.  of  any  number  1 0"  or  N,  is  71  tht  index  of 
that  power  of  TO  whiA  is  equal  to  the  faid  riiirTiber.  Thus 
100,  being  the  fecond  power  of  10,  will  have  2  for  its  loga^ 
rithm  ;  and  1000,  being  the  third  power  of  10,  will  have  5 
for  its  logarithm:  hence  alfo,  if  50  be  =  10' '^^^^^  then 
is  1-698.97  the  common  log.  of  50.  And,  in  general,  the 
following  decuple  feries  of  terms, 

viz.      10\        10",       10",    10',   10'\   10-',   10-%    10-"',      10--*', 

or    10000,    1000,    100,      10,      1,      T,      -01,   -OOlj   -000}^ 

have     4,  3,  2,        1,       0,   —1,     -2,     —3,       -4, 

for  their  logarithm?;,  refpedtively.  And  from  this  fcale  of 
numbers  and  logarithms,  the  fame  properties  eufily  follow,  as 
above  mentioned. 
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PiOBLEM. 

fo  ccmpuic  the  Logarithm  to  am/  of  /lie  Xatural  Numbers 

1,   2,   3,   4,  By  &V. 

RULE    I*. 

1.  Take  the  geometrical  Series,  I,  10,  100,  lOQO,  lOOOO, 
(Bcc,  and  apply  lo  it  the  aritlimetical  feries,  0,  1,2,  3,  4,  tec, 
^s  logarithms. 

2.  Find  a  geometric  mean  between  1  and  10,  10  and  100, 
or  any  other  two  adjacent  terms  of  the  feries,  betwixt  which 
the  number  propofed  'les. 

3.  Between  the  mean,  thus  found,  and  the  ncarefi:  extreme, 
find  another  geometrical  mean,  in  the  fime  m:inner ;  and  fo 
pn,  till  you  are  arrive  i  within  t[\Q  propofed  limit  of  the  num- 

1)er  whole  logarithm  is  fought. 

4.  Find  as  many  arithmetical  means,  in  the  fame  order  as 
you  found  tiie  geometrical  ones,  and  the  hifl  of  thefs  will  be 
the  logarithm  anivvering  to  the  number  required. 

EXAMPLE. 

Let  it  be  rec^uired  to  find  the  logarithm  of  9. 

Here  the  propoied  number  lies  between  1  and  IQ. 

Firll:,  then,  the  log.  of  10  is  1,  and  the  log.  of  1  is  0 ; 

theref.  1  -j-  0  -r-  2  i^z  |  rz  -5   is   the  arithmetical  m,ean, 

and  a/10  X  I  =::  \/l0z=  3-1622777   the    geom.    mean; 
hence  the  log.  of  3-1622777  is  -5. 

Secondly,  th^  log.  of  10  is  1,  and  the  log.  of  3*1622777  is  -5  - 

theref.    1  -f  '5  -—  2  =: '75  is   the   arithmetical   mean, 

and  -v/lO  X  3-1622777  ;::=5  6234132  is  the  geom.  mean; 
hence  the  log  of  5  6234132  is -75. 

Thirdly,  the  log.  of  10  is  1,  and  the  log  of  5'6234132  i5r*75; 

theref.  1  -f  •7-3  4-  2  —  -875    is   the  arithmetical  mean, 

•  and  v/lOx  0-6235132  zz  7-41*89422  the  geom.  mevin  ; 
hence  the  Iop;.  of  7-4989422  is  -875". 

Fourthl)^,  the  log.  of  10  is  1 ,  and  the  log.  of  7*4989422  is  -875; 
theref.  1 -f  -875 -^- 2  — -9373.  is  the  arithmetical  mean. 


and   -s/io  x  7-4989422  =  8 '6596431  the  geom.  mear: ; 
hence  the  lopr.  of  8-6596431  is  -9375. 

*  Tl)e  reader  who  widies  to  iiilorni  Inmleii  luore  panicuiarly 
concerning  li^e  hiliory,  nature,  and  coiiftruc'iiun  of  Loj^antlims, 
may  conlalt  the  Introduction  to  iiiv  IvIaLheinalieal  TaDii -,  iaieiy 
piiblilhed^  where  he  will  find  his  curioiity  gratified. 

1  liihly^ 
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Fifthly,  the  log.  of  10  is  1,  and  the  log.  of  8-6596431  is -9375; 

theref.  1  +  -9375  -f-  2  r:  -96875  is  the  arithmetical  mean, 

and  v/lbx  8-6596T3r=  9*3057204   the  geom.  mean; 
hence  the  log.  of  9-3057204  is  -96875. 

Sixthly,  the   log,  of   8-^596431  is  -9375,    and   the  log.  of 
9-3057204  is  -96875; 

theref.   -9375 +  -96875  -^  2=  -953125  isthearith.mean, 

and   v'8'6596431  X   9-3057204  =  8-9768713  the  geo- 
metric mean ; 
hence  the  log.  of  8-9768713  is -953125. 

And  proceeding  in  this  manner,  after  25  extra6lions,  it 
will  be  found  that  the  logarithm  of  8*9999998  is  -9542425  ; 
which  may  be  taken  for  the  logarithm  of  9,  as  it  differs  (o, 
little  from  it,  that  it  is  fufficiently  exaft  for  all  pra6):ical 
purpofes. 

And  in  this  manner  were  the  logarithms  of  almoft  all  tho 
prime  numbers  at  firft  computed. 


'  RULE    11^. 

Let  b  he  the  number  whofe  logarithm  is  required  to  be 
found;  and  a  the  number  next  lefs  than  b,  fo  that  b-^a  ~  1, 
the  logarithm  of  a  being  known  ;  and  let  s  denote  the  fum 
of  the  two  numbers  a  -\-  h.     Then 

1.  Divide  the  conftant  decimal  -8685889638  &c,  by  s, 
?ind  referve  the  quotient ;  divide  the  rcferved  quotient  by  thu 
Iquare  of  5,  and  referve  this  quotient :  divide  this  lafl;  quo- 
tient alfo  by  the  fquare  of  s^  and  again  relerve  the  quotient : 
and  thus  proceed,  continually  dividing  the  laft  quotient  by  the 
Iquare  of  ^,  as  long  as  divifion  can  be  made. 

2.  Tlien  vvrite  thefe  quotients  orderly  under  one  another, 
the  firfl  uppermofi,  and  divide  theui  rcipe6tively  by  the  odd 
numbers  1,  3,  5,  7,  9,  &c,  as  long  as  divilion  Cc\n  be  made  ; 
that  is,  divide  the  iirft  referved  quotient  by  1,  the  iecond  by 
3,  the  third  by  5,  the  fourth  by  7,  and  fo  on. 

3.  Add  all  thefe  laft  quotients  together,  and  the  fum  wiH 
be  the  logarithm  of  b  ~  a  ;  therefore  to  this  logarithm  add 
alfo  the  given  logarithm  of  the  faid  next  leis  number  tf,  fo 
will  the  laft  fum  be  the  logarithm  of  the  number  b  propofed. 


*  For  the  demonflralion   of  this  rule,  fee  the  KalhenValical 
Tables,  p.  109,  Sec. 

That 
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Thart  is, 
Log.  of  b  Is  log.  aA-jX   n  +  ^  +  —  +  -^-^  -f  ^'c.) 
where  n  denotes  the  conilant  given  decimal  -36858.39638  ^c, 

EXAMPLES. 

Ex.  1.  Let  1'  be  required  to  find  the  log.  of  the  mimber  2. 
Here  the  given  number  b  is  2,  and  the  next  lefs  number  a 
k  I ,  whofe  log.  is  0  ;  alfo  the  fum  2  -^  1  =  3  =  .9,  and  its 
fquare  s"  =  9.     Then  the  opera.'iion  will  be  as  follows  : 


3 ; 

)  •868588964 

1 

-289529654  ( 

•289529654 

9  , 

)  -289529654 

3 

32169962  ( 

'   10723321 

9  ; 

32169962 

5 

3574440  1 

[          714888 

9 

)    3574440 

7 

397160  ( 

:     56737 

9  ] 

\           397160 

9 

44129  \ 

[               4903 

9 

)      44129 

11 

4903  1 

;       446 

9   \ 

1       4903 

13 

545 

(        42 

9  \ 

1        515 

15 

61 

(         4 

9   . 

)                '61 

log.  of -^  - 

•301029995- 

add  log.  1  - 

•000000000 

log.  of  2    -      -301029995 


3. 


Kx.  2.  To  compute  the  logarithm  of  the  number 

Here  ^  =  3,  the  next  lefs   number  a  =  2,  and  the  fum 


a  -\-  b  :=:  5  zz  s,  wiiofe  fquare  s^  is  25,  to  divide  by  which, 
alvvavs  multiply  by  -04.     Then  the  operation  is  as  follows : 


5 
25 


25 
25 


)i<0 


) 
) 


) 


•868588964 

173717793 

6948712 

277948 

11118 

445 

18 


1 

3 
5 
7 
9 
U 


) 


■1737177^)3 

6948712 

277948 

11118 

445 

18 


log.  of  I     - 
log.  of  2  add 


•173717793 

2316237 

55590 

1588 

50 

2 

•176091260 
•301029995 


log.  of  3  fought  ••I77121235. 


Then,  becauib  the  fum  of  the  logarithms  of  numbers, 
gives  the  logarithm  of  their  product;  and  the  difunence  of 
xhc  logarithms,  gives  the  logarithm  of  the  quotient  of  the 

^umbers  i 
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numbers  ;  from  the  above  two  logarithms,  and  the  logarithm 
of  10,  which  's  ',  we  may  raife  a  great  many  logarithms,  as 
in  the  following  examples  : 


EXAMPLE   4. 
Becaufe  2  >.  2  =  4,   therefore 
to  log.  2     -      '3010299954 
add  log.  2    -    •3010299-5^ 


fum  is  log.  4   -6020599914 


EXAMPLE    5. 

Becaufe  2  X  3  :=  6,  therefore 
to  lo'j.  2     -      -301029995 


o 


^idd  log,  3.    -  •4.7'"/ 121255 


fum  is  log.   6   -77^rt5i25( 


u 


EXAMPLE   7. 

Becaufe    3^'  =9,    therefore 
log.  3       -       -477121254^ 
mult,  by  2  2 


gives  log.  9    -954242509 


EXAMPLE    8. 

Becaufe  '-/   ~  5,  therefore 
from  log.  1 0  i  -000000000 
take  log.  2        -301029995^ 


I 


EXAMPLE   6. 

Becaufe    2"   —  8,    therefore 
log.   2"     -         -3010299954 
jiiuit.  by  3 


n 
O 


gives  log.  8      -9030S9987 


leaves  log.  5     -6989700044. 


EXAMPLE    9. 
Becaufe  3  x  4  =  1 2,  therefore 
to  log.  3      -        -477121255 
add  log   4  -602059991 

frives  loe.  12     1-079181246 


And  thus,  compuiing,  by  this  general  rule,  the  logarithms 
to  the  other  prime  numbers  7,  11,  13,  17,  19,  3,  ckc,  and 
then  uf  ng  compofition  and  divifion,  we  may  cafily  find  as 
many  logantiims  as  we  pleaie,  or  may  ipeedily  examine  any 
logarithm  in  the  table  *. 


*  There  arc,  befides  thefe,  many  other  ingenious  methods, 
which  later  writers  havx3  dilcovered  for  finding  the  iogiirithms  of 
ruunbers,  in  a  much  ealier  way  than  by  the  original  inventor;  bul, 
as  thev  cannoi  be  underftood  without  a  know  le(ige  of  (onie  of  the 
lii^her  branches  of  the  n  athtn.atics,  it  is  thought  proper  to  omit 
"th^nv,  and  to  refer  ihe  reader  to  thole  works  which  are  written 
exprcisly  on  the  fubjecl. 

It  would  likewile  much  exceed  the  limits  of  this  compendiuni, 
to  point  out  ail  the  pecuhar  artifices  that  are  made  ufe  ot  for  con- 
fjruding  an  entire  table  (-f  ihefe  numbers;  inch  as  Ihofe  of  Gar- 
cUuer,  Sherwin,  and  others,  who  have  trcaied  on  this  fubjeCl;  but 
any  inforn;ati('n  t)f  tliis  kind,  which  the  learner  n.ay  wifli  to  ob- 
tain, ma_)'  be  found  in  my  Tables^  before  mentioned, 

Dijhipiion 
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JOefcription  and  Ufe  of  the  Table  of  Log^lHITiims. 

Having  explained  the  method  of  maleiiig  a  table  of  ^tlie 
]ogar;thms  of  numbers,  greater  tlian  unity  ;  the  next  thing  to 
be  done  is,  to  fnew  liow  tjie  logarithm--  of  fractional  quan-  , 
tities  may  be  found  And,  in  order  to  this,  it  may  he  ob- 
ferv-ed,  that  as  in  the  former  cafe  a  geometric  feries  is'fup- 
pofed  to  increafe  towards  the  left,  from  unity,  io  in  the  latter 
cafe  it  is  iuppofed  to  decreafe  towards  the  right  ha;jd,  flill 
beg.nning  with  unit;  a-  ^xjiibited  m  the  general  deicription, 
page  I  60,  where  the  ludicei  being  made  iiegative,  fldl  iliew 
the  logarithms  to  v.  hicli  f'ley  belong.  Whence  it  appears, 
that  as  +  i  is  ♦"he  log.  of  10,  fo  —  I  is  the  log.  of  tV  ^i'  '1  '> 
and  as  -f  2  is  the  log.  of  iOO,  fo  —  2  is  the  log  of  -^-^  or 
•01  :  and  fo  on. 

Hence  it  appears  in  general,  that  ull  numbers  which  con- 
fift  of  the  fame  tigurcs,  whether  they  be  integral,  or  frac~ 
tlonal,  or  m  xed,  vvill  have  the  decimal  parts  of  their  loga- 
rithms the  fame,,  but  differing  only  in  the  index,  wliich  will 
]3C  more  or  lefs,  and  pofitivc  or  negative,  accoiding  to  the 
place  of  the  firfl  f  gure  of  the  number. 

Thus,  the  logarithm  of  2651  being  3 '4234 10,  the  log.  of 
or  T-io-?  oi*  t/o-o'  ^c?  P'^^"^  o^  ^^'  ^"^^  ^^  '^'^  follows : 


I 


Num] 

3ers. 

2 

6 

5 

2 

6 

5 

•    1 

2 

6 

'5 

2 

•6 

0 

•2 

6 

5 

•0  2 

6 

5 

•0  0   2 

6 
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•4 

2 

3 

4 

0 

o 

•4 

2 

4 

0 

1 

•4 

2 

3 

4 

0 

0 

•4 

2 

o 

4 

() 

—  I 

•4 

o 

n 

4 

0 

—  2 

•4 

.2 

4 

0 

~3 

•4 

2 

3 

4 

0 

From  this  it  alio  appears,  that  the  index,  or  characleriftic, 
of  any  logarithm,  is  always  leis  by  1  than  die  numi)er  of 
integer  hgirfes  which  tlie  natural  number  confiffs  of;  or  it  is 
equal  to  the  diftance  of  tlie  firrt  figure  from  tlie  place  of 
units,  or  tirfl:  place  of  integers,  whether  on  the  left,  or  on  the 
right  of  it :  and  this  index  is  conftantiy  to  be  placed  on  tlie 
left-hand  fide  of  the  decimal  part  of  th^  logarithm. 

When  tlieie  are  integers  in  the  given  number,   the  index 
is  aiv.-ays  affirmative  ;   but  when  there  are  no  integers,   the 
index  is  negative,  and  is  to  be  marked  by  a  lliort  line  drawn 
before  it,  or  elle  above  it.     Thus, 
A  number  having         1,  2,  3,  4,  5,  &c,  integer  places, 
the  index  of  its  log.  is  0,  1,  2,  3,  4,  6cc,  or  i  lei's  than  thofe 
places,  - 

And 
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And  a  decimal  fra6lion  having  Its  firft  figure  in  the 
ift,    2d,    3d,   4th,  &;c,  place  of  the  decimals,  has  always 

—  1,  —2,  ~3,  »-4,  2;:c,  for  the  index  of  its  logarithm. 

It  may  alfo  be  obferved,  that  though  the  indices  of  frac-f 
tional  quantities  are  negative,  yet  the  decimal  parts  of  their 
logarithms  are  always  affirmative,  And  the  negative  mark  ( —  ) 
may  be  fet  cither  before  the  index  or  over  it. 

I.   TO  FIND,  IN   THE   TABLE,  THE   LOGARITHjM  TO 

ANY   NUMBER  *. 

1 .  If  the  given  Number  be  lefs  than  1 00,  or  confifl  of 
only  two  figures.;-  its  log.  is  immediately  found  by  infpeilion 
in  the  iiril  page  of  the  table,  which  contains  all  numbers 
from  I  to  100,  with  rheir  logs,  and  index  immediately  an- 
nexed in  the  next  column. 

So  the  log.  of  5  is  0-698970.  The  log.  of  23  is  1-361728. 
The  log.  of  50  is  1-698970.     And  fo  on. 

2.  Jf  the  Number  be  more  than  100  but  lefs  than  10000,- 
the  decimal  part  of  the  logaiithm  is  found,  by  mipc^Stion  in  the 
other  pages  of  the  table,  ftanding  agiinft  the  given  number,  in 
iliis  manner ;  viz.  the  'firfl:  three  figures  of  the  given  number  in 
the  firft  column  of  the  page,  and  the  fourth  figure  one  of  thofe 
along  the  top  line  oi  it;  then  in  the  angle  of  meeting  are  che 
laft  four  figures  of  the  logarithm,  and  the  firft  two  figures  of  the 
fame  at  the  beginning  of  the  fame  line  in  the  fecond  column 
of  the  page :  to  wdiich  is  to  be  prefixed  the  proper  index, 
which  is  always  1  lefs  than  the  number  of  Integer  figures. 

So  the  loganthm  of  2.51  is  2'399674,  that  is,  the  decimal 
•399674  found  in  the  table,  with  the  index  2  prefixed,  be- 
caufe  the  given  number  contains  three  integers.  And  the 
log.  of  34-09  is  1 '532627,  that  is,  the  deciipal  '532627 
found  in  the  table,  with  the  index  i  prefixed,  becaule  the 
given  number  contains  two  integei-s. 

3.  But  if  the  given  Number  contain  more  than  four  figures  i 
take  out  the  logarithm  of  the  firft  four  figures  by  infpe6licn 
in  the  table,  asT  before,  as  alio  the  next  greater  loganthm, 
fubtraclincf  the  one  lo2:arithm  from  the  other,  as  alio  theii- 
correfponding  numbers  the  one  from  tlie  other.     Then  lay,^ 

As  the  difierence  between  the  two  numbers, 
Is  to  the  difference  of  their  logarithms. 
So  is  the  remaining  part  of  the  given  number,. 
To  the  proportional  part  of  the.  logarithm. 

*  See  the  tabic  of  Logarithms,  aft^r  the  Geometry,  at  the  enci 
of  the  volume. 

Which 
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Which  part  being  added  to  the  lefs  logarithm,  before  taken 
out,  gives  the  whole  logarithm  fought,  very  nearly. 

EXAMPLE, 

To  find  the  logarithm  of  the  number  34*0920. 
The  log.  or  J40900,  as  before,  is.  532627 i. 
And  log.  of  341000  -  is  532754. 

Thediffs.  are       100  and  127 


Then,  as       100  ;  127  : :  26  :  33,  the  proportional  part. 

This  added  to     -     -     -     532627,  the  firfl  log. 

Gives,  with  the  index,     1*532660  for  the  log.  of  34*0926. 

4.  ff  the  number  confift  both  of  interers  and  fra6lions,  or 
is  entirely  fra6l.'onal;  find  the  decimal  part  of  the  logarithm 
the  fame  as  if  all  its  figures  were  integral;  then  this,  having 
prefixed  to  it  the  proper  index,  will  give  the  logarithm  rc- 
c[uired. 

5.  And  if  the  given  number  be  a  proper  vulgar  fra6lion ; 
fubtra61:  the  logarithm  of  the  denominator  from  the  loga- 
rithm of  the  numerator,  and  the  remainder  will  be  the  loga- 
rithm fought;  which,  being  that  of  a  decimal  fra6lion,  mult 
always  have  a  negative  index. 

6.  But  if  it  be  a  mixed  number  ;  reduce  it  to  an  improper 
fra6lion,  and  find  the  difference  of  the  logarithms  of  the 
numerator  and  denominator,  in  the  fame  manner  as  before. 

EXAMPLES. 


1.  To  find  the  log,  of -JJ. 
Log.  of  37  -        1-568202 

Log.  of  94  -        1-973128 

Dif.  log.  of  X7  _  1-595074 

Where  the  index  1  is  negative. 


2.  To  find  the  log  of  1 71-J. 
Firl^,  17;.4-\7.     Then, 
Log.  of  405      ''-        2-607455 
Log.  of  23  -        1-361728 

Dif.  log.  of  17,' J        1-245727 


II.  TO  FIND  THE  NATURAL  NUMBER  TO  ANY 

GIVEN  LOGARITHM. 

This  is  to  be  found  in  the  tables  by  the  reverfe  method 
to  the  former,  namely,  by  fearching  for  the  propofcd  loga- 
rithm among  thofe  in  tlie  table,  and  taking  out  the  corre- 
fpondmg  number  by  infpe6lion,  in  which  the  proper  number 
of  mtegers  are  to  be  pointed  ofF,  viz.  1  more  than  the 
index,  l^or,  in  finding  the  number  aniV^^ering  to  any  given 
logarithm,   the  index  always  {l:iews  how  far  the  hrft  figure 

mufl 
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muft  be  removed  from  the  place  of  units,  viz.  to  the  left 
hand,  or  integers,  when  the  index  is  affirmative;  but  to  the 
right  hand,  or  decimals,  when  it  is  negative. 

EXAMPLES. 

So,  the  number  to  the  log.   1-532882  is  34-1  U 
And  the  number  of  the  log.  1-532882  is  -341 1. 

But  if  the  logarithm  cannot  be  exa6lly  found  in  the  table  ; 
take  out  the  next  greater  and  the  next  lefs,  fubtracf^ing  the 
one  of  thefe  logarithms  from  the  otlier,  as  alfo  their  natural 
numbers  the  one  from  the  other,  and  tlie  leis  logarithm  from 
the  icgarithm  propofed.     I'hen  fay, 

As  the  diffisrencc  of  the  firfl  or  tal)ular  logarithms, 
Is  to  the  difference  of  their  natural  numbers. 
So  is  tlie  differ,  of  the  given  log.  and  the  leail  tabular  log. 
To  their  correfponding  nuiwral  difference. 
Which  being   annexed  to   the  leaft  natural   number  above 
taken,   gives  the  natural  number  fought,   correfponding  to 
the  propofed  logarithm. 

EXAMPLE. 

So,  to  find  the  natural  number  anfvvering  to  the  given 

logaiithm  1-532708. 
Here  the  next  greater  and  next  lefs   tabvdar  logarithms, 
>vith  their  correfponding  numbers,  &c,  are  as  below : 

Next  greater  532754  its  num.  341000  ;   given  log.  532708 
Next  lefs         532627  its  num.  340900;   next  leis   532627 


Differences  127         —  100  —  81 


Then,  as  127  :  100  : ;  81  :  64  nearly  the  numeral  differ. 

■  }.-'■■  i 

9 

Therefore  34-0.964  is  the  number  fought,  marking  off  two 
integers,  becauie  the  index  of  the  given  logarithm  is  1. 

Had  the  index  been  negative,  thus  1*532708,  its  corre- 
fponding number  would  have  been  -340964,  wholly  de- 
cimal. 
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III.  MULTIPLICATION  BY  LOGARITHMS. 

» 
RULE. 

TaiCe  out  the  logarithms  of  the  facS^ors  from  the  tahle, 
then  add  them  together,  and  their  fum  will  he  the  iogiirithm 
of  the  produ6t  required.  Then  by  means  of  the  table, 
take  out  the  nacuial  number,  anfwering  to  the  fum,  for  tlie 
produ6l  fought. 

Ublerving-  to  add  \vhat  is  to  be  carried  from  the  decimal 
part  of  the  logarithm  to  the  affirmative  index  or  indices,  or 
eU'e  fubtradt  it  from  the  negative. 

Alfo,  adding  the  indices  together  when  they  are  of  the 
fame  kind,  both  affirmacive  or  both  negative;  but  fubtra(S- 
ino-  tlie  leis  from  tlie  greater,  when  the  one  is  affirmative 
and  the  other  negative,  and  prefixing  the  fign  of  the'  greater 
to  the  remainder. 

EXAMPLES. 


1.  To  multiply  23  T  4  by 
5*062. 
Numbers.  Logs. 

23-14   -    1 -364363 
5-062  -  0-704322 


2.  To  multiply  2-58 1926 
by  3-457291. 
Numbers.  Logs. 

2-581926    -  0-411944 
3'457291\  •'  0-538736 


ProQu6ll  17-1347      2'068685iProd.  8-92648     -     0-950680 


y 


5.  To  mult.  93-02,  and  597-16, 

and  -0314728  all  together. 

Numbers.  Logs. 

3-902     -     0-591287 

597-16   -     2-776091 

'0314728  —  2-497935 


Prod.  73-333-3     -     1-865313 


4.  To  mult.  3-586,  and  2- 1046, 
and  0-8372,  and  0-0294  all 
together. 

Numbers,  Logs. 

3*586  -  0-554610 
2-1046  -  0-323170 
0-8372  —1-922829 
0-0294      —2-468347 


Here  the  •—  2  cancels  the  2, 
and  the  1  to  carry  from  the 
decimals  is  fet  down. 


Prod.  0-1857618-1-26895^ 


Here  the  2  to  carry  cancels 
the  —2,  and  there  remains  the 
the  —1  tofct  down. 
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DIVISION  BY  LOGARITHMS. 


RULE. 

From  the  logarhlim  of  the  dividend  fubtratSl  the  loga- 
rithm of  the  diviibr,  and  the  number  anfwering  to  the  re-» 
mainder  will  be  the  quotient  required. 

Oblerving  to  change  the  fign  of  the  index  of  the  divifor, 
from  affirmative  to  negative,  or  from  negative  to  affirmative  ; 
then  take  the  fum  of  the  indices  if  they  be  of  the  fame  name^ 
or  their  difference  when  o?  different  figns,  with  die  fign  of 
the  greater,  for  the  index  to  the  logarithm  of  the  quotient. 

And  alio,  when  i  is  borrowed,  in  the  left-hand  place  of 
the  decimal  part  of  the  logarithm,  add  it  to  the  index  of 
the  divifor  when  that  index  is  affirmative,  but  fubtradt  it 
when  negative  ;  then  let  the  index  arifiag  from  thence  be 
changed,  and  worked  with  as  before. 

EXAMPLES. 


J.  To  divide  24163  by  4567. 
Numbers.  Logs. 


Dividend  24163   - 
Divifor       4567  - 


Quot.      5-29078        0-723.32v 


2.  Todivide 37-149  by523-76. 
1\  umbers.         Logs. 


4-383151  Dividend   37*149   -   1-569947 
3'65963i  Divifor       523'76  -  2-719132 


Quot.    -0709275—2-850815 


S.Divide  -06314  by -007241. 

Numbers.  Logs. 

Divid.        -06314   —  2*8u0305 
Divifor    -007241    ~3'85979'J 


Quot.  8-71979      0-940506 


Here  1  carried  from  the 
decimals  to  the  — 3,  makes  it 
become  — 2,  which  taken  from 
the  other    — 2,    leaves   0   re- 


maining. 


4.  To  divide  -7438  by  i 2-9476. 

Numbers.  Logs. 

Divid.        -7438      -1-871456 
Divifor    12-9476        1-112189 


Quot.    -057447      —2-759267 


Here  the  1  taken  from  the 
—  1 ,  makes  it  become  —  2,  to 
let  dow^n. 


Kote.  As  to  the  Rule-of-Thrce,  or  Rule  of  Proportion, 
it  is  performed  by  adding  tlie  logarithms  of  the  2d  and  3d 
tejois,  and  fubt^adllng  that  of  the  £rfl  terjoa  from  their  fum. 
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INVOLUTION  BY  LOGARITHMS. 


RULE. 

Take  out  tlie  logarithm  of  the  given  number  from  the 
table. 

Multiply  tlie  log.  thus  found,  by  the  index  of  the  power 
propofed. 

Find  the  number  anfwering  to  the  produ6i:,  and  it  will  be 
the  power  required. 

Note.  In  multiplying  a  logarithm  wirh  a  negative  Index, 
by  an  affirmative  number,  the  produdl  will  be  negative. 

But  what  is  to  be  carried  from  the  decimal  part  of  the  lo* 
garithm,  will  always  be  affirmative. 

And  therefore  their  difference  will  be  the  Index  of  the 
produ6l,  and  is  always  to  be  made  of  the  fiime  kind  with  the 
greater. 

EXAMPLES; 


1.  To   fquare   the   number 
2-5791. 
Numb.  Log. 

Root2-5'7yi    -     -     0-411468 
The  index    -     -     2 


Power  6-65174  0-822936 


2.  To  find   the  cube  of 
3-07146. 
Numb.  Log. 

Root  3-07146    -    -    0'487345 
The  Index     -     -     3 


Power  2S-9758  1-46203.5 


3.  To  ralfe  -09163  to  the  4th 
power. 
Numb.  Log. 

Root -09163  -2-9b203S 

The  index    -     -     4 


Pow. -000070494  -5-848152 


4.  To  ra'ife  1.'0045  to  the 
365th  power.   . 
Numb.  Log. 

Root  1-0045     -     -    0-001 950 
The  Index    -     -  365 


Here,   4  times  tlie  negative 
index  being—  8,  and  3  to  carry, 
the  difference  —5  is  the  index  Power  5*14932 
©f  the  produ(5l.  ' 


9750 
11700 
5850 

•711750 
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EVOLUTION  BY  LOGARITHMS, 

Take  thelog.  of  the  .o;iven  nmnber  out  of  the  table. 
Divide  the  log.  thus  fonnci,  by  the  index  of  the  root. 
Then  the  number  infwering  to  the  quotient,   will  be  the 
root. 

Note.  When  the  index  of  the  logarithm,  to  be  divided,  Is 
•negative,  and  docs  not  exadlly  cdntun  the  divifor,  withc.ut 
fome  remainder,  incn-afe  the  index  \y^  fuch  a  number  as  will 
make  it  exa6lly  divifible  hj  the  index,  carrying  tiie  ai/Ltr  bor- 
rowed, as  fo  many  tens,  to  the  left-han'd  place  of  the  decimal^ 
and  then  divide  as  in  whole  numbers. 

Ex.  1.  To  find  the  fquare  rootlEx,  2    To  find  the  3d  root  of 


of  365. 
Numb. 
PoWet         365   2)2-5o2293 
Root  19-10496  1-281 146- 


Log. 


12345. 

Numb. 


^oe- 


Power     1  2345   3  )  4>09 1 49 1 
Root     23-1116  l-363830i 


Ex.  3.  To  find  the  10th  root 

of  2. 

Num.b.  Log, 

Power  2       -       10)  0*301030 

Root  1-071773  0-030103 


Ex.  4.  To  find  the  365th  root 
of  1-045. 
Numb.  Log, 

Power  1^045  365  )  0-01 9 Tl  6 
Root  1*000121  0*000052!- 


Ex.  5.  To  find  V'*093; 
Numb.  Log. 

Power  -093     2  j— 2*968483 
Root  *304959        -1*4842414 

Herd  the  divifor  2  is  ton- 
tained  exadlly  once  in  the  re- 
gative  index  —  2,  and  there- 
fore the  index  of  the  quotient 
is  —  1, 


Ex. -6.  To  find  the  ^*0004S. 
•        Numb.  Log, 

Power  '00048   3 )  -  4*68  1  241 
Root  -0782973       -2-893747 

Here,  the  civifor  3  not  being  exadlj^ 
contained  in — 4,  it  is  augn)ented  by  2, 
to  mSke  up  6,  in  which  'he  divifor  is 
contained  jull  2  times  ^  then  rhe  2,  thus 
borrowed,  being  carried  to  ti:;e  dcomal 
figure  6,  makes  26,  which  divided  by 
3,  gives  S,  icQ. 


Ex.  7.  To  fijid  4  ^  A  X  -oOi  V-iV- 
Ex.  8.  To  find  :J^A-^^^;^;^ 

Ex.   9.     As  x^/ 7     *    \/ 7-5"4:.-7^-+    I  I     V   %Thi7;TT  '*   • 

Ex>  10.   As  V  T*crTT-^T5"  •    (tttt)     I  '»   V  T'sT+ye   •  ' 
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ALGEBRA. 


DEFINITIONS  AND  NOTATION. 


1.  A 


LGEBRA  Is  the  art  of  computing;  bv  fvmbols.  It 
is  lometimes  alio  called  Analyfis;  and  is  a  general  kind  of 
arithmetic,  or  univerial  way  of  computation. 

2.  In  this  fcience,  quantities  of  ail  kinds  are  reprcfented  by 
the  letters  of  the  alphabet.  And  the  operations  to  be  per- 
formed with  them,  as  addition  or  fubtradlion,  &:c,  are  de- 
noted by  certain  fimpie  charadlers^  initead  of  being  exprelTed 
by  words  at  length. 

3.  In  algebraical  queflions,  fome  quantities  are  known  or 
given,  viz.  thofe  whole  values  are  known  :  ?  id  others  un- 
known, or  are  to  be  found  out,  vjz.  thofe  whole  values  are 
not  kriown.  The  former  of  thefe  are  reprefented  by  the 
leading  letters  of  the  alphabet,  a,  b,  c,  <:/,  &c;  and  the  latter, 
or  unknow'n  quantities,  by  the  linal  letters,  z,  t/,  jt,  ii,  dec. 

4.  The  charaifters  ufcd  to  denote  the  operations,  arc 
chiefly  the  following  : 

+     f]gn ifies  addition,  and  is  named  plus, 

~      figiiifies  fubtra6iion,  and  is  named  minus, 

X      or  .  fignifies  multiplication,  and  is  named  into. 

-f-     fignifies  divilion,  and  is  named  by. 

s/     Tignifies  the  fquare  rootj   ^   the  cube  root;   y/   the 
4th  root,  6cc  ;  and  y   the  ?2th  root. 

:    : :    :    fignifies  proportion. 

r=      figniiies  equality,  and  is  named  equal  to. 

And  lo  on  for  other  operations. 

Thus  a  -{-  h  fliews,  that  tiie  number  reprcfented  by  b  is  to 
be  added  to  that  reprcfented  by  a. 

a  —  b  flievvs,  that  the  number  reprcfented  by  b  is  to  be  fub- 
trailed  from  that  repreient'.'^d   by  a. 

a  u:i  b  reprefents  the  diiference  of  a  and  /),  when  it  is  not 
known  which  is  die  (greater 

ah,  or  ax  b,  or  a.b,  denotes  the  produd,  by  multiplication, 
©f  the  numbers  reprcfented  by  a  and  b. 
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a  -r-b,  or  — ,  /hews  tliat  the  number  reprefcnted  by  a  is  t& 

0 

be  divided  by  that  which  is  reprefented  by  b, 

■7- is  the  reciprocal  of—,   and  —  the  reciprocai  of  ^.- 
0  ^  a  a 

d  '  b  '  'c  '.  df  denotes  that  a  is  in  the  fame  proportion  to  b, 
as  c  is  to  d. 

.r  :=  a  ~  b  -\-  c  IS  Tin  equation,  Hiewing  that  x  is  equal  to 

the  difference  of  a  and  by  added  to  the  quantity  c. 
i  1 

V  fl^,  or  a^,  is  the  fquare  root  of  a;  4/^,  or  «  ^ ,  is  the  cube 

■2 
root  of  a  J  and  y  a ~  or  a^  is  the  cube  root  of  the  fquare  of  a ; 

and  v^,  or  a"",  is  the  ini\\  root  of  «;  and  '^/fz"  ortt'"  is  the 
?zth  power  of  the  mth  root  of  a,  or  it  is  a  to  the  -  power. 

a'  is  the  fquare  of  « ;  «^  the  cube  of  ai  a^  the  fourth 
power  of  a  ;  and  cC^  the  rnth  power  of  a. 

u -]r  b  X  c,  or  (r/  -}-  ^)  <^'j  is  the  product  of  the  compound 
quantity  a  -\-  b  multiplied  by  the  fimple  quantity  c.     Ufing 

the  bar ,  or  the  parenthefis  ( )  as  a  vinculum,  to  conne6l 

feveral  quantities  into  one. 

I      r 

a  -\-  b  -r-cl  —  bf  or -7,  exprefled  hke  a  fraction,  is  the 

a  —  b 

quotient  o{  a  -\-  b  divided  by  a  —  b, 

i 

\/ab  -j-cd,  or  {ab  +  a/)^,  is  the  fqnare  root  of  the  com- 
pound quantity  ab  +  cd.  And  c^db  +  cd,  or  c  {ab  -\-  cd)  2» 
denotes  the  produ6l  of  c  into  the  fquare  root  of  the  compound 
quantity  ab  +  cd. 

a-{-  b  —  c\  or  (a -\-b—cf\  is  the  cube,  of  third  power, 
of  the  compound  quantity  a  -{-  b  —  c. 

5a  denotes  that  the  quantity  a  is  to  be  taken  5  times,  and 
1  .  ib-\-  c)  is  7  times  b  -{-  c.  And  thefe  numbers,  5  or  7, 
fhewing  how  often  the  quantities  are  to  be  taken,  or  multi- 
plied, are  called  Co-efficients. 

Aifo  I  .r  denotes  that  x  is  multiplied  by  J  ;  thus  |  x  .r  or 

5.  Like. Quantities,  are  fhofe  which  conhfl  of  the  fame 
letters,  and  powers.  As  a  and3rt;  or  2ab  and  4ab  \  or 
Za''bc  and  --  5 a' be. 

6.  Unlike  Quantities,  are  thofe  wmich  confift  of  different 
letters,  or  different  powers.  As  a  and^;  or  2a  and  a'';  or 
?jab'  and  3a(>i\ 
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7.  SIiTlple  Quantities,  are  thofe  which  confifl  of  one  term 
only.     As  3  a,  or  5ab^  or  6abc~. 

8.  Compound  Quantities,  are  thofe  which  confifl:  of  two  of 
more  terms.     As  a  -\~  b,  or  2  a  ~  3  c,  or  a  -\-  2  b  —  3  c. 

9.  And  when  the  compound  quantity  confifts  of  two 
terms,  it  is  called  a  Binomial,  as  «  -j-  ^  ;  when  of  three  terms* 
it  is  a  Trinomial,  as  «  -f-  2A  —  3c;  when  of  four  terms,  a 
Quadrinomial,  as  2a—3b-{-c~4'd;  and  fo  on.  Alfo,  a 
Multinomial  or  Polynomial,  confifts  of  many  terms. 

10.  A  Refidiial  Quantity,  is  a  binomial  having  one  of  the 
terms  negative.     As  a— 2b. 

1 1.  Pofitive  or  Affirmative  Quantities,  are  thofe  which  are 
to  be  added,  or  have  the  fign  -j-.  As  a  or  -\-  a,  or  ah  :  for 
when  a  quantity  is  fouild  without  a  fign,  it  is  underftood  to 
be  pofitive,  or  to  have  the  fign  -f  pretixed. 

12.  Negative  Quantities,  are  thofe  which  are  to  be  fub- 
trailed.     As  ~  a,  or  —  2ab,  or  —  3ab'', 

13.  Like  Signs,  are  either  all  pofitive  (  +  ),  or  all  nega- 
tive (-}, 

14.  Unlike  Signs,  are  when  fome  are  pofitive  (  -{-  ),  and 
others  negative  {  —  }•- 

15.  The  Co -efficient  of  any  quantity,  as  fhewn  above,  is 
the  number  prefixed  to  it.     As  3,  in  the  quantity  3ab. 

16.  The  Power  of  a  quantity  (c^j,  is  its  fquare  {a''),  or 
cube  {a^},  or  biquadrate  (a^),  See;  called  alfo,  the  2d  power, 
or  3d  power,  or  4th  power^  &:c. 

17.  The  Index  or  Exponent,  is  the  number  which  denotes 

the  power  or   root  of  a  quality.     So    2  is  the  exponent  of 

the  fquare  or  fecond  pdwcr^/. -;  and  3   is  the  index  of  the 

i 
cube  or  3d  power  ;  and  |  is  the  index  of  the  fquare  roor,  a^ 

I 
or  y/a ;  and  4  is  the  index  of  the  cube  root,  a^  or  ^a, 

18.  A  Rational  Quantity,  is  that  which  has  no  radical 
fign  {^)  or  index  annexed  to  it.     As  a,  or  3ab, 

19.  An  Irrational  Quantity,  or  Surd,  is  that  which  has- 
iiot  an  exacft  root,  or  is  expreffcd  by   means  ot  the   radical 

fjgn  y/.     As  y^  2,  or  ^/  a,  or  y  fl-,  or  ab^. 

20.  The  Reciprocal  of  any  quantity,  is  that  quantity  in- 
verted, or  unity  divided  by  it.     So,   the   reciprocal  of  a,  or 

- ,  is     ,  and  the  reciprocal  of  -.   is     • 
1  u        a 

N  2  21.  The 
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.21.  Tlie  letters  by  which  any  fimple  quantity  is  expreiTecI, 
may  be  ranged  accorrl-nn,  to  any  orde^  at  pleafiire.  So  the 
produ6l  of  a  and  b,  may  be  either  exprefled  by  ub.  or  ba  ; 
and  the  pfodu6i:  of  a^  b,  and  c,  by  either  abc^  or  acb,  or  bac, 
or  bra  or  cab.>  or  cba  ;  as  it  matters  not  which  quantities  are 
placea  or  muUiplied  firft  But  it  will  be  fomctimes  found 
convenient,  in  long  operations,  to  place  the  feveral  letters 
according  to  their  order  in  the  alphabet,  as  abc,  which  order 
alio  occurs  moft  eafily  or  naturally  to  the  mind. 

22.  Likewife,  the  feveral  members,  or  terms,  of  which,  a 
compound  quantity  is  compoied,  may  be  difpofed  n  any 
.order  at  pleafure,  v/ithout  altering  the  value  of  the  fignifi- 
cation  of  the  whole.  Thus,  3a  —  2b  -{-  4rdbc  may  alio  be 
written  3a  -f-  4-abc  —  2ab^  or  4-abc  -}-  ^-^i~  2ab,  or—2ab  -f  '3a 
4-  4^//;6',  &c  ;  for  all  thefe  reprefent  the  fame  thing,  namely, 
the  quantitv  which  remains,  wdien  the  quantity  or  term  2ab-' 
is  fubtraclcd  from  tlie  fum  of  the  terms  or  quantities  3a  and 
4abc.  But  it  is  moft  ufual  and  natural,  to  begin  with  a  po- 
iitive  term,  and  with  the  firfl  letters  of  the  alphabet. 

SOME   EXAMPLES    FOR    PRACTICE., 

hi  finding  the  numeral  values   of   various    expreiTions,    or 

combinations,  of  quantities. 

Suppofing  a  =  6,  and  b  =^5,  and  c  =  4,  and  d  =  I,  and 
c  =0.     Then  ,^ 

1.  Will  a-  +  3ab-e'~=  36  -1-90-16  =  110. 

2.  And  2^'-  3^  /»  -f  c''  =  432  -  540  -j-  64  =  -  44. 

3.  A.nd  a-  x  a+'lr-  2abc  =  36  x  1 1  -  240  :=  1 56: 

4.  And  —  —  -f  c''  =  — +  16  =  12  -f-  16  =  2a. 

a  -f-  3(7  18 

5.  And  v^2ra-  +  r  oY2ac  -f  c^\ ^  =  ^64  =S. 


2bc  40 

6.    kn^  ^ C  X  -=:=r=zr^^  2 -\-    -- 

^2ac-\-c-  8 


a'i^,/b'-ac       36-1        35 

5 


i.  And  -—7- \ ct     n 


8,.  And  v  b'^-ac  +  ^/2ac  -\- t- =  1^- S  =  y. 


9.  And  ^/  b'-ac-\-  .^f  2ac -f-  r  =  V 25  -  24-i-S  =r  3, 

10    And  a~b  -\-  c  —  d  =  ^ 

11.  And  bab  -  lOb'^  -{-  e  = 

12.  And 
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.     ,  a  b 

12.  And  —  X  a  — 

c 

^     •  a^b        b 

13.  And X    -r  = 

c  a 

,     ,  a-\-  b      a~  b 

14.  And — T- 

c  a 

A     J  ^' ^     . 

15.  And  —  -{■  c  = 

c 

16.  And  —  X  €  =r 

c 


17.  And    ^-c  X  d-e  =z 


18.  And  fi  +  ^  —  6--d?  = 
^9.  And  a^b-c—d^^ 

20.  And  ^'6-  X  ^^  = 

21.  And  ^a-i/  —  ^/  = 

22.  And  a'e  ^-  ^'V  ~\-  d  :=: 

,     ,  b  —  e      a  -h  b 

23.  And X 7  = 

a  —  €?       c  —  d 

24.  And  -v/^r  -f  b-  —  ^/ a  —b'zz 

25.  And  3ar -f  ^/^r-  Z>"  = 


26.  And  4ri~  -^  3^  v'  a'-^~ab  = 


ADDinON. 

Addition,  in  Algebra,  is  the  connedling  the  qnantltlcs 
together  by  their  proper  ligns,  and  incorporating  of  uniting 
into  one  term  or  ium,  luch  as  are  fimiiar,  and  can  be  united. 
As  3«  -}-  2Z>  -  2a  zn  a  -t  2b,  the  ium. 

7  he  rule  of  addition  in  algebra,*  may  be  divided  into  three 
cafes :  one,  when  the  quantities  are  like,  and  their  iigiis  like 
^lUo  ;  a  iecond,  when  the  quantities  are  like,  but  then  figns 
unlike  ;  and  the  third,  when  the  quantities  are  uniiKc. 
Which  are  performed  as  follows*. 

CASE 


*  The  reafons  on  which  ihefe  operations  nre  hjunclecl,  vviii  rea- 
dily appear,  b)  a  little  refiecuon  on  the  nalure  ul  the  quantities  to 

be 


ns  Algebra. 

CASE   I. 

irhoi  the  ^liantitics  are  Like,  and  have  Like  Signs  :■ 

First  fet  down  the  common  fign;  after  which  fet  the  fum 
of  the  co-efficients,  found  by  adding  tliem  together  ;  to  which 
annex  the  commou  letter  or  letters  of  the  like  quantities. 


be  added,  or  colle6led  together.  For,  with  regard  to  the  firft  cx' 
ample,  where  'he  quantities  are  3a  aiid  5a,  whatever  a  reprefents 
in  t!ie  one  term,  it  will  reprelent  ihe  lame  tiling  in  the  other ;  To 
that  3  tiiiies  any  thing  and  5  times  the  fame  thing,  oileded  to- 
gether, mufl  needs  make  8  times  that  thing.  As  ifa  denote  a 
Ihihing;  then  Sa  is  3  (hiliings,  and  5a  is  5  (liiilirgs,  and  their  fum 
8  thiHings.  In  like  manner,  —  2«^and  —  lah,  or  —  2  times  any 
thing,  and  —  7  times  the  fame  thing,  make  —  9  times  that  thing. 

As  to  the  fecond  cafe,  in  which  the  quantifies  are  hke,  but  the 
iigns  unlike;  the  realon  of  its  operation  will  eafiiy  appear,  by  re- 
flecting;, that  addition  means  oniy  the  uniting  of  quar.tilies  tocje- 
<her  by  means  of  the  arithmetical  Ojjrrations  denoted  by  their  fi  ,ns 
-{-and-—,  or  of  addition  and  fubtrailion  ;  which  being  of  con- 
trary or  oppofite  natures,  the  one  co  efficient  rauft  be  fu btrafted 
fjou)  the  other,  to  obtain  the  incorporaied  or  united  niafs. 

As  to  the  third  cafe,  where  the  quantities  are  unlike,  it  is  plain 
that  fuel)  quantities  cr.nnot  be  united  into  one,  or  otherwife  added, 
than  by  means  of  tiieir  figns :  thus,  for  example,  ')f  a  be,  luppofed 
to  reprefent  a  crowii,  and  b  a  fliilling  ;  then  tlie  turn  of  a  and  Z> 
can  be  neither  2a  nor  2b,  that  is  neither  2  crowns  nor  2  fliillings, 
b;;!  only  1  crown  plus  I  {billing,  thac  is  a  -{-  b. 

In  this  rule,  the  word  addilion  is  not  very  properly  ufed  ;  being 
mtich  too  Icanty  io  exprefs  the  operatif>n  here  performed.  The 
butincis  of  this  operation  is  to  incorporate  into  one  mats,  or  alge- 
braic expreflion,  diflerent  algebraic  quantities,  as  far  as  an  actual 
incorporation  or  union  is  polhble ;  and  to  retain  the  algebraic 
inaiks  finr  doing  it,  in  caies  wdiere  the'  former  is  not  pofiible. 
When  we  have  feveral  quantities,  fome  affirmative  and  fome  nega- 
tive; ar.d  the  relation  of  tlioie  quantities  can  in  the  v\l;ole  or  in 
part  be  d i {covered  ;  fuch  incorporation  of  two  or  more  quantities 
into  one,  is  ])lainly  etfcfted  by  the  foregoing  rules. 

It  may  feem  a  paradox,  that  what  is  called  addition  in  algebra, 
lliould  fi)nietimes  mean  addition,  and  fomeiimes  lubtra6iion.  ^\.it 
the  paradox  wholly  ariles  iVom  the  Icantinefs  of  the  name  given  to 
the  al^Cibraic  proct-fs ;  from  empluying  an  old  term  in  a  new  and 
more  enlarged  fenie.  Inllead  of  addition,  eall  it  incorporation,  or 
iHiion,  or  tbiking  a  balance,  or  any  name  to  which  a  more  exten- 
live  idf^a  may  be  annexed,  than  that  which  is  ufualiy  implied  by 
the  word  addition  ;  and  the  paradox  vaniflies. 

.  ,  Thus, 
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Thus,  3c7  added  to  5a,  makes  8^^. 

And  —  2ab  added  to  —  lab,  makes  -^  9ab. 

And  5a  +  lb  added  to  la  -^  3^,  makes  i2a  +  10^. 

OTHER    EXAMPLES   FOR    PRACTICE. 


5  a 

—  6  bx 

8  bxy 

7  a 

^  3  bx- 

1  bxy 

S  a 

—  2  bx 

3  bxy 

0  a 

—  7  bx 

4  ^^y 

2  a 

—       6^ 

5  bxy 

a 

*-!-  5  bx 

bxy 

3oa  —  24  ^.r  28  bxy 


2y 

5  Ji^'  +  5  .rj/ 

7  c.r  —  4^^ 

5  y 

3^-4-2  xy 

8  ax  —  By 

^  ^ 

x'  +  3  xy 

6  ax  —  2y 

4y 

7  ^'-  +  8  .ry 

4  </-r  —  3j/ 

3.y 

a^'-  4-     xy 

2  rt.r  —  2y 

2ly  llx'-\-l9xy        21ax^l^y 


6  xy 

^2/ 

5  «  —  4  ^ 

15  ay 

^83/ 

7  «  —  6  /» 

2.13/ 

^7  J/ 

4  65  —  3  <^ 

7  xy 

"-    ^ 

2  <i  —  8   ^ 

H  xy 

-6/ 

6  ^/  —       /i 

h  '^y 

3  ^/  —  2  /^ 

20  —  1 5  x\ 

—  2- 

.?:y 

1  xy  ^  5  X  -^  3  ab 

35  —  13.rJ 

—  4 

xy 

3  xy  —■       X  -i-  2  ab 

18  —  12. rj 

—  3 

\y 

2  xy  —  3  X  -{-  2  al> 

12—  14.^2 

-  8 

^'7/ 

2  xy  —  4  X  -\-  8  ab 

10  — 28  a- i 

-  2 

xy 

5  .23/  —  3  X  +       ab 

CA\j^ 
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CASE   II. 

JV/nn  the  Quantities  are  Like,  but  have  Unlike  Signs  t 

Add  all  the  affirmative  co-efficients  into  one  fum,  and  all 
the  negative  ones  into  another,  v.-hen  there  are  feveril  of  a 
kind. 

Siibtra6V  the  lefs  fnm,  or  the  lefs  co-efficient,  from  the 
greater,  ana  ^o  the  difference  prefix  the  fign  of  the  greater^ 
and  fubjoJn  tlxe  common  quantity.     - 

So     -f  5<7  and  —  Sa^  united,  make  +  2a. 
And  —  5a  and  -f-  Sa,  united,  make  —  2a, 


OTHER 

EXAMPLJiS 

FOR    PRACTICE, 

-Z  a- 

-1-  S  ay- 

+-.  6  X^'  -f   SiJ 

+  7  a 

.  -h  7  r/A?' ' 

-    3  at'  +  ly 

+  8  a- 

—  3  n.v' 

-— 'l-<3  AT'  +  83/ 

-     'a' 

—  4  ax 

4-    2  A-'^'  -  3j/ 

--2a 

-J-  4  r/.v 

■f       x"^-\V 

9  a  -^  \2  ax"  ~  1  X  -{-  19}J 


a 


4-    8  by  r-  3  ah  H-    7 

__    3  ^2  _|_    g  ^y  ^  3  ^^  -  10 

-    8  f/^  -  10  by'  4-3^/3-    6 

-\-\0  a-  ~  20  %^  -      ah  -\-    2 

4- 1 3  a'-  -        /'-y  -  2  6'^  -f-  1 1 


— 

I 

— 

2^/jr^ 

I 

+ 

t7.r^ 

™- 

3^^.?i 

I 

4- 

lax"- 

—  6  Vc^v  ~  2?/  4-  3<ZA'^ 

r 
4-   2  \/ax  4"    J/  4~    ^^-^^ 

—  6  Vr/.r  —  7j/  —  3^.r^ 
4-10  A/c7.r  4-  5y  4-  3^Ar'^ 


CASE 
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CASE   III. 
Wheji  the  2uantiiics  are  Unlike, 

Having  colle6lcd  together  all  the  h'ke  qmntlties,  as  in 
the  two  foregoing  cales,  let  down  thofc  th^t  are  unhke,  one 
after  another,  with  their  proper  ligns. 

EXAMPLES. 

t 

Sxy  2x2/— \0x^  2aX''\50-\-2x^ 

4ax'  —  3jr-  +  xy  3x'-  +  2ax  -\-6.V' 

1 

—  ^ax  —xi/-\-9x''-  ^x-^-iOO—Sx^- 


4xj/  xj/-^l2x^  4ax  +  4.r-  4-  5xi/ 


6xy 

I2ax'-x'^ 

^4xy 

4ax~\-.iy 

—  2axy 

Zy  -^ax 

^Zxy 

2t  —  24 

C  +10  v/fl.r  —  Sj^ 

x-\-  4  Vxy  +  zy 

y—   2  \/ax  —  3y 
20 -|-   3  v'ax  —  3y 


I 


3.r"y  2 -v/.r—  Sy  a'-—  8-\-x'^^—2 

2.ry'  Z  \/xy->rlOx  a   —iO-\-u'—x 

■  Zy'x  2x+'v'^v-^y  ^^''  —if'  +8—4 

■Sxy  —8   -i  ^/'i-y  10— a    —  .i-  —y 


Add  a  -\-b  and  3a  —  5b  together. 
Add  5a  —  Sx  and  Za  —  4-x  togeeher. 
Add  6x  —  5A  +  «  +  8  to  —  5a  —  4a'  +  4[? 
Add  a  +  2/;  -  Zc  -  10  to  3/>  -  4a  +  56-  +10  and  5b~c. 
Add  rt  +  (^  and  a  ~  If  together. 

Add  3^+^  —  10  to  6-  —  d~a  and  —  46^  +  2^  —  3^*  -7. 
Add  Zd^  +  b-  —  c  to  2ub  -  Zd^-\-bc  -  b. 
Add  a'  -\-  be  —  b'^  to  ^6'  —  ^//'6-  +  b\ 
Add  9^1  -  8/;  +  lO.v  ~  6d  -  7c  +  50   to   2x  -  Za  —  5c 
-\-4b  +  6c^~10, 

SUBTRACTION. 
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SUBTRACTION. 

Set  down  in  one  line  the  firft  quantities  from  which  the 
fubtra6llon  is  to  be  matle ;  and  underneath  them  place  all  thq 
other  quantities  compofing  the  fubtrahend  ;  ranging  the  like 
quantities  under  each  other,  as  in  Audition. 

Then  change  all  the  figns  (-{-  and  —  )  of  the  hwerhne,  or 
conceive  them  to  be  changed  ;  after  which,  colle6l  all  the 
terras  together  as  in  the  cafes  of  Addition*. 

EXAMPLES, 

5aP  ~  2h         €x'  -  Sj/  +  3     5xj/  -  2  -f-    Sx  -  y 
20?  -  5i  2x"-  -f  9iJ  '-  %     2,xi/  -   8  -    Sx  -' 3j/ 


Sa^-i-  3b 

4.v'^  "  17j/ +  5      2xy^&-^\&x^-2y 

-  xy^  -f  S 

^y'  -  y  ~  i               -  10  -  Sa-  -  Zxy 
!!/'  +  y  + 1         xy  —Ix-^-z   -  4r(ty 

Uy  —  1 6 

y-  —  2y  —  2       —13  ~  X  —  Axy  -{-  i(i,y 

4  y/ xy  —  X  ^/ xy     5x'^ -{-  ^Z  x—  ^  —  4b 
2  ^/xy  -i-  2-h  xy    6j^^  -.  \o  -\-  U  -  xz 

, 

*  This  rule  Is  founded  on  the  qonfideration,  tiiat  addition  and 
fiibtraclion  are  oppofite  to  each  other  in  their  nature  and  operation, 
as  are  the  figns  -f-  and  — ,  by  which  they  are  exprelTed  and  repre- 
fenfed.  So  that,  fince  to  unite  a  negative  quantity  with  a  pofitive 
one  ot^  the  fame  kind,  has  tiie  etfed  of  dinnni(\iing  it,  or  Jubdudl- 
ing  an  equal  pofitive  one  from  it,  therefore  to  fubtracl  a  poiitive 
(which  is  tlK-  oppofite  of  uniting  or  adding)  is  to  add  the  equal 
negative  quantity.  In  like  manner,  to  f'ubtraci  a.  negative  quan- 
tity, is  the  iiame  in  effed  ..s  to  add  or  unite  an  equal  pofitive  one. 
So  that,  by  changing  the  (ign  of  a  quantity  irom  -f  to  — ,  or 
from  —to  4-»  ciianges  i'ts  nature  from  a  fubduclive  quantity  to  an 
additive  one;  and  any  quantity  is  itn  eifecl  fubtradied,  by  barely 


changir.g  its  hgn. 


Ixy 
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Xri/  -'20     4jr''  -  3  .  f«  -{-  b)         xy'^  +  \0a  s/ (r}J  +  10) 
3.rz/  -  '^O     3.r ■  ~  S     {a  -\-  b)       x'y^  -\-    2a  ^  \xy  +  10) 


From  a  +  ^,  take  a  —  h. 

From  :/2  +  4/;,  take  h  ■\-  a. 

From  4a  —  4^,  take  3«  -f  5<^. 

From  8r/.  —  12x,  take  3 a  —  4;^. 

From  2'  —  4^i  —  ^  -f  5,  takeS—  5^  -f  a  +  6;^, 

From  3a  -f  ^  +  <^"  —  «  —  !  0,  take  6'  -J-  «» —  d. 

From  3rt  +.^  +  f  —  ^/  —  10,  take  Z>  —  10  +  3/7. 

FroiK  2r7^  +  />—<:+  ^c  —  /^,   take  Zd  —  c  +  ^-. 

From  a   -\-  b  c  -f  ab'—aoc^  take  />»  +  ab  ^  ahc. 

From  12;r  -f  (5a-~U  •\-  40,  take  4-h^?ja  +  2-;  +  6i— 10. 

Frorr  2r  — 3^  +  4b  4-  ^c  —  BO,  take  Pfl  +  ;c  +  S^— 6r— 40. 

prom  iia  —  4/'  —  1 2(;  4-  1  2a:,  take  2^-  —  Za  +  4^  ,-^  5c. 


MULTIPLICATION, 

CASE    I. 

JVken  both  the  Factors  are  Simple  Quantities ; 

Multiply  the  co-efficiejits  of  the  two  terms  together, 
then  to  the  product  affix  all  the  letters  in  thoie  terms,  and 
the  rerult-AVlU  be  the  whole  pi odu6t  required. 

Note  *,     Like  figns  produce  -r,  and  unUke  figns  —  . 

EXAMPLES. 


*  That  hke  fio^ns  make  -f,  and  unlike  figns  —  ,  in  the  produfl, 
luay  be  ^le\^  n  thus. 

1.  Whcn-f-^  is  to  be  multiplied  by -|- ^  ;  Ihi"?  implies  that 
-f-  a  is  to  be  taken  as  many  t»n)es  as  there  are  units  in  b  ;  and  fince 
the  fum  of  any  number  of  affirmative  terras  is  affirmative,  it  follows 
(hat  -j-a  X  -\^  b  makes  -f  ab. 

2.  When 
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EXAMPLES. 


12a 
Zb 

r 

■~2a 
+4^ 

5a 

-6x 

36ab 

-Sab 

—  oOax 

nab 
—  5ac 

,     5x 

-xy 

-SSa'hc 

30^V 

—  X'lf' 

—  5  ax 

3x 

~a.v 
-lb 

■\-5xy 

-3 

-9.r 
-bb 


4-43^.r 


•7.ry 


—  Ixijz 

—  6ax 


CASE   II. 

TVhe7i  one  of  the  Factors  is  a  Compound  Quantity; 

Multiply  every  term  of  the  multiplicand,  or  compound 
quantity,  fcparately,  by  the  m.oltiplier,  as  in  the  former 
cafe;  placing  the  products  one  after  another,  with  the 
proper  figns ;  and  the  reiuit  -.vili  be  the  whole  product  re- 
quired. 

2.  When  two  quantities  are  to  be  mu!tij')]ied  together,  the  re- 
falt  will  be  exactly  the  fame,  in  whatever  order  they  are  placed; 
for  a  times  h  is  the  tame  as  b  time^  a,  and  therefore,  when  -r-a  is 
to  he  multiplied  by  --{- Z',  or  -\- b  by  —a:  this  is  the  fame  thing 
as  taking  —a  as  many  times  as  there  are  units  in  4-'''';  arid  lincc 
the  fum  ()fany  number  of  negative  terras  is  negative,  it  follows 
that  —a  X  ~\-  b,  ox  -\-  a  X  —b.  make  or  produce  ~ah. 

.3.  When  —  a  is  to  be  multiplied  by  ~h:  here  —a  is  to  be 
fubtraifled  as  often  as  there  are  units  in  h:  but  fubtracting  nega- 
tives is  the  lame  thin^^j  as  adding  affirmatives,  by  tf.e  demonftralion 
of  the  rule  for  lULtraction ;  conlequentiy  the  product  is  b  times  a, 
or  -|-  ^^^^' 

Othervvife.  Since  a  — a  =  0,  therefore  {a  —  a)x—b  is  alfo 
=  0,  becaufe  0  multiplied  by  any  quantitv,  is  (lill  but  0 ;  and 
fmce  the  firtl  terrn  of  the  product,  or  «  x  —h  is  z=  —ab,  by  the  fe- 

cond  cafe;    therefore  the  laft  term  of  the  produtl,or  ~  a -\ b, 

mult  be  -\-  ah,  to  make  the  fum  ^^0,   or  —  ab  -\-  ab  =.0  \    that  is, 
—  a  X  ~b  z=z  -\-  ab. 

EXAMPLES. 
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4a- 2b 
3a 

EXAMPLES. 

6.ry  -  8 
2x 

a--2x  +  6 

XIJ 

I2a'-6ab 

1 2x'y  —  I  Q)X 

a  xy  —  2x'i/-\-Gxi/ 

l?j.v-ab 
1 2a 

2>5x-la 

— X 

3y— 8  +  2x1/ 

XJ/ 

2.r-  +  ^v 
2x\j 

l-2.r''-4?r 

^2x^ 

2j/--Sx'-lx 
3xf 

- 

CASE    III. 

When  both  the  Factors  are  Compound  Quantities  ; 

IMuLTiPLY  every  term  of  the  multiplier  into  every  term 
of  the  multiplicand,  refpecflivelv ;  fetting  down  the  produ6i:s 
one  after  or  under  another,  with  their  proper  {igns  ;  and  add 
the  feveral  lines  of  produ6ts  all  together  for  the  whole  pro- 
du6l  required. 

X -{- 2/  ?jx  —  2y  ^~y 


y-'  + 

xy 

+f 

*-v 

2xjj-\-y'- 

X  -- 

• 

V 

V 

A--  + 

>■:¥ 



'!/- 

-f 

0        iif. 

X-     *      — 

■  r 

1 5x''  +  1 2x1/  x^  +  xy  -  yy^ 


15;r  -f  2xy-Sy'       x'  *  -  2xy''  +y 


x^  +  y  AT-  +  xy  +  J/- 

x'-^'y  x~y 

x^-^-yx"^  x'  +  xhj  +  xy' 

-jr'yx'  -h  y^  -  ^  j/  -  xy'  -^ 

- -  ■  -        I  iM  n— ■  I     ■■i.M-iii  ■!        ■   f    I         I  ^— j_^im 

A''' -}- 2j/.v--|-y  ;f'-^       *        «       -y 


B«MW*M*ar^ 
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Note.  In  the  multiplication  of  compound  quantities,  It'  i^ 
the  beft  way  to  fet  them  down  In  order,  according  to  th«^ 
powers  and  the  letters  oi  the  alphabet.  And  in  multiplying 
them,  begm  at  the  left-hand  fide,  and  multiply  from  the  left 
hand  towards  the  right,  in  the  manner  that  we  write,  which 
is  contrary  to  the  way  of  multiplying  numbers.  But  in 
fetting  down  the  feveral  produ(Sls,  as  they  arife,  in  the  fecond 
and  followino-  lines,  rang-e  them  under  the  like  terms  in  the 
lines  above,  when  there  are  fuch  like  q,uantities  \  which  is  the 
eafieft  way  for  adding  them  up  together. 

In  many  cafes,  the  multiplication  of  compound  quan- 
tities Is  only  to  be  performed  by  fetting  them  down  one  after 
another,  each  within  or  under  a  vinculum,  with  a  fign  of 
multiplication  between  them.     Ks{a-\-b)   X  (a—b)   x  3al>, 

ov  a  -{-  b  .   a  —^  b  i  Zab, 


e:^amples  for  practice. 

1.  Multiply  \2ax  by  ?al.  Anf.  ?:)<^d}xi 

2.  Multiply  4.r'  —  2j/  by  2j/.  Anf.  8a-''?/  —  4j/"- 

3.  Multiply  2x  +  4j/  by  2x  ^  4i/,  Anf.  4a:- -^  \6j/''i 

4.  Multiply  x^  —  xij  -\- y"  by  x  4-J/.  Anf.  x''J^y\ 

5.  Multiply  jr"4-^''v  +  -.^/+y  ^7  ^-^V'     -^"^*  ^^  "y'' 

6 .  Multiply  x-  -i-xy  -^  y'  by  x" — xy  +  y . 

7.  Multiply  3.r'-  —  Ixy  4-  3  by  ^"^  +  2xy  —  3. 

8.  Multiply  2cr  —  3«.r  +  4/"  by  5ft'  —  i)ax  —  2t'^. 

9.  Multiply  Zx'  +  Ix^y'-  +  3?/'  by  ±1^  —  Zxy'-\-by^* 
J  a.  Multiply  a  +  ii^  +<^'  by  fit  —  ^. 


DIVISION. 


Division  mAlgebra,  like  that  in  numbers^  Is  the  converfe 
©f  multiplication ;  and  it  Is  performed  like  that  of  numbers 
alfo,  by  beginning  at  the  left-hand  fide,  and  dividmg  all  the 
parts  of  the  dividend  by  the  divifor,  when  they  can  be  fo  di- 
vided ;  or  elfe  by  fettinjr  them  down  like  a  fradion,  the  divi- 
dend over  the  divifor,  and  then  abbreviating  tlie  fraaion  as 
much  as  can  be  done,  lliis  will  uaturally  divide  into  the 
following  particular'  cafes. 

CASE 
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CASE   I. 

JVhen  the  Divifor  etnd  Diiidejid  are  both  Simple  Quantities  ^ 

Set  the  terms  both  down  as  in  divlfion  of  numbers,  either 
the  divifor  before  the  dividend,  or  below  it,  Hke  the  deno- 
minator of  a  fradtion.  Then  abbreviate  thefe  terms  as 
much  as  can  be  done,  by  canceUing  or  ftriking  out  all  the 
letters  that  are  common  to  both  of  them,  and  alio  dividin^f 
the  one  co-efficient  by  the  other,  or  abbreviating  them  after 
the  manner  of  a  fraction,  by  dividing  them  by  their  common 
meafure. 

j\'^ote.  Like  figns  In  the  two  fraclors  make  -f-  In  the  quo- 
tient ;  and  unlike  figns  make  —  ;  the  fame  as  in  multipii^ 
cation*  4 

ft 

EXAMPLES. 

1.  To  divide  Sab  by  2a » 

J 

TT  7  .7  ^(fb  . 

Here  Sab  -i-  2a,  or  2a  )  Sab,  or  — =  43. 

^  2a 

2.  Alfo  a  ~  a  =:  —~  I  ;  and  abe  ~  bed  =-7—,  =  -  - 

a  bed        d* 

3.  Divide  16.r-by8T.  Anf.  2.r- 

4.  Divide  1  2d\v'  by  —  3a\r,  Anf.  —  4.r. 

5.  Divide  —  I5aj/'  by  Cuii/.  Anf.  —  5y. 

6.  Divide  —  \Sa.v^u  hv  —  Sa.vz,  Anf.—-. 


*  Becaiife  the  divifor  multiplied  by  the  (juotlent,  mufl  produce 
the  dividend.     Therelore, 

1.  When  both  the  terais  are  -\-,  the  quotient  muft  be  -f- ;  be- 
«;anfe  4-  in  the  divifor  x  -|-  in  th(^  quotient,  produces  -j-  in  the 
dividend. 

2.  V\'hcn  the  terms  are  both  — ,  the  cjuotient  is  alfo  -\-  ;  be- 
caufe  —  in  the  divifor  x  +  i^i  '^'"'^  quotient,  produces  —  in  the' 
dividend. 

3.  When  one  term  is  -f-  and  the  other  — ,  the  quotient  nuifl  be 

—  ;   becaufe  4"  in  the  divifor  x  —  in   the  quotient  produces  — 
in  the  dividend,   or  —  in  the  divifor  X  +  in   the  quotient   gives 

—  in  the  dividend. 

So  that  th.e  rule  is  general  :  like  figns  give  -f-,  and  unlike  figns 
gi\e  ",  in  t'le  c[Uotic!jt. 

CASf. 
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CASE    li. 

Whe7i  the  Dividend  is  a  Compound  Quantity,  and  the  Di- 

vijur  a  Simple  one ; 

Divide  every  term  of  the  dividend  by  the    dlvifor,  as  m 

the  former  cafe. 


Examples. 

1.  {ab  +  b"-)  -  2b,  or  i^'  =  l±i  =  la  +  {b. 

2.  {{Qah  -{-  Ibax)  ~  ba,  or ^  2h  -\-  Zx. 

5a 


30a z  -  482; 
3.   (30az  -  485)  -^  z,  or =  30a  -  43. 

z 

4«  Divide  4ab  —  8«.r  +  ^^  ^y  -^« 

5.  Divide  fir'-  -  1 5  -f  6.r  +  3fl  by  3x. 

6.  Divide  :3r//;c'  +  \2ab.v  -  9d  b  by  3ff/?. 

7.  Div  de  10a  vr  —  15.r^  —  5x  by  5x. 

8.  Divide  \b:rbc  —  \2acx'  -\-  bad^'hj  —  ^ac. 

9.  Divide  12^  +  3ay  -  ISj/'  by  21^. 
10.  Divide  -  40rt"^-  -f  60^^  by  -  Qab. 


CASE  III. 

When  the  Divifor  and  Dividend  are  both  Compoutid 

'Quantities ; 

1.  Set  them  down  as  in  common  divifion  of  numbers, 
the  divifor  before  the  dividend,  with  a  fmall  crooked  hne 
between  them,  and  ranging  the  terms  according  to  tlic 
powers  of  fome  one  of  the  letters  in  bothj  the  higher  powers 
of  it  before  the  lower. 

2.  Divide  the  nrft  term  of  the  db'idend  bv  the  firfl  term 
of  tire  divifor,  as  in  the  hrfh  cafe,  and  piaee  the  relidt  in  the 
quotient. 

3.  Mukiply  the  whole  divifor  by  the  term  thus  found,  and 
fubtradl  the  refuU  from  the  dividend. 

4.  To  tliis  remainder  bring  down  as  many  terms  of  the 
dividend  as  are  rcquifite  for  the  next  operation,  dividing  as 
befpre  ;  and  fo  on  to  the  end,  as  in  common  arithmetic. 

Note. 
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.  Note»  If  the  divifor  be  not  exa6tly  contained  in  tl>e  divi- 
Qf^hJ,  the  quantity  which  remains  afier  the  operation  is 
finiihed,  may  be  placed  over  the  divilor,  Hke  a  vulgar  frac- 
tion, and  let  down  at  the  end  of  the  quotient,  as  in  common 
arithmetic. 


EXAMPLES. 
si'  -{•  y  )  -f~  4-  2.2y  +  3/^  (  -y  +  y 

xy  +  y^ 
xy  +/ 


t  ^  X)  w'A-  5cix  4-  Sax''  +  ^^  (  a^  +  ^ax  +  .?* 
iv'  -f    a-x 


4:0/ 

■X 

5ai^- 

4a 

X 

-- 

4-ax^ 

+ 

ax^ 

^ 

ax' 

+ 

X^ 

»r  -  3  )  .f ^  -  9^-  4-  27.r  -  27  (  .r^  -  6x  4  i^ 
x"  -  3t^ 


-  6.r^  4-  27^ 

-  6.r-  4-  18> 


9.r  -   27 
9.r  —  27 


«  —  .r  )  a^  —  .r^  (  a^  4-  fi-^  4-  -^ 


^2 


a^  —  a~.r 


c-jr  —  x^ 
ax  —  ax- 


ax'  —  .r"^ 


VoL.L  O  ^-^J 


ISO  ALGEBRA. 


^^. 

-  3y 

^V'  - 
by- 

3r 
23/* 

EXAM'PLES    FOR    PRACTICE. 

1,  Divide  a^  -{■  2av  -{-  x'^hy  a  -{■  x.  Anf.  (i  -f  ^, 

f ,  Divide  a^'  —  od~y  +  3ay-  —  y^  by  a  ~  y, 

Anf.  a^  —  2«7^  +  j/2, 

3.  Divide  1  by  1  —  jr.     Anf.  l  +  ^  -{-  .r-  -f  jt'  +  &c. 

4.  Divide  6x*  —  96  by  3^  —  6. 

Anf.  2.r^  +  4^2  +  8.r  +  i  6*. 

5.  Divide   a^  ~  5^^^:'  +  10«V'  -  \Oa\v'   4-  5^^'^  —  a^ 

by  a^  ~  2«.r  +  x^,     Anf.  ^^  -  Sax  +  3a.z'^  ~  .t-^. 

6.  Divide  48x'  — *76a.r  —  64rt'x  +  105^''  by  2^  —  Za, 

7.  Divide  3/*^  -  3?/\r'2  -}-  3j/'x*  —  a;'  by  ^  -  37/%r  -{- 

8.  Divide  a?  —  jr"^  by  <z  —  x, 

9.  Divide  «^  -f  5.d\v  -f  S^f.r^  -}-  .r^  by  a  -f-  jf-. 
10.  Divide  a"  +  4«'Z''  ~  32^^  by  a  +  2(7. 

li.  Divide  24a^  ~  b''  by  3«  —  2^?.    . 


ALGEBRAIC  FRACTIONS. 

Algebraic  Fractions  have  the  fame  names  and  rules 
df  operation,  as  numeral  fradh^jns  m  common  arithmetic  j 
as  appears  in  the  following  Problems : 

PROBLEM 
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PROBLEM   I. 

to  Reduce  a  Mixed  Quantity  to  an  Improper  Fraction, 

Multiply  the  Integer  by  the  denominator  of  the  fracllon, 
:^nd  to  the  produ61:  add  the  numerator;  then  the  denomi- 
nator behig  placed  under  this  fum,  will  give  the  improper 
fradlion  required. 

EXAMPLES. 

1.  Reduce  3|,  and  a ;  to  improper  fra^lions. 

.  .  ^  3x7+5        21  -f  5        26    ^     ,    - 

Firfl,  ^  =  — --^^--  ==  -—^ —  =  Y  ^^^  ^^^' 

i     ,  /;        a  X  c  --  b      ac  ^  b 

And,  a = — the  Am.    ■ 

c  c  c 


7/  a   —  x" 

2.  Reduce  jr  4-  —  and  .v  — to  improper  fra£licn3, 

a  X 

Firfl,  jr  +  —  = -^— -  = -^—  the  Anf. 


'^       '    a  a 


,     ,  a^  —  x^        x^  —  a~  -{•  x^        2.r'  —  a^    .     . 

And,  X =  — =  •   Anf. 

X  .  ►r  X 

3.  Reduce  8y  to  an  improper  fradlion.  Anf. 


6a 


4.  Reduce  1  —  ^^  to  an  improper  fradlion.  Anf.  — , 

a  a 

X" 

5.  Keauce  :r  —    to  an  improper  fradlion, 

2.r  —  8 

6.  Reduce  10  4 to  an  improper  fra(9:ion. 

oX  y  . 

1   _  ^  _  ^ 

*7.  Reduce  a  + '—. to  an  improper  fraction. 

t.  Reduce  1  +  2.r  —  '-— to  an  improper  fracSlion. 

PROBLEM  II. 

To  Reduce  an  Improper  Fraction  to  a  Whole  or  Mixed 

Qiiantiti/, 

Divide  the  numerator  bv  the  denominator,  for  the  in- 
tegral  part;  and  place  the  remainder,  if  any,  over  thi  de- 
nominator, for  the  fradlional  part ;  the  two  joined  together 
will  be  the  mixed  quantity  required, 

O  2  EXAMPj:-fiS» 
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EXAMPLES. 

^    rp         ,         17         ,  ax  -{-  a"  .      , 

1.  10  reduce  — -,  and to  mixed  quantities* 

Firft,  y  =  17  ~  5  =:  34-,  the  Anfwer  required. 
And  — -  =  ax  J.a'-^x=a-{--~      Anf. 

2.  1  o  reduce ,  and  -"^ij-^^  to  mixed  quantities. 

„.  -     ah  --  cH"        — . d^ 

Firft,  — r=  a,   -  or  -^  h^  a-   -,-  Anf. 

^  i) 

And,     ■  f -  =  Gj/  +  2y^  -^  a  4-  y   =  J/  H ^r— • 

„     ^        35         ^  ^ab  -  b'  ^  ,        , 

3.  JLet  —    and  • — — — —  be  reduced  to  whole  or  mixed 

8  a 

b"' 
quantities  Anf.  4-|,  and  Zh , 

a 

2x^11         (i~  -|-  xf" 

4.  Let  — '—  and be  reduced  to  whole  or  mixed 

2x  a  —  x 

quantities. 

x^  —  ir  x^  —  7/ 

5.  Let j-^^,  and   ^     '   '       be  reduced   to   whole   or 

.  .r  +  J/  X-  y 

mixed  quantities. 

^    ,        lO.r'  -  .r  +  3  ,      , 

6.  Reduce ^ to  a  mixed  quantity. 

12^^^  _}_  3  2:*^ 

7.  Reduce  — -.    .  '"^ — — ; to  a  mixed  quantitv. 


PROBLEM   III. 

To  Reduce  Fractions  to  a  Coynmon  Dejiominator, 

Multiply  every  numerator,  feparately,  into  all  the  de- 
trominators  except  its  own,  for  the  new  numerators  ;  and  all 
the  denominators  together,  for  the  common  denominator*. 


*  When  the  denominators  have  a  Gommon  divifor,  it  will  be 
better,  inflead  of  multipijing  by  the  whole  denominators,  to-  mul- 
tiply only  by  thofe  parts  which  arife  from  dividing  by  the  cora- 
nion  divifor, 

EXAMPLES. 
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EXAMPLES. 


i.  Reduce  y   and  -  to  a  comrron  denominator. 


b  c 

K  c  =  a' 
b  X  b  =   b' 


(IXC—  at  I  ^^^  ^^^^^  numerators. 


b  y.  c  ■=.  be  the  common  denominator. 

therefore  —  and  —  =  y-    ;ind  -z-  the  fraftions  required. 
*  b  c        be  DC 

2.  Reduce -7",  — ,  and  -r  to  a  common  denominator. 
be  d 

the  numerators. 


a  X  c  X  d  =  acd  ") 

b  X  b  X  d  =  b''d  > 
c  X  b  X  c  =  c  'b  J 


b  X  e  X  d  =:  bed  the  com.  denom. 

a    L         ,  c       acd    b  d  be'-  .     , 

therefore  j,  -,  and  j  --.  ^^,  ^,  anJ  ^-^,  the  fiac.  requ.recl. 

3.  Reduce  —  and  —   to    equivalent    fradlions,    having   a 
a  c  . 

common  denominator.  Anl.  -—  and      . 

4  Reduce  —  and  — i—  to  fractions   having  o,   common 
f      ■        ^'         ■•       ■ 

.    r  (fc  ab  4-  ^' 

denomniator.  Anl.  —  and . • 

be  be 

3^     2^ 

5.  Reduce—,  — ,  and^,  to  fradlions  havingr  a  common 

2a  3c  ^ 

9cx    4ab  6acd 

denominator.  Ani.  - — r  ■——,  and  — — . 

bae    bae  ^ac 

6.  Reduce  — >  —  and  a  4-  — ,  to  fractions  havino;  a  com- 

4     3  ^  a  ^ 

,    .    9^     S^A-         ,   12r/-  +  24;/ 
mon  denommator,  Anf.  - — ,    — ■,  and  — : — • 

a  a,"  -l"  x" 

7.  Reduce  —-?    -  and  to  a  common  denominator. 

2    3  a-\-x 

"^       '^  d 

gU'ilcJi^cn ^ —     *'ad  —  tea  common  denominator, 

PROBLEM 
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PROBLEM  IV. 

To  find  the  Greateji  Common  Meafurc  of  the  Terms  of  a 

Fraction. 

1.  Range  the  quantities  according  to  the  dimenfions  of 
fome  letters,  as  is  ihewn  In  dlvifion. 

2.  Divide  the  greater  term  by  the  lefs,  and  the  laft  dlvifor 
by  the  lafl:  remainder,  and  fo  on  till  nothing  remains ;  then 
the  divlfor  lafl  ufed  will  be  the  common  meal'ure  required. 

Note,  All  the  letters  or  figures  which  are  common  to 
each  term  of  the  divifors,  muft  be  thrown  out  of  them,  be-» 
fore  they  are  ufed  in  the  operation*. 

EXAMPLES. 

Cx  -}-  x^ 
1.  To  find  the  p-reatefl  common  meafure  of  jL 

ca^  -f-  ax 
CX  •\-  X-  )  ca^  -\-  ax 
or  6'  -f-  A*    )  cd^  +  d'x  [(f 
ca^  -\-  a  X 

Therefore  the  greatcfl  common  meafure  is  c  -f-  jf. 

x'  —  h'x 


2.  To  find  the  greatefl  common  meafurc  of  — ^ 


^ 


x'-  +  2hx  +  b"" 
+  2^';^  +  h" )  x'  -    h'x  {  X 

^3  ^  2bx'^  -f-  Px 


~  2bx'  -  2b-x  )  x"^  -T-  2bx  -f  h^ 

or       X  -i-   b      )  x^  +  2bx  4-  ^^  (a:  +  b. 

x'^  +     bx 


bx  +  b'^ 
bx  ^  P 

Tlierefore  x  -{-  bis  the  greatefl  common  divifor. 


3.  To  find  the  greateft  common  divifor  of 


Anf.  ;*r  +  1, 


*  The  fimple  divifors,  in  this  rule,  may  be  eafily  found,  by  in- 
fpection. 

4.  To 

0  .  ' 


FRACTIONS.  ld,5 

X^  —   ^4 

4.  To  find  the  greateft  common  divlfor  of ; — -, 

Anf,  X-  -\-  ¥. 

5.  To  find  the  greateil:  common  meafure  of 

5a^  -]-  lOa'b  -\-  SaPU' 


ub  -i-2ab'-i-  2ab'  +  b'' 


PROBLEM  V. 

To  Redme  a  Fructian  to  its  Loweft  Terms* 

1.  Find  the  greateft  common  meafure,  as  in  the  lafi: 
problem. 

2.  Divide  both  the  terms  of  the  fradlion  by  the  common 
meafure  thus  found,  and  it  will  reduce  it  to  its  loweft  terms, 
as  was  required. 

3.  Or  divide  the  terms  by  any  quantity  which  it  may 
appear  will  divide  them  both... 

EXAMPLES. 

.^    ,  CX  -\-  x^  . 

1.  Reduce   —, — ; — —  to  its  loweft  terras. 

-  x^  )  ca^  T  a^^ 
or  c  -\-  X    )  cd^  -j-  d\v  ( c^ 
cd^  +  d^x 

Here  ex  +  ^^^  is  divided  by  x  which  is  common  to  both 
terms. 

Therefore  c  -\-  x\^  the  greateft  common  meafure, 

£•  r  —I—    27  X 

and  c  +  .r  )  — tt-  —  ~^)  is  the  fracfbion  required. 

^    ca-  -t  aw        a'  ^ 

x^  —  b" X 
3.  Having    ,,       -7 — irT2  S^^^^'  ^^  ^^  required  to  reduce 

k  to  its  leafl  terms. 

^'^  4-  2bx  4-  />'^ )  .r'  —  b'-^x  {  x 

.^     x'^  -{-  2^.r-  -f  b'^x 


-  2bx~  -  2blv  )  x"-  -f-  2bx  -f  3^ 

or  .r  H-  3  )  x^  4-  2^.r  +  b''  (x-i-k 
x"^  4-     bx 


bx  4-  ^  ' 
^.r  4-  b^ 


Therefore 
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Therefore  ^'  +  ^  Is  the  greateft  common  meafurc, 
ii'   —  0  ' jr  sp"  —  hx 

an4  X  4-  h)  -—- — -. —-,  =  ——.—;— is  the  fradion  required, 

3.  Reduce  — — ttt-  to  its  loweft  terms.      Anf. r, — 

:i-'  —  b'-x'  ■  x^ 


4.  Reduce     ,      •^,   to  its  lowefl  terms.         Anf. 


a^  ^  -* 


Ci'  —  JT' 

5.  Reduce ?^ ^^- — t—t — -  to  its  lowefl  terms. 

a  '—  a'X  "Y  ax-  +  x-" 

So"  +  10c7\r  +  5a  V 

6.  Reduce  -^^^ — r~;:^^5 — r~7; — t~^ — i  to  its  loweft  terms. 

ax  -\-  2a^x-  4"  2^ar  +  .i^"^ 

1:  Reduce .  ',    ,o  to  its  loweft  terms, 

a'  4-  2ab  +  D-^ 

PROBLEM  yi. 

To  Add  Fractional  Quantities  together, 

1.  If  the  fractions  have  a  common  denominator,  add  ail 
the  numerators  together,  then  under  their  lum  write  the 
common  denominator,  and  it  will  give  the  fum  of"  the  frac- 
tions required.  ' 

2.  If  they  have  not  a  common  denominator,  reduce  them 
to  a  common  denominator,  and  then  add  them^  as  beforCo 

EXAMPLES. 
X  X 

1.  Hivins:  —   and  — •  p:iven,  to  find  their  fum., 

^2  3   ° 

Here  ^^  ^       -^  •  -^  (.   the  numerators. 
XX  2  =  2x  )  . 

and  2x3—6  the  com.  denom. 

3  V       2v       bx 
theref.  -- — j-  ^^  zz  -^  Is  the  fum  reciuired. 
6  6  6  " 

a      c  e     . 

2.  Havlncr  -^     -r^,   and  -;;  ?iven,  to  find  their  fum. 

■      0      a  .  J  "^ 


Here  ax  d  x  f  ~  adj 

ax   b  X  J   —  cbj  \  the  numerators. 
e  X   b  X  d  :s=z  ebd 


] 


andi  b  X  d  x  f  '—  bdf  the  com.  denom. 

■       adf        ii)f        ebd  adf -\- cl>/' -{- ebd 

theref.   >  ;;-•  -h  yvr  ~\~   TJ? 


bdf    '    bdf    '     bdf  bdf 

the  fum  required. 

J.  Let 
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Q 


3x  2ax 

f  3.  Let  a —  and  b  -{ — —  be  added  together. 

be  ° 

Sx'-  X  r  rr  Scx'^  7  ^, 

,       ^  7     >  the  Rumerators. 
2  7X  X  b  "=■  2abx  \ 


and  b  X  c  zn  be  the  common  denominator. 

^,        ^  3x-        ,        lax  Zcx"  ,   ,    ,  lahx 

Thereiore  ^  —  -—  +  ^  H =  ^ j-  -^b  ■\ — . 

b  c  DC  be 

2abx  —  2>cx'^   .      .  .     - 

^=.  a  4-  b  4-  -, the  ium  required. 

be  ■  ^  » 

A  11  3;^       ,  A-  ,  .     .\^x  +  2hx 

4.  Add    -7  and  -  top;etaer,  Anl. --— 

2b  5      ^  10^ 

XXX  X 

5.  Add  -,  -  and  -  together.  Anf.  \-\  :^  or  a*  +  — , 

2    3  4      ^  *  12 

V  — 2       -  4^  .  .     .  19^  —  14 

6.  Add  - — ~  and  -   together.  Am. — . 

3  7^  21 

7.  Add  X  +  — ;,—  to  3^-  4- ^ — •  Anf.  4a-  + . 

3  4  12 


-     '2 


OX  Q     I     V 

8.  It  IS  required  to  add  4a',  -^ —  and  -^ — -  together. 

2a'    7a'          2x  -}-  1 
S,  It  is  required  to  add  -^  ,  —  and together. 

7a'  A' 

10.  It  is  required  to  add  4a-, —  and  2  -f  -  together. 

2a'  Sa* 

i  1.  It  Is  required  to  add  Sa-  +  —  and  a-  — -  together. 


PROBLEM   VII. 

To  Subtract  one  Fractional  Quantity  from  another, 

1.  Reduce  the  fra6lIons  to  a  common  denominator,  as  in 
addition,  if  they  have  not  a  common  denominator. 

2.  Subtra6l  tlie  numerators  from  each  other,  and  under 
their  difference  write  the  common  denominator,  ^nd  it  will 
give  the  difference  of  the  fractions  required  f. 


*  In  llie  addition  of  mixed  quanlilies,  It  is  befl:  to  bring  ihor 
fraclional  parts  only  to  a  common  denoiiiinalor,  and  lo  iiffix  their 
fum  to  the  (um  of  the  integers,  interpoliifg  the  proper  iign. 

t  The  fame  rule  may  be  obferved  for  mixed  quantities.  In  fub- 
Iraclion,  as  in  addition, 

EXAMPLES. 


}$S  ALGEBRA. 

EXAMPLES. 

3.  To  find  the  difference  of-  and  ~. 

3  11 

Here    x  x  II  zz  llxf  .  ,      ' 

^     ,     n  .^    f  the  numerators. 


and       3  X  11  ::=:  33  the  common  denominator. 

_  11^        6x       5x  .     ,      ..^  .     . 

theref. ==  —  is  the  difrerence  required. 

33         33       33  ^ 

X  —  a         la  —  4.sf 

2.  To  find  the  difference  of- — ,—  and . 

3^  5c 


X  —    a  X  5c  zz  5cx  —  5ac    7 
2a  —  4x  X  3b  zz  Gab  —  \2bxS 


Here    x  —    a  X  5c  zz  5cx  —  5ac    f  the  nu- 
merators. 


and  '3b  X  5c  zz  \5bc  the  com.  denom. 

5cx  —  5ac      6ab  —  1  2rx  __  5c^  —  5ac  —  6ab  -\-  \2hs^ 
Then  — --^^  Y5rc        ""  ibbc 

IS  the  difference  required. 

1 2x         3x 

3.  Required  the  difference  of  —  and  — . 

^  7  5 

3v 

4.  Required  the  difference  of  5y  and  — .  > 

8 

3x         2x 
.  5.  Required  the  difference  of—  and  ~^. 

c,c  a  •\-  X 

6.  Subtract  -  from  — -, —  . 

a  b 

^     2x  -\-  1    .         3x  +  a 

7.  Take  — n.- from  — zt— • 

6  ob    . 

X  —  a  X 

8.  Take  x from  3x  -\-  ~. 

c  .  b 


PROBLEM  VIII. 

To  Multiply  Fractional  Quantities  together. 

•  Multiply  the  numerators  together,  for  a  new  nume- 
rator, and  the  denominators  for  a  new  denominator ;  and  it 
will  give  the  prodinSl  required*. 

EXAMPLES. 

*  K  W'nen  the  numerator  of  one  fra(5iion,  and  the  denominator 
of  the  other,  can  be  divided  by  feme  quantity,  which  is  common 
tt)  both,  the  quotients  may  be  ufed  inflead  of  Ihem, 

2.  When  a  JVa(5tion  is  to  he  multiplied  by  an  integer,  the  produdl 
is  found  by  multiplying  the  numerator  by  it  j  and  if  the  integer  be 

the 


FRACTIONS.  l$9 

EXAMPLES. 


X  ^36 

1.  Required  to  find  the  product  of-  and 


6  9 


AT  X  2Ar        2>r       x^ 


Here —  =  ^—  =:  --,  the  produ6l  required, 

6  X  9         54.        27         ^  ^ 

X    ^x  1  Qx 

2.  Required  the  produ6l  of  -,  -— ,  and  -— . 

AT  X  4Af  X  lOjf        40^^        Ax^  ^  .    -  .     - 

—  r: =  —  the  product  required, 

2  X  5  X  21  210         21  ^  ^ 

X         a  -{■  X 

3.  Required  the  product  of  -  and  — -— . 

__.       X  ^  [a  -^  x)        ax  -^  x^' 

Here ^ =  —, the  product  required* 

a  X  (a  +  c)        a--  +  ac 

.  ?>x       ,Za 

4.  Required  the  produ6l  of—  and  -r-. 

2x  Si*"" 

5.  Required  the  product  of  —  and  — -. 

^         ,  .  ,    2Ar        ,  ?)ab        ,  ^ac 

6.  1  o  multiply  — ,  and ,  and  -— ,-  together. 

^  ^   a  c  2o      ° 

bx       .  G 

7.  Required  the  produ6l  of  ^  -f-  —  and  -. 

X^-  __  b"  AT-  4-  b"*- 

8.  Required  the  product  of — and  —r-T_ — • 

9.  Required  the  produ6l  of  x,  and ,  and  — — --. 

X  X  CI  G 

1 0.  Multiply  a  ■\ -r,  by  ;>;----  +  -— r,. 

PROBLEM  IX. 

To  Divide  one  Fractional  Quantity  by  another. 

Multiply  the  denominator  of  the  divifor  by  the  nume- 
rator of  the  dividend,  for  a  new  numerator,  and  the  nume- 
rator of  the  divifor  by  the  denominator  of  the  dividend,  for  a 

new  denominator  ^,  _ 

Or, 

the  fame  with  the  denominator,  the  numerator  ma^'  be  taken  for 
the  product. 

3.  When  a  fra^ion  is  to  be  multiplied  by  any  quantity,  it  is 
the  fame  thing  whether  the  numerator  be  multiplied  by  it,  or  the 
denominator  divided  by  it. 

^"  1.  If  the  fraflions  to  be  divided  have  a  common  denominator, 
take  the  namerator  of  the  dividend  for  a  new  niimerator,  and  the 
numerator  of  (he  divifor  for  the  denominator. 

2.  When 
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Or,  invert  the  terms  of  the  divifor,  and  then  multiply  by 
it  exa6lly  as  in  multiplication. 

EXAMPLES. 

1.  Rtcjuired  the  quotient  of  -  divided  by—, 

jc         9         9.V        3 

,  2a    .  ,  4c 

2.  Required  the  quotient  ot  -y^  divided  by  —i . 

_^       2a        d        2ad        ad   .     ^  .  .     , 

hi  ere  -T-    X  —  =  -j-^  =  —^  is  the  quotient  required. 

3.  Find  the  quotient  of -.  divided  bv  ~ — — -. 

^  2.V  -2b  ^  5:v  +  a 

X  •\-  a         5.?'  -|-  a        hA^  -\-  6ajc  -\-  d" 
^r=^b  ""  -JTJ  ^        2x^-2b^   -  the  quot.  required. 

4.  Find  the  quotient  of  — divided  by 


a'  -\-  X  ■'  X  -{■  a 

2x^-'  X  +  a        2x"-  X   [x  +  a)  2x 


a'  +  x^  "       X  (a'  -\-  X  )  X  X         x'  —  ax  +  d^ 

the  quotient  required. 

7i'         .   .  12. 

5.  Let  ~7  be  divided  by  — . 

5  ^  13.' 

6.  Let  -— —  be  divided  by  5^'. 

.?   -f-  1  .  .  2.r 

7.  Let  — - —  be  divided  by  --. 

^2r  X 

8.  Let be  divided  by  -. 

bx  .  .  2« 

9.  Let  —  be  divided  by  — y. 

3  ^  3b 

,       X  ■—  b  ^       V   •  1    1  1      3c^ 

10.  Let be  diviacd  by  — ^. 

8cd  ^    4d 

„ .  . ,  x'^  —  h'^         ,     J(^^  +  ^.r 

1 1 .  Divide  — ; -J ; — r.  by  j- , 

X'  —   2ox   -{■    D~     ■'      X  —  0 

2.  When  a  fraflion  is  to  be  divided  by  any  quantity,  it  is  the 
fame  thing  whether  the  numerator  be  divided  by  it,  or  the  deno- 
minator muhipiicd  by  it. 

3.  When  the  two  numerators,  or  the  two  denominators,  can  be 
divided  by  foiTie  common  quantity,  tliat  qunntity  may  be  tlnown 
out  of  each,  and  the  quotituLs  ufed  mfiead  of  the  Iraftions  firli 
propofed.      '  •  * 

INVOLUTION. 
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INVOLUTION. 

Involution  Is  the  raifnig  of  powers  from  any  propofe-l 
root ;  or  the  method  of  tincVing  the  fquare,  cube,  biquadrate^ 
&c,  of  any  given  quantity, 

*  MuLTiP  LY  tlie  quantity  into  itfelf  as  many  times  as  there 
are  units  in  the  index  lefs  one,  and  the  laft  produ6l  will  be 
the  power  required.     Or, 

Multiply  the  index  of  tlie  quantity  by  the  index  of  the 
power,  and  the  refult  will  be  the  fame  cis  before. 

Note.  Wlien  the  hgn  of  the  root  is  ■\- ,  ail  the  powers  of 
it  will  be  4-  ;  and  when  the  fign  is  — ,  all  tlie  even  powers 
will  be  4-,  and  all  the  odd  powers  — ,  as  is  evident  from 
multiplication. 

EXATyIPLES. 


<?,  the  root 

tf-,    the  root 

a'  zz  fquare 
a^  zz  cube 

a''    zz  fquare 
a}    zz  cube 

(^  zz  4t]i  power 

a^  .—  5  th  power                   , 

a     .  ,  4th  po^\'er 
<7"^  ~  5th  power 
&c. 

*—       3<7,  the  root 

~     2ax\  the  root 

-j-       9a'  zz  fquare 
—     21a'  —  cube 

+    4^^--^  zz  fquare 
—     S^V'  r-  cube 

-}-     8lrt'^  n  4th  power 
-  243^^  —  3th  power 

-j-  IG^'a:^  zz  4th  power 
—  32^"a'^"_  5th  power. 

2axi 
-    Zb  '  '^'''  ^^°' 

X 

-,  the  root 
a 

.    '^«''^'   __  r„,^,^ 

-  ^  iquare. 

+     9^^     -  ^4^l^ie 

—.  rz  cube 
a' 

219   -  ''''^^ 

+    g^^i    =  4th  power. 

x'^ 
.  ~-  biquadrate 

4 

*  Any  power  of  the  product  of  two  or  more  quantities  is  equal 
to  the  fame  power  of  each  of  ihe  fachn/,  rauitiplied  together. 

And  any  power  oF  a  fradion  is  equal  lo  the  fame  power  of 'he 
numerator,  divided  by  the  hke  power  of  the  denoadnator. 

AUb,  powers  or  roots  of  the  lame  quantity,  are  multiph'ed  by 
one  another,  by  adding  their  exponents;  or  divided,  by  fubtrad- 
ing  their  exponents. 


Thus,  a'  X  a-  =  a^  +  ^  _  ^s^     ^^^  j  ^3 


or  — =fl^     ^  =a. 


w 


X  —  a. 
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x  —  <z  =  roo^  a;  ^  a  =  root 

X  —  a  Jt  -\-  Or 


X"  '-  ax  x^  ■\-  ax 

—  ax  +  a^  +  ax  +  a* 


^'*  — -  2ax  -\-  a^  fquare  x'  +  2i'z.r  +  ^'"^ 

jr  —  a  X  -{-  a 


x*  —  2(^.r '  -f  fir".r  or"^  +  2flf.r-  +  ax 


.t^  —  ?>ax-  -\-  Zcrx  —  a^       x''  -f  S^f.r"  4-  3 ax  +  a 


the  cubesj  or  third  powers,  oi  x  -\-  a  and  o.^  —  a, 

EXAMPLES    FOR    PRACTICE. 

1.  Required  the  cube  or  3d  power  of  20/^ 

2.  Required  the  4th  power  of  2d}x, 

3.  Required  the  3d  power  of  —  S.r'y. 

4.  To  find  the  biquadrate  oi  ~  ~VaT* 

I 

5.  To  find  the  6th  power  oi  a^ , 

i».  Required  the  5th  power  of  «  —  x* 

Sir  Isaac  Newton's  Rule  for  railing  a  Blnomiat  or* 
Rejidual  Quantitiij  to  any  Power  whatever^, 

1 ,  T&  find  the  Terms  without  the  Co-rfficients.  The  in- 
<3ex  of  the  firft,  or  leading  quantity,  begins  with  that  of  the 
given  power,  and  decreafes  continually  by  1  ^  in  every  term 
to  the  laft  ;  and  in  the  following  quantity,  the  indices  of  the 
terms  are  0,  1,  2,  3,  4,  &c. 

♦  This  rule,  exprefled  in  general  terms,  is  as  follows : 

2  2         3 

Note.  The  fum  of  the  co-efficients,  in  every  power,  is  equal  to 
the  niimbef  2,  raifed  to  that  power.  Thus  1  -f-  1  =  2  for  the 
firft  power ;  1  -|-  2  -|-  1  =  4  =  2^  for  the  fquare  ,-1+3+34- 
j  :ix  is  =  2^  for  tbt;  cube^  or  third  po\\  er  j  and  fo  on, 

2.  r# 
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2.  To  find  the  Co-efficients,  The  firfl  is  al\vays  1,  and 
the  fecond  is  the  index  of  the  power  ;  and  in  general,  if  the 
co-efficient  of  any  term  be  multiplied  by  tlie  index  of  the 
leading  quantity  in  that  term,  and  the  produ6t  be  divided  by 
the  number  of  terms  to  that  place,  it  will  give  the  co-efficient 
of  the  term  next  following:  ;  which  rule  will  Imd  all  tlxe  co- 
efficients,  one  after  another. 

Note.  The  whole  number  of  terms  will  be  one  more  than 
the  nidex  of  the  given  power  ;  and  when  both  terms  of  the 
root  are  -f-,  all  the  terms  of  the  power  will  be  +  ;  but  if 
the  fecond  term  be  — ,  all  the  odd  terms  will  be  -j-,  and  all 
the  even  terms  — ,  which  caufcs  the  terms  to  be  -f-  and  — 
alternately. 

EXAMPLES. 

1.  Let  a  -{-  xhc  involved  to  the  5th  pow^r. 
The  terms  without  the  co-efficients  will  be 

«'',  a^x,  d\z^,  CLJ^,  ax'^,  x\ 

and  the  co-efficients  will  be  ' 

5x4      10  X  3      JO  X  2     5x1 
1,  5,  — ^-,    — y—,    "-^-,    —J-  ; 

or,  1,  5,     10,  10,  5,  1  } 

And  therefore  the  5th  power  altogether  is 

a'  +  ba\v  -1-  lOaV'  -f  lOa'x'  -f  bax''  -^  ^. 

But  it  is  beft  to  fet  down  only  the  co-efficients  and  tiig 
powers  of  the  letters  at  once,  in  one  line,  without  the  inter- 
mediate lines  in  the  above  example,  as  in  the  example  hel^ 
below, 

2,  Let  .r  —  d^  be  involved  to  the  ^th  power. 

The  terms  with  the  co-efficients  will  be 
.t^  -^  o.r'a  4-  Ibx'd'  —  20x^a^  -J-  ISjtV  -  6xa^  -J-  c^. 

.3.  Required  the  4th  power  of  x  —  a, 

Anf.  x'^  w.  ^x^a  -f  6.r'^a-  —  ^xc^  -H  ^^• 

4.  Required  the  7th  power  of  x  -\-  a. 
Anf.  x'^  -f  l^'^flr  4.  21 -V  4-  Zbx^a"  -h  35.r^a^  -f  2i.r-iz' 

And  thus  any  other  powers  may  be  fet  down  at  once,  ia 
tiie  fame  maun^r, 
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EVOLUTION. 

Evolution  is  the  reverfe  of  Involution,  being  the  method 
bf  finding  the  fqnare  root,  cube  root,  &c,  of  any  given  quarii 
tity,  whether  fimple  or  compound. 

t:ASE  i; 
2^0  Jihd  the  Roots  of  Simple  Quantities. 

Extract  the  root  of  the  co-eificient,  for  the  numeral 
part ;  and  divide  the  index  of  the  letter  or  letters,  by  the 
index  of  the  power,  and  it  will  give  the  root  of  the  literal 
part ;  then  annex  this  to  the  former,  for  the  whole  root 
fought*. 

EXAMPLES. 

1.  Required  the  fquare  root  of  9jr  ;  and  the  cube  root  of 

AnC  v'S^^'^  =  3.r^  =  3.r.  And  V^-^"  —  2.i-"^'  =  2.r. 

2.  To  find  the  fq.  root  of — ^,  arid  cube  root  of  — --V. 

.    ^       3tV'       '^V  .     ,  ,     16.1^'^?/      ixy 

Anf.  v'  -r^  =  /  x/3.    And  V  -^  =-^  V2.v. 
4a-         2a  2  la^         3a 


*  Any  even  root  of  an  affirmative  quantity,  may  be  either  -j- 
©r  —  :  thus  the  fquare  root  of  -}-  a-  is  either  -\~  a,  or  —  a  ;  for  -j- 
ax  -^  a  =  -\-  d-^,  and  —  a  X  ~  a  :::=  -\-  d^  allb. 

And  an  odd  root  of  any  quantity  will  have  the  fame  fign  as  the 
quantity  itfelf :   thus  the  cube  root  of  -{- a^  is  -j-  a,  and  the  cube 
root  of  —  a^  is  —  ^  ;  for  -^  a  X  -}-  -a  x  +  ^  ==  -j-  a^  attid  —  a  X 
—  a  X   —  a  =^  —  a^. 

Any  even  root  of  a  negative  quantity  is  impoffible ;  for  neither 
-f-  «  X  +  ^,  nor  ~  a  X  —a  can  produce  —  a'. 

Any  root  of  a  produd  is  equal  to  the  like  root  of  each  of  the 
factors  multiplied  together. 

And  any  root  of  a  fraction,  is  equal  to  the  like  root  of  the  nu- 
merator, divided  by  tlve  fame  root  of  the  denominator. 

3/ Required 


I 
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3.  Required  the  fquare  root  of  3a~.r^.  Anf.  ax" ^3. 

4.  Required  the  cube  root  of  —  125a^x'\        Anf.  —  5a.v^, 


J'  />. 


5.  Required  tne  iquarc  root  6t        '^^  .  Anl, 


4.a^  '2a  V  a' 

6.  Required  the  4th  root  of  256a'*r^.  Anf.  4a.r^, 

1.  To  find  the  5  th  root  of  —  32x^^^  Anf.  —  2:ry. 

CASE  II. 
To  find  ths  Square  Roof  of  a  Compound  Quantiti/, 

This  is  performed  Hke  as  in  numbers,  thus: 

1.  Range  the  quantities  according  to  the  dimenfions  of 
fome  letter,  and  fet  tlie  root  of  the  iirlf  term  in  the  quotient. 

2.  SubtraC):  the  fa uare  of  the  root  thus  found,  from  the  firft 
term,  und  bring  down  the  two  next  terms  to  the  remainder 
for  a  divideiid. 

3.  Divide  the  dividend  by  double  tlie  root,  and  fet  the  re- 
fult  both  in  the  quotient  and  dlvlfor. 

4.  Multiply  the  divifor,  thus  increafed,  by  the  term  laft 
put  in  tile  quotient,  and  fubtradt  the  product  from  the  divi- 
dend. 

And  fo  on,  as  in  common  arithmetic. 

EXAMPLES. 

1 ,  Extra6t  the  fquare  root  of  x'^  —  ^x^  +  6.r-  —  4^"  +  1 . 
x'^  —  4x^  -^  6x~  —  4x  4-  1    (  X-  —  2x  4-  i  =:  root 

x'^ 


Qx"-  -  2x)  —  4x''  +  6x' 


2x"  —  4x  -f  1  )   2x'  —  4jr  +  I 

2.r  -  4x  +  1 


2.  Find  the  root  of  4a'-  -{-  \2a^x  -f  13t7.-^-  -f  6ax^  +  xK 
4a  +  l'2u-x  -f  13aV  +  6ax^  +  x'  (2a'  -f  3ax  -f-  x\ 
4a> 


4a'  +  ^ax  )  \2a  X  +  13a  a-^ 
1:2a  X  -(-    '^a'x' 


4a-  +  6ax  -{-  x^  )  4-a  x-  -{-  6a x^  -\-  x' 

4a  V'  +  6ax^  -j-  x^^~ 
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f?.  Requiied  the  fquare  root  of  fl'^  +  "^^^  -^  6^-.r-  -^  4a.i^ 
+  .i'^.  Anf.  «-  +  2a.r  -f-  x". 

4.  Requiied    tlie   fquare   root    of  .i"^   —    2:r^  -j-   |.r"   — 
1 •  Anf.  .r-  ~  ^  4-  |. 

5.  It  is  required  to  find  the  fquare  root  of  a^  —  ^".r-* 

Anf.  a — - — ^ —  oc'c. 

2a       So*        16a^ 


CASE   III. 
3  0  fnd  the  Roots  of  Powers  in  General. 

1.  Find  the  root  of  the  firft  term,  and  place  it  in  the  quo- 
tient. 

2.  Subtra61:  its  power  from  that  term,  and  bring  down  the 
fecond  term  for  a  dividend. 

3.  Involve  the  root,  lafl  found,  to  the  next  lower  power^ 
and  midtiply  it  bv  the  inciex  nf  the  given  power,  for  a  divifor.- 

4.  Divide  the  dividend  by  the  divifor,  and  the  quotient  wilF 
be  the  next  te^i-n  of  the  root. 

5.  Involve  the  whole  root  to  the  poxver  to  be  extra61:cd^ 
then  fubtra6t  the  powe^*  thus  arifnie  fsom  the  given  power, 
and  ahvays  divide  the  firft  term  of  the  remainder  bv  the  di- 
vifor firft  found;  an-d  fo  on  till  the  v^hole  is  Enifhcd*. 

EXAMPLES. 

1 .  To  find  the  fq.  root  of  a^  —  2ifx  -\-  3aV  —  2ax'  -jr  xK 
^4  „  2a\v  +  3aV-  —  2a>:iP  -j-  .r^  {  a'  —  ax  -f  ^ 


2(7,"  )    —  2a^x 

a'^  —  2a  X  -f-  a  x^  =  [a'  -^  a^y 

2a~  )   2a  x^ 
a^    -   2cfx  -f  '>.a'x  —  2ax'  +  x''  =  {a/  -  a^  -f-  x^.. 


g.  Find*' 


^'  As  this  method,  in  high  powers,  h  generally  thooght  too  la- 
borious, it  may  not  be  improper  to  obferve,  that  the  roots  of  com- 
pound quantities  may  f(imelinies  be  eafily  difcovered,  thus : 

1.  Extraft 
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±  j^ind  the  cube  root  of  x^  +  6.v^  -  40r^  +  96x  -  64. 
s^  +  Qx^  -  40;<^  +  96;^- 64  (  ^^  +  2^  -  4. 


x^ 


3;r*  )  Qy^ 


x^'  -f-  e.v"'  +  12;^^'  4-  8ji^'^  =  (  ;r^  +  2^-  )= 


3x^)  -  12j^ 


;r^  -f  Gx''  -  40x^  -j-  96x  —  64  =  {x"^  ^  2x  —  4}'. 


3.  Required  the  fquare  root  of  d^  +  2ab  -\-  2ac  +  ^'^  -f* 
tbe  +  c'K  An(,  d  -\7  b  +  c. 

4.  Required  the  cube   root  of  x^  -  6/'  +  15/*  —  20.v^ 
•f  IBx'  -  6Ar  +  1.  Anf.  x'^  -  2x  -\-  1. 

5.  Required    the  biquadrate  root    of  \Qa!^  —    9^(i'x  + 
%\Qa^x'-2\6ax"'  -f-  81*'^  Anf.  2a  -  Zx. 

6.  Required  the  5th  root  of  32;ir"^  —  SOx*  +  80.r^  —  40.i^ 
^  10;r  —  i.  Anf.  2x  —  U 

7.  Required  the  fquare  root  of  1  —  jr^. 

8.  Required  the  cube  root  of  I  —  jr^* 


1 .  Extrad  the  roots  of  fome  of  (he  raofl:  fimple  terms,  and  con- 
ned them  together  by  the  iign  -\-  qt  —,  as  may  be  judged  moil 
fuitable  for  the  purpofe. 

2.  Involve  the  compound  root,  thus  found,  to  the  proper  power ; 
then,  if  it  be  the  fame  with  the  given  quantity,  it  is  the  root  re- 
quired. 

3.  But  if  it  be  found  to  differ  only  in  fome  of  the  figns,  change 
them  from  +  to  -^,  or  from  ~  to  -}-,  till  its  power  agrees  with  th« 
given  one  throughout. 

Thus,  in  the  5th  example,  the  root  2a  —  Sx,  is  the  difference  of 
the  roots  of  the  firft  and  laft  terms ;  and  in  the  3d  example,  tha 
Tooi  a -\- b -\- c  is  the  fum  of  the  roots  of  the  1ft,  4th,  and  6th 
terms.  The  fame  may  alfo  be  obferved  of  the  6th  example,  wher* 
the  root  is  found  from  the  firft  and  laft  terms. 
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SURDS. 

Surds  are  fuch  quantities  as  liave  no  exa6i:  root,  being 
iifually  expreiled  by  fradlional  indices,  or  by  means  of  the 
radical  fion  -v/. 

Thus,  2^,  or  ^/2,  denotes  the  fquare  root  of  2;  and  3*  or 
\/S'f  the  cube  root  of  the  Iquare  of  3  ;  where  the  numerator 
fhews  the  power  to  wliich  the  quantity  is  to  be  raifed,  and 
the  denominator  its  root, 

PROBLEM  I. 

To  Jiechice  a  Eational  'Quantity  to  the  Form  of  a  Sia^d. 

Raise  the  quantity  to  a  power  equivalent  to  that  denoted 
by  the  index  o't  the  furd  ;  then  over  this  new  quantity  place 
ti.e  radical  iign,  and  it  will  be  of  the  form  required, 

EXAMPLES. 

1,  To  reduce  3  to  the  form  of  the  fquare  root. 
Firft,  3  X  3  =  3 '  =  9  ;   then  -v/  9  is  the  anfwer. 

2.  To  reduce  2x^  to  the  form  of  the  cube  root. 
Firft,   2x'  X    2x'  X  2x'  3=  (2;k-')  '  ~  Sx' ; 

then  iv/8^  or  (8./')^  is  the  anfwer. 
3r  Reduce  3  to  the  form  of  the  cube  root, 

Anf.  (125)'^orVl25. 

4.  Reduce  \xy  to  the  form  of  the  fquare  root. 

Anf.  v/I^^J/''- 

5.  Reduce  2  to  the  form  of  the  5  th  root,  Anf.  (32)^« 

6.  Let  a'^  be  reduced  to  the  form  of  the  6th  root* 

7.  Reduce  a  -\~  b  to  the  form  of  the  fquare  root, 

und  a  —  b  to  the  form  of  the  cube  root. 

PROBLEM  II. 

To  Reduce  Quantities  of  Different  Indices,  to  other  equiva^ 
lent  ones,  that  fa  all  hate  a  Common  Index, 

1.  Divide  the  Indices  of  the  quantities  by  the  given 
index,  and  the  ouotieuts  will   be  the  new  indices  for  thofe 

'  J. 

(quantities. ' 

2.  Over 
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2.  Over  the  faid  quantities,  with  their  new  indices,  place 
the  given  index,  and  they  will  make  the  equivalent  quantities 
required. 

3.  A  common  index  may  alfo  be  found  hy  reducing  the 
indices  of  the  quantities  to  a  coinmon  denominator^  and  in- 
volving each  of  them  to  the  power  denoted  by  its  numerator. 

EXAMPLES. 

1.  Reduce  15^^  and  9^  to  equivalent  quantities  having  the 
common  index  i. 

^-^l-  =  ^x^~=:l='   the  1ft  index, 
4-M  =  4.X-^  =  ^  =  -i  the  2d  index. 


II  II 


Therefore  (15"")  ^  and  (9^)  *  are  the  quantities  required. 

1 

2.  Reduce  a"  and  jv'*  to  the  fame  co'Timon  index  i-. 

3-  -~  4-  =  T  X   I  =  -J  the  ift  index, 
i^i-i=ix  1  =  1  the  2d  index. 

Therefore  («')^and  (x*)^  are  the  quantities  required. 
i^  I 

3.  Reduce  3*  and  2^  to  the  common  index  -J, 

Anf.  27'^and  4"^. 
I  I 

4.  Reduce  a""  and  b^  to  the  common  index  -J. 


i       * 


Anf.  (a^  and  (by. 


5.  Reduce  «"  and  /;™  to  the  fame  radical  fign, 

Anf.  ""{/  a'^sind  "'■\/'b\ 

6.  Reduce  (a  -f  ^)''  ai^d  (^  — J>)^  to  a  common  index. 

ji_  I 

7.  Reduce  (a  +  Z*)^  and  (^  —  ^)*  to  a  common  index, 

PROBLEM  III- 

7 "b  Reduce  Surds  to  their  moft  Simple  Terms  *. 

Find  the  greateft  power  contained  in  the  given  furd,  and 
fet  its  root  before  tlic  remaining  quantities,  vvitii  tiie  proper 
radical  fign  between  them. 


*  When  the  given  furd  contuins  no  exa6t  power,  it  is  already 
ih  its  moil  fimple  terms. 

EXAMPLES. 
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EXAMPLES. 

1.  To  reduce  ,5/48  to  its  moft  fimple  terms. 

x/4S  =  ^i6  X  3  =  ^16  X  v/3  =  4Xv/3=4v'3. 
the  anfwer. 

2.  Required  to  reduce  !^108  to  its  mod  fimple  terms. 

iy/lOS  =  l/21~xl>  =1/21x1/ 4  =  3,x  l/4  =  3V% 
the  anfwer. 

3.  Reduce  ^125  to  its  fimpleft  terms,  Anf.  5^/5, 

4.  Reduce  v^tVt  ^°  ^^^  funplefl:  terms.  Anf.  -~--v/6, 

5.  Reduce  ^^243  to  its  fimpleft  terms.  Anf.  3%/ 9, 

6.  Reduce  iv/-j4  to  its  fimpleft  terms.  Anf.  -^  v^lS- 

7.  Reduce  ^^98^'"^^  to  its  fimpleft  terms.  Anf.  la^23(: 

S.  Reduce  a/j,^  —  ^x'^.r'^  to  its  moft  fimple  terms. 

I 
9.  Reduce  {a^\v  -}-  SaV'^)^  to  its  moft  fimple  terms, 

■ 
10.  Reduce  (32a^  —  96a^a;)'^  to  its  moft  fimple  terms, 

PROBLEM  IV 

To  add  Surd  Quantities  together, 

1.  Reduce  fuch  quantities  as  have  unlike  indices  to  other 
equivalent  ones,  having  a  common  index. 

2.  Bring  ail  fra6lions  to  a  common  denominator,  and 
reduce  the  quantities  to  their  fimpleft  terms,  as  in  the  laft 
problem. 

3.  Then,  if  the  furd  part  be  the  fame  in  them  all,  annex 
it  to  the  fum  of  the  rational  parts,  with  the  lign  of  muhipli- 
cation,  and  it  will  give  the  total  fum  required. 

But  if  the  furd  part  be  not  tlie  fame  in  all  the  quantities,, 
they  can  only  be  added  by  the  f  gns  +  and  — . 

EXAMPLES. 
1.  It  is  required  to  add  ^^27  and  y^48  together. 


Firft,  ^/27=::v'9x  3=:3v/3;  and^48  =  ^/16x  3  =  4^/3;" 
Then,  3>v/3  -}-  4>v/3:^(3  +  4)^^ 3  =  7^  3  =  fum required. 

2.  It  is  required  to  add  '^500,  and  '^108  together. 

Firft,;^500=:v'^--5X4  =  5:^/4;  and  i^  108=  V^^  X  4 
3V4; 

Then,  5  V^-f  SV^l-  =  (5+3) V^^  =  8  %/ '^  =fum  required. 

3.    Required 
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3.  Required  the  fum  cf  y'72  and  ^/  128.  Anf.  14  y^ 2. 

4.  Required  the  fuin  ot\/ 27  and  -/ 1 4-7.  Anf.  iOv'S* 

5.  Required  the  lum  of  y'y  ^'M  '/-fl-.  Anf-  -i-o-  >/^« 
,6.  Required  the  funi  of  V^-O  and  'i/  135.  Anf  b  1/5. 

7.  Required  tliefum  of  i/ ~l  and  v  tV'  ^^•^^*  I  v''^, 

8.  Required  the  fum  oi  2^/a''b  and  %^'  Q-^bxK 

9.  Requiredthefv.m  of9v''^'l-3  .<  :J  11)^363, 

1 0.  Required  to  find  the  fum  qi  a ''  and  a"\ 
>.  1 .,  Required  the  fum  of  y/  27a"Vr  and  y/  Sti'^.r, 

PROBLEM  V. 

To  Subtract,  or  find  I  he  Lijferenceof,  Surd  ^UfCtntities, 

Prepare  the  quantities  as  in  the  lafl;  ride  ;  then  the  diiter- 
*nce  of  the  rational  parts  annexed  to  tne  common  furd,  vvUl 
^\\Q  'iv,^  difference  of  the  lurds  required. 

But  if  the  quantities  have  no  coinmon  furd,  they  can  only 
jbe  fubtracled  by  means  of  the  lign  — . 

EXAMPLES. 

1,  Required  to  find  the  difference  of  ^/44S  and  ^^  1 12. 

Firil,  >/448=  a/64  x~7~=  8 >v/7;  and>/ 1 1  2  =  ^/  iVx  7=4 ^7. 
Then  8y'7  —  4a/7=:4'v/7  die  difference  required. 

I  I 

2,  Required  to  find  the  difference  of  192"^  and  24% 

i.  Ill  ^  I 

Firft,  192^  =  (C4  x  3)^=4.  3"^ ;  and  24-^  =  (8  x  3)  -^  =  2. .  3% 
111 

I'hen  4  .  3^  —  2  .  3^  =  2  .  3^  tlie  difference  required. 

3.  Revquired  the  diff,  of  2  v^ 50  and  v/ 18.  Anf.  7  a/ 2. 

II  I 

4.  Required  the  diff.  of  320^  and  40"^.  Anf.  2  .  5^. " 

>5.  Required  the  diff.  of  -v/i  and  V-Zy*  ^^^'  ht'v/^'^' 

o.  Required  the  diff.  of  %/%  and  .^^ -f^y  Anf.  ^  (/IS. 

'1^.  Find  the  difference  of  \/80a''x  and  >v/20r/  x\ 

Anf.  (4^'"  —  2i7.r)  v/ 5.r,, 
%,  Required  the  difference  of  8  y  d:b  ^nd//a"b, 

J.  .r 

9,  Required  the  difference  of  x  "  and  x 


e 


PROBLEM 


«12  ALGEBRA. 

PROBLEM  VI. 

To  Multiply  Surd  Quantities  together. 

Reduce  the  furds  to  the  fame  index ;  next  multiply  the 
rational  quantities  to^i^ether,  and  the  furds  top,ether;  then 
the  one  produ6t  annexed  to  the  oiher  will  give  the  whole 
produft  required;  which  may  be  reduced  to  its  rnoH  fimple 
terms  by  Problem  3. 

EXAMPLES. 

1.  Required  to  find  the  produdi  of  3v^S  and  2^/6. 

Here,      3  x  2  x  >/8  X  v'G  =:  6 v'8  x  6  — 6 '/48~6 a/ l"6xl3;" 
=  6  X  4  X  V 3  =  24  V 3,  the  product  reiiuired. 

2.  Required  to  find  the  produdl  of  \  '-{/-^  and  l-^/l-. 

Here  i  x  iVi  ^  Vi  =  i  x  Vir  =  i  X  Vif  -  i  X  i  x 

^  1 5'  —  ^-  -^^M 5  =  -J iy/ 1 5  the  prod u6t  required. 

3.  Required  the  produ6l  of  5  V 8  and  '3\/5.    Anf.  30  V 10. 

4.  Required  the  produ6i:  oi  ^y/6  and  J  V'lS.      Anf.  i^/4.    ' 

5.  To  find  the  piodud  of  |  V^  and  |  Vto*  Anf.  ^Vv^35. 

6.  Required  the  product  of '^  18  and  5  v/4.     Anf.  10  '^9. 

12.  I 

7.  Required  the  produdl  of  ci^  and  a^,,     Anf.  (a)'^  or  a, 

I  i^ 

8.  Required  the  produ6l  of  (.r  +3/)^  and  (.r  +  J/)^. 

9.  Required  the  produ6l  of  .r  -|-  Vj/  and  .r  —  Vj/. 

10.  Required  the  produ(?L  of  (a  -f-  V^)">  and  (^  —  Vb)"^^ 

-L  -L 

11.  Required  the  product  of^^"  and  .r"\ 
}  2.  Required  the  produ6l  of  .r'"  and  j/"  , 

PROBLEM    VII. 

7a  Divide  one  Swd  Quantity  by  aywtJier, 

Reduce  the  furds  to  the  fame  index;  then  take  the  quo- 
tient of  the  rational  quantities,  and  annex  it  to  the  quotient 
of  the  furds,  and  it  wdl  give  the  whole  quotient  required ; 
which  may  be  reduced  to  its  mofl  fmiple  terms  as  before  in 
multiplication. 

EXAMPLES. 
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EXAMPLES. 

1.  It  is  reqaired  to  divide  8,/ 108  by  2^/6/ 

8  ~  2.  v'(^08-^6)=4v'18:^4v/(y  X  2)  =4X3 
y^  2  =  1 2 v/  2 ,  the  quotient  required. 

2.  It  is  rev|uired  to  divide  8v/512  by  4 'v/^. 

I  I  I  T^ 

8—4=2,  and  512^"  ~  2^  =  256'^'=  4.4^  ; 

r  I 

Therefore  2x4  x  4"^  =8.4-^=  8  ;;/4,  is  die  quot.  required. 

3.  Let  6/  iOO  be  divided  by  Z^,/2.  Anf.  10^2. 

4.  Let  4V  iOCO  be  divided  by  2^4.  Anf.  10^2. 

5.  Let  I  /-v-W  be  divided  by  §-v/-i.  Anf.  .J-v/3. 

6.  Let  IVt  ^-  divided  by  \  X/^,  Anf  |5.v^3. 

7.  Let  Iv/^^  ^^  T^^^j  ^^  divided  by  |a^  Anf.  -rj^^. 

8.  Let  a^  be  divided  by  a^-*. 

i  JL 

9.  Let  the  quantity  ^"  be  divided  by  the  quantity  .i'"'. 
10.  Let  x"-  —  xd  —  b  -{■  d  y/bh&  divided  by  x  —  ^/b, 

PROBLEM    VIII. 

To  Involve  or  Raife  Surd  Quantities  to  any  Po-wer. 

Multiply  the  index  of  the  quantity  by  the  index  of  the 
power  to  which  it  is  to  be  raifed,  and  to  the  refult  annex  the 
power  of  the  rational  parts,  and  it  will  give  the  power  re- 
quired. 

EXAMPLES. 


1 .  It  is  required  to  find  the  fquare  of  ~a  ■^". 

Firft,  (1)'^  =  §  X  J  =  I-,  and  [d^f  =  ^t  x  2  ^  ^-j  ^  ^^^^  \  . 
There.  [\ci^Y  —  -J  «>'} '  =  ^  V^''^  ^s  the  fquare  required. 

2.  It  is  required  to  find  the  cube  of  y\/7. 

Firfi,  (^)^  =  I  X  A  X  I  =^m,  and  {l^r  =  l^  =  (7'y^; 
Theref.(A>v/7'')  =  414  (7'')  "^  =  -J^  (343)"%  the  cube  required. 

3.  Required  the  fquare  of  3  \/3.  '  Anf.  9  1/9. 

4.  Required  the  cube  of  2%  or  \/2,  Anf.  2  a/ 2. 

5.  Required  the  4th  power  of  A-v/e.  Anf.  ~^. 

6.  It 
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6.  It  is  required  to  find  the  nth  power  of  a**.. 
^.  It  is  required  to  find  the  fquare  of  3  -4-  V  5, 
S.  It  is  required  to  find  the  cube  of  2^  —  3  Vy^' 

PROBLEM    IX. 

To  Extract  the  Roots  of  Surd  2.uantiiies  *. 

Divide  the  index  of  the  given  quantity  by  the  index  of 
the  root  to  be  extra6led ;  then  to  tlv  .ei'ult  am  ex  the  root 
pi  the  rational  part,  and  it  w^ill  give  the  root  requned. 

EXAMPLES. 

1.  It  i§  required  to  find  the  Iquare  root  of  9  v/S. 

Tirft,  V9  =  3,  and  (3^j  ^  =  3^  ~  ^  =  3"^ ; 

I  I 

therefore  (9  \/3)^  =  3.3'^,  is  the  fquare  root  required, 

2.  It  is  required  to  find  the  cube  root  of  ^  y'2. 

Firfl,  Vt  =  h  and  ( ^2)^  =  2"^'  ~  ^  =  2^^' ; 

11. 
therefore  (-J  -/  2)"^  =  i  .  2^,  is  the  cube  root  required. 

3.  Required  the  fquare. root  of  10\  Anf.  10^/10- 

4.  Required  the  cube  root  of  ~a^.  Ani.  4  a, 

-       JL 

5.  Required  the  4th  root  of  3.r.  Anf.  3*.  .r*«, 

jr 

6.  It  is  required  to  find  the  72th  root  of  ^'". 

7.  Required  the  fquare  root  of  x~  ~  4.r^/a  +  4a, 


*  The  fquare  root  of  a  binomial  or  reildual  furd,   a  -f  B,  or 
A  —  B,  may  be  found  thus:  Take  -^/a-  —  B'z=d; 


V        -      ■ 


then  ^A   -f-  B  =v 4* 

A     +     D  A    -    D 

and    v^A   -   B  =^ ^ — - — . 

Thus,  (he  fquare  root  of  8  -f  2  ^7  ==  1  +  a/ 7  ; 

and  the  fquare  root  of  3  —  y^8==  ^2  —  1. 

But  for  the  cube,  or  any  higher  root,  no  general  rule  is  given. 


INFINITE 
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INFINITE  SERIES. 

An  Infinite  Series  is  fornied  from  a  vulgar  trad^ion,  ha\«- 
ing  a  compound  denominator,  or  by  extracSlmg  the  root  of  a 
furd  quantity ;  and  is  fuch  as,  being  continued,  would  run  on 
infinitely,  in  the  manner  of  a  continued  decimal  fradlion. 

But,  by  obtainmg  a  few  of  the  firft  terms,  the  law  of  the 
progreiTion  will  be  manifell;  fo  that  the  feries  may  be  con- 
tinued, without  adtually  performing  the  whole  operation. 

PROBLEM   I, 

To  Reduce  Fractional  2uantitks  into  Infinite  Series, 

Divide  the  numerator  by  the  denominator,  as  in  common 
divifion ;  and  the  operation  condnued,  as  far  as  may  be 
thought  neceflary,  will  give  the  feries  required. 


e: 

KAMP 
into  an 

a 

LES. 
infinite 

x-"        X 
a        a' 

X* 

a' 

feries. 

^    a  —  X 

a  —  X     )  fl.r  .  .    ( 
ax  —  x^- 

■/ 

XT 

d 

x' 

a 

a' 

x^ 

a' 

x^ 
or 
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2.  Let  Y~Y —  t)e  changed  into  an  infinite  ferles. 

1  +  ^r)  1  (1  -  ;^  +  X'''  -  x^  +  x''  ~  Sec. 

I  -h  X 

—   X 


O         I  1 

AT-^    +    X- 


—  ^^5 

-  X^   ~    A'* 


b  .  '. 

3.  Let be  converted  Into  an  infi_nitc  fcries. 

a  •\-  X 

Anl.  -  X   (1 V  — .  +  5cc. 

a  a         a         a' 

4.  Let be  expanded  into  an  infinite  ferles. 

a  —  X 

.     -  />        ,  X       x'-       x^    „    ^ 

Anf.  -   X  (1  4-  — -/-  ~>  -^  —   &c). 

a  a        a-        a'         ' 

\  -\-  X 

5.  Let  — be  changed  into  an  infinite  feries. 

\  —  X  ^ 

Anf.  1  -f.  2^  +  2^-'  -L  'Zx'  +  2x^  Sec. 

%.  Let ^,-7,  be  converted  into  an  Infinite  feries. 

{a  -^  xy 

.     -            2x        Zx-        ^x'   „ 
Anf.  1 1-  -V T   6cc. 

7.  Let  I,  or  its  equal  — T~~T'  ^^  e^^panded  into  an  infinite 

feries. 


PROBLEM   II. 

/ 

To  Reduce  a  Compound  Surd  into  an  Infinite  Series* 

'  Extract  the  root  as  in  common  arithmetic,  and  the 
(Operation,  continued  as  far  as  may  be  thought  neceffary, 
will  give  the  feries  required  *. 


*  This  rule  is  chiefly  of  ufe  in  extrafling  <he  fquare  root,  the 
©peration  being  too  tedious  for  the  higher  powers. 

EXAMPLE 


INFINITE  SERIES.  «?7 


EXAMPLES. 


1.  Extra^l  the  root  of  a-  -\-  x^-  in  an  infinite  ferlcs. 

tt^        H-         :V       (   a    + ^ r    -T r   — ;  &C. 


^       \  0 


2a  + — r ) r, 


J?'*  a^  JT* 


4rt'' 
a       4a' 


8ri* 

1 

64a*^ 

.i-^ 

.t^ 

8a^ 

64a'^ 

8a^ 

+ 

\Ci(C' 

&c.  ■ 

— 

64a^ 

,  &c. 

2.  Let  -y/l  +  1  be  expanded  into  an  infinite  feries. 

Anf.  1  +  I  -  4  -f  -J^  -  ^V  ^^c. 


^.  Let  A^a^  —  ^-'  be  changed  into  an  infinite^  feries. 


Anl.  a  — — ,  — r  Zee* 

2a       SW        I6a^ 


4.  Let  \/ 1  —  x^  be  converted  into  an  infinite  feries, 

Anf.  1 &:c. 

3  9         81 


S'  Let  a/u-^  +  ^  be  changed  into  an  infinite  feries. 


6.  Expand  y'a^  —  2/^ at  —  ji;^  to  an  infinite  feries. 


PRO-BLEM 
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PROBLEM     III» 

jTo  deduce  a  Binomial  Surd  into  an  Infinite  Series ;  of  U 
Extract  any  Root  of  a  Binomial  *. 

Substitute  the  particular  letters  of  the  bmomial,  with 
their  proper  figns,  in  the  following  general  form,  and  it  will 
give  the  root  required  ;    obferving  that   P  is  the  firft  term, 

b   the  fecond  term  divided  by  the    iirft,  -     the    index    of 

the  power  or  root;  and  A,  B,  c^  d,  &c,  the  foregoing  terms 
with  their  proper  figns : 

m        i^  .  m.  m  —  n  in-"27i 

—— =^  P  n'  +  *"-  A  Q  4-  —  BO  4-  CO  4-  OCCi 

EXAMPLES. 
1.  To  extract  the  fq.  root  of  ?'^  —  .r-,  in  an  infinite  feties. 

Here  P  =  r^,  o  = ~i  and  —  =  — :  therefore 

m  ^     m  J 

>-ir  =  (»•')   n    =    (^V  =  r  =  A, 

f>l  ,  X"  X" 

w      ^     *  r^  2r 

in  —  n  1  —  2  .r"  x'-^  ^^ 


E  <^=  — ; —  X  -^-^x  ~  'J2  =  -  ITT-,  =  c,- 


m  -  2n  1  —  4  ^*  ^-  3J!r^ 


C0= X -—r.  X r,   =    ' ^=D4 


3^2  ^        6  2Ar'  r'  2A,6r' 

2r  ""  2.4r^  *"  S.4.6r 


Hence  r  "^ '^—  ~~Tr^  ~"  ^    ,   ^  ^  —  &c>  or 


^2  ;(*  x^'  5X^ 


f  — -r-3  —  TTTT  —  -7:73-7-  ^C'  ^s  the  feries  required. 

2r      Sr^      16?^         12Sr  ^ 


1 


S.  To  find  tlie  value  of- — r-Trrj  or  its  equal   (a  +  b)~^i 

{a-\-b)-  ^        \       •      y    :? 

in  an  infinite  feries. 


*  Note,  Any  fiirdraay  be  taken  from  the  denominator  of  a  frac- 
tion and  placed  in  the  numerator,  and  vice  verfa,  by  only  cbong- 
ing  the  fign  of  its  index.     Thus, 

*-=  ix  ^'i  and  •- — ~~^  =  1  X  («  +  i)  ^  or  (a  +  l)'^ ;  and 


^  "/IN"       ^  -^"^       ^-  v>     J     If  v«  -r  -^^  v'^ 

— ^--p  =  .^(a4-.)-';  and~-^=.^  x  ^^;  alfo  —-3-,^^ 
r=  (a'^  -}-  a;7^  X  (a'  ~  ;v-)~t 


Here 


INFINITE  SERIES,*  ^  ^ip 

Mere  ?  =  a.0=  ~  =:  a  ^by  and  — =  — -  ==  —  2  ;  thcreforel 

m  1       b  2b  ^  ^f 

—  AQ  =  -.2x-7jX-  =  ---T-=—  2a^b  =  B, 

in  -n  ,  2^      ^       2,b"       ^  _,,, 

m  -  2n  ,       3^^      3  4^^  _.,^ 

Sn         ^  ^        a'-       a  a.-^ 

Hence  a"^  —  2a^3  +  3a~^^'  -  4a"'b^  +  &c,  or 

1        2b    ,    3^'       4Z»^        5^^  ,       '     ,     r    ' 

— r- ^i 1 — ^  — r-  -f  --.-  occ,  IS  the  lenes  required, 

«^       a^        a*         a^         a^  ^ 

3.  To  find  the  value  of ,  in  an  infinite  feries, 

Anf.  ?•  —  .r  -h  —   —  —  +  -^,  &c- 

4*  To  find  the  vakie  of  t-; ?  in  an  infinite  fertes. 

(a-  —  x^)-' 

,    ^  1    .    jr-         3^*    ,    \5x^  ■ 
Anf.  -  +  — ,  +  — 5  H ^,  &G, 

5.  To  find  the  value  of ^— ,  in  an  Infinite  feries, 

(a  4-  X)- 

2x        3x^"       4x^       5x^  ^ 

Anf.  \ +  — J  H-  — ,  &c- 

a         a*        a'        a* 

%,  To  find  the  vdue  of  (a-  -\-  b)^  in  an  infinite  feries. 

b  b'  P  5b'^      ^ 

Am.  a  4-  —  —  —^,  4- ^  —  j,  ceo. 

^  2a       %a^  ^  16a^        128a^' 

I 

7.  Find  the  value  of  (a"^  —  x'^)^  in  an  infinite  feries.- 

Anf.  aT  X   (1 —  p,  6cc.) 

^  bar        2ba>        \2SiF         ' 

$.  To  find  the  value  of  (a^  —  ^)^  in  an  infinite  feries. 

.    .  b  b'  5if'  lOb^      , 

Anf.  a  —  — -:, -=  —  - — o ^,  o:cw 

3a^        9a^        Sla^        243a'^ 

5.  To  find  the  fquare  root  of  ~ in  an  infinite  feries. 


x^  x^  x^ 

Anf.  1   4-  —  H ;  -i K>   ^'^ 

.       a^       2a*       2a^ 

10.  Fin4 
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IC.  Find  the  cube  root  of  -— ^ — ■ — ;7n  in  an  infinite  ferles. 

Anf.  -—X    (   1  —  -— T  + r r*  &C4 

*  .  cix 

1 1 .  Find  the  value  of  — ^ -,  in  an  infinite  feries. 

a~  —  ax  -{-  .V 

.     .   X  ^2  ^4  x^       ^ 

Ani.  —  +    o r  -    -^>   &c. 

a        or        a>        a^ 


ARITHMETICAL  PROPORTION. 

Arithmetical  Proportion  is  the  relation  which  two 
quantities,  of  the  fame  kind,  bear  to  each  otlier,  in  refped;  to 
their  difference. 

Four  quantities  are  faid  to  be  in  Arithmetical  Proportion, 
when  the  difference  between  the  firft  and  feCond  is  equal  to 
the  difference  between  the  third  and  fourth. 

Thus,  3,  7,  12,  16,  and  a^  a  -{-  h,  c,  c  -^  b,  are  arith- 
metically proportional. 

Arithmetical  Progrefiion  is  when  a  feries  of  quantities 
cither  increale  or  decreafe  by  the  iame  common  difference. 

Thus,  1,  3,  5,  7,  9,  11,  S^c,  and  a,  a  -{-  b,  a  +  2b,  a  +  3^, 
a  -\-  4:bf  a  -\-bb,  &:c,  are  feries  in  arithmetical  progrefiion, 
whofe  common  differences  arc  2  and  b. 

The  moft  ufeful  part  of  arithm.etical  proportion  is  con- 
tained in  the  following  theorems  : 

1 .  When  four  quantities  are  in  Arithmetical  Proportion, 
the  fum  of  the  two  extiemes  is  equal  to  tlie  fum  of  the  two 
means. 

Thus,  if  2,  5,  7,  10,  and  a,  by  c,  d,  be  in  arithmetical  pro- 
portion ;  then  is  2  +  10  —  54-7,  and  a  -{-  d  =  b  -{-  c, 

2.  In  any  continued  arithmetical  progreffion,  the  fum  of 
the  two  extremes  is  equal  to  the  fum  of  any  two  terms  which 
are  equally  diftant  from  them. 

TIius, 


j^RITIIMETICAL  PROPORTION.  2^21- 

'Thus,  if  the  feries  be  2,  4,  6,  8,  10,  12,  &c. 
Then  2 -f  12  =  4  +  10  =  6  +  8  =  14. 

3,  The  laft  term  of  any  arithmetical  feries,  Is  equal  to  the 
lum,  or  difference,  of  the  firft  term,  and  the  produ(£t  of  the 
common  difference  multiplied  by  the  number  of  terms  lefs 
one  ;  according  as  tlie  feries  is  increafmg  or  decreafmg. 

Thus,  the  20th  term  of  2,  4,  6,  8,  lOj  12,  &Cj  is  = 
2  -f  2  (20  —  1)  =  2  +  2  X  19  =  2  +  38  =  40. 

And  the  nth  term  of  rt,  rt  —  r,  a  —  2.r^  a  —  3.r,  a  —  4j", 
&c,  is  =  IT  —  (w  —  1 )  X  ^  =  tf  —  (?2  —  1 )  .r* 

4.  The  fum  of  any  feries  of  quantities  in  arithmetical  pro- 
greffion,  is  equal  to  the  fum  of  the  two  extremes  multiplied 
by  half  the  number  of  terms. 

Thus,  the  fum  of  1,  2,  3,  4,  5,  6,  &c,  continued  to  th« 

(1  -f  20)  X  20       21  X  20 

80th  term,  is  =  ^ — - — =  =21x10=  210. 

2  2 

And  the  fum  of  w  terms  of  fif,  a+.r,fl-|-2;r,  fi+3.r,  to  a-\-mxt 

71  71  •""  1 

18=  (a  +  «  +  w.r)  .  --  =  (a  +  ^wjr)  n  =  (tf  -j r —  -r)  w. 


£XAMPLES. 

1.  The  firfl  term  of  an  increafmg  arithmetical  feries  is  3> 
the  common  difference  2,  and  the  number  of  terms  20 ;  re- 
quired the  fum  of  the  feries  ? 

Firll:,  3  +  2  X  (20  —  1}  =  3  +  2  X  19  =  3  +  38  =  41, 
is  the  laft  term. 

20 

Then  (3  -h  41)  X  —  =  44  X  10  =  440,  the  fum  required* 

2.  The  firft  terrn  of  a  decreafmg  arithmetical  feries  is  100, 
tlic  common  difference  3,  and  the  number  of  terms  34  ;  re- 
quired the  fum  of  the  feries  ? 

Firft,  100  -  3  ,  (34  —  i)  =  lOO  -  3  .  (33)  =  100  —  99 
=  1,  is  the  laft  term. 

34 
Then  (100  +  1)  X  —  =  101  X  17  =  1717>  is  the  fum 

Required. 

3.  Required  the  fum  of  the  natural  numbers  1,  2^  5,  4,  5, 
$-,  &c,  continued  to  1000  terms  ?  Anf.  500000* 

yoh.U  Q  4.  Required 
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4.  *  Required  the  fum  of  the  odd  numbers  1,  3',  5,  %  9f 
&c,  continued  to  101  terms?  Anf.  10201w 

5.  How  many  llrokes  do  the  clocks  of  Venice,  which  go 
on  to  24  o^clock,  ftrike  in  the  compafs  of  a  day  ?     Anf.  300, 

6.  The  firfl  term  of  a  decreafing  arithmetical  feries  is  10, 
the  common  d^fF^rence  i,  and  the  number  of  terms  21  ;  re- 
quired the  fum  of  die  feries  }  Anf.    140, 

7.  One  hundred  llones  being  placed  on  the  ground,  in  a 
ftraight  hne,  at  the  diflrance  of  2  yards  from  each  other  5 
how  far  will  a  perfon  travel,  who  fhall  bring  them  one  by 
one  to  a.  bailiet,  which  is  placed  2  yards  from  the  fii  ft  ftone  ? 

Anf.  11  miles  an'd  340  yards. 


APPLICATION   OF   ARITH\TETICAL    PROGRESSION 

TO  MILITARY  AFFAIRS. 

QITESTION    I. 

A  Triangular  BattaUon  f,  confifting  of  thirty  ranks, 
In   which  the   firft  rank  is  formed  of  one  man  only,   the 

fecond 


"«•, 


•  The  fmn  of  any  number  of  terms  (/;)  of  the  arithmetical  feries 
of  odd  numbers  I,  3,  5,  7,  9,  &c,  is  equal  to  the  (quare  (?r)  of 
that  number. 

That  is,  if  1,  3,  5,  7,  9,  &c,  be  the  numbers,  then  will 
J^  2-,  3\  4%  5%  Sixv  be  the  fums  of  I,  2,  3,  &c,  terms. 

For  0  +  1,  or  the  fum  of  1  term  =  I  or  1% 
1  -4-  3,  or  the  fum  of  2  terras  =  4  or  2", 
4  4"  -^j  or  the  fum  of  3  terms  =  9  or  3'^, 
9^1,  Of  the  fum  of  4  terms  =  16  or  4%  &c. 

Whence  it  is  plain,  that,  let  ?i  be  any  number  whatever,  the  fum 
of  «  terms  wi I!  be  n\ 

See  more  on  Arithmetical  Proportion  In  the  Arithmetic,  p.  ]  U, 

f  By  triangular  battalion,  is  to  be  underfiood,  a  body  of  troops 
ranged  in  the  form  of  a  triangle,  in  which  the  ranks  exceed  each 
other  by  an  equal  number  of  men  :  if  the  firft  rank  confifl  of  one 
man  only,  and  tb&Jifeence  between  the  janks  be  alfo  one,  then 

iS3 
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fecond  of  3,  the  third  Ox^  5 ;  and  To  on :  What  is  the  flrength 
©f  iuch  a  triangular  battahon  ? 

Anfwer,  900  meiic 

QUESTION    ir. 

A  detachment  having  1 2  fucceffive  days  to  march,  Vv-ith 
orders  to  advance  the  firii  day  only  2  leagues,  the  fecoad  3^, 
and  (o  on,  increaiing  [\  league  each  day's  marcii:  Wiiat  is 
the  length  of  the  whole  mircli,  and  wnat  is  the  lafl  day's 
march  ? 

Anf.ver,  the  lafl:  dav's  march  is  18|  leagues,  and  123 
leagues  is  the  length  of  the  whole  march. 


QUESTION   III. 

A  brigade  of  fappers  *,  having  carried  on  1 5  yards  of  fap 
the  111  ft  night,  the  fecond  oniv  13  yards,  and  (o  on,  de- 
creafmg  2  yards  every  night,  till  at  laft  they  carried  on  in 
one  night  onlv  3  yards :  Whit  is  the  number  of  nights  diey 
were  employed  ;  and  what  is  the  whole  length  of  the  fap  ? 

Anf.ver,  they  were  employed  1  nights,  and  the  length  of 
the  whole  fap  was  63  yards. 


its  form  is  that  of  an  equilateral  triangle  ;  and  when  {he  difTerer.ce 
between  the  ranks  is  more  than  one,  its  form  n.ay  then  be  an  ifof- 
celes  or  fcalene  triangle.  The  praclice  of  forming  tro(>ps  in  this 
order,  which  is  now  laid  afide,  was  formerly  held  in  greater  efieena 
than  forming  them  in  a  folid  fquare,  as  admitting  of  a  greater  front, 
efpecially  when  the  troops  were  to  make  fimply  a  ftand  on  all  fides, 

*  A  brigade  of  fappers,  confill:'.  generally  of  8  men,  divided 
equally  into  two  parties.  While  one  of  thefe  partic?  is  advancing 
the  fap,  the  other  is  furnidiing  the  gabions,  fafclnes,  and  other 
neeetTirv  implements:  and  when  the  firfi:  parly  i*  tired,  the  (ecorid 
takes  its  place,  and  fo  on,  till  each  man  in  turn  has  been  at  the 
head  of  the  fap,  A  fap  is  a  fmall  ditch,  between  3  and  4-  feet  in 
breadth  and  depth  ;  and  is  diftinguifbed  from  the  trench  by  its 
breadth  only,  the  trench  having  between  10  and  15  leet  breadth. 
As  an  encouragement  to  fappers,  the  pay  for  all  the  work  tarried 
•n  by  the  whoie  brigade,  is  given  to  the  furvivors. 


Q  2  -  ^ESTION 
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QUESTION     IV; 

A  number  of  gabions*  being  given  to  be  placed  in  {i% 
ranks,  one  above  the  other,  in  luch  a  manner  as  that  each 
rank  exceeding  one  another  equally,  the  firll  may  confift  of 

4  gabions,  and  the  lafl:  of  9  :  What  is  the  number  of  gabions 
in  the  fix  ranks  ;  and  w^hat  is  the  difference  between  each 
rank  ? 

Anfwer,  the  difference  between  the  ranks  will  be  1,  and 
the  number  of  gabions  in  the  fix  ranks  will  be  39. 

QUESTION    V. 

Two  detachments,  difiant  from  each  other  ?.7  leagues,  and 
both  defigning  to  occupy  an  advantageous  pofl  equi-diftant 
from  each  other's  camp,  fet  out  at  diflerent  times  ;  the  firft 
detachment  inncafing  every  day's  march  one  league  and  a 
half,  and  the  f'cond  detachment  increailng  each  day's  m.arch 
2  le.TS'ues:  both  -.he  deta?  hments  arrive  at  the  fame  time:  the 
fitft  aMer  f  ve  days'  march,  and  the  iecond  after  four  days' 
march  :  Wliat  is  the  number  of  leagues  marched  by  each  de- 
tachment each  dav  ? 

The  progreffion  /^,  2-,-\,  3-/-0,  5^^,  6-}-^,  anfwers  the  con- 
ditions of  f"he  firft  detachment:  and  the  prcgreflion  I|,  3|, 
5|,  ''/f,  anfwers  the  conditions  of  the  fecond  detachment. 

QUESTION   VI. 

A  deferter,  in  his  flight,  rravellin?  at  the  rate  of  8  leao-ues 
a  d3v ;  and  a  detachment  of  dragoons  beiRg  fent  after  him, 
v/ith  oniers  to  march  the  firft  day  only  2  leagues,  the  fecond 

5  leagues,  the  tliird  8  leagues,  and  fo  on:  AV'hat  is  the 
number  oi  days  neceffary  for  the  detachment  to  overtake  the 
deferter,  and  what  will  be  the  number  of  leagues  marched 
before  he  i:;  overtaken? 

Anfwer,  5  days  are  neceffary  to  overtake  him  >  and,  con- 
fequently,  40  leagues  will  be  the  extent  of  the  march. 


*  Gabions  are  baflvels,  open  at  boih  ends,  made  of  ozier  twigs, 
ar.cl  of  n  c^l!nd^ica!  form  :  thofe  made  v.fe  of  at  the  trenches  aie 
two  feel  wide,  and  about  t'lree  feet  high  ;  which,  being  fiUed  with 
earlh,  f«  rv  e  as  a  (lieller  from  the  enemy's  fire  :  and  thofe  made  life 
of  to  conlh  uci  ba<lteru;s,  are  generally  higher  and  broader.  There 
is  anotiier  fort  of  gabion,  made  ufe  of  to  raife  a  low  parapet :  its 
b'-igiU  is  horn  1  to  2  feet,  and  1  toot  v%'ide  at  top,  but  fomewhat 
Jefs  at  bottom,  to  give  room  for  placing  the  nsuzzle  of  a  fnelock" 
between  them  :  thefe  gabions  (erve  infiead  ot  fand  ba^s.  A  land 
tjg  is  generally  made  lo  coniain  about  a  cubical  fool  ol  eartii, 
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QUESTION    VII. 

A  convoy*  diftant  35  leagues,  having  orders  to  join  Irs 
camp,  and  to  march  at  the  rate  of  5  leagues  per  day  ;  its 
cfcort  departing  at  the  fame  time,  with  orders  to  mar*;^]!  the 
firfl:  day  only  half  a  league,  and  the  lad  day  9\  leagues  ; 
and  both  the  efcort  and  convoy  arriving  at  the  fame  time  : 
At  what  diftance  is  the  cfcort  from  the  convoy  at  the  end  o£ 
each  march  ? 


OF  COMPUTING   SHOT  OR  SHELLS  IN  A  FINISHED 

PILE. 

Shot  and  Shells  are  generally  piled  in  three  different 
forms,  called  triangular,  fquare,  or  oblong  pile*^,  according  as 
their  bafe  is  either  a  triangle,  a  f(^uare,  or  a  re6l'ir,gle. 


Fig.  1, 


Fi^-  2. 


A  BCD,  fig.  I^  is  a  triangular  pile, 
BfYGUf  fig.  2,  is  a  fquare  pile. 

E  A 


-F/>.  3. 


ABCDEF,  fig.  3,  is  an  oblong  pile. 


*  By  convoy  is  gtiierally  meant  a  fupp'y  ri  ammunition  or 
provifions,  conveyetl  to  a  town  or  army,  'i"i^  body  of  men  that 
guard  thisiuppl)-,  is  called  efcort. 

A  triangular- 
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A  triangular  pile  is  formed  by  the  continual  laving  of 
triangular  iiorizonral  courles  of  ilioi  one  above  avioihe  ,  ia 
fucri  a  manr-er,  as  that  the  fidCvS  of  theiecourfes,  called  rows, 
decrtafe  by  unity  from  the  bottom  rov/  to  the  top  row,  which 
ends  always  in  1  iliot. 

A  fquare  pile  is  formed  bv  the  continuai  laying  of  fquare 
horizont'il  courfes  of  ihot  one  ahoye  another,  in  inch  a  man- 
ner, as  that  tile  fides  of  thefe  courfes  dccreafe  by  unity  from 
the  bottom  to  the  top  row,  which  ends  alio  in  1  fhot. 

In  the  triangular  and  the  fquare  piles,  the  fides  or  faces 
being  equilateral  tna  .gles,  the  (liot  contained  in  thofe  faces 
form  an  arithmetical  piogre/Iion,  having  for  fiift  teim  unity, 
and  for  laO:  tcim  and  numl.er  of  verms,  the  {hot  contained  in. 
the  bottom  row  ;  fn\'  the  number  of  horizontal  rows,  or  the 
number  cou-nted  on  one  "of  the  rmgles  from  the  bottom  to  the 
top,  is  always  equal  to  thofe  counted  on  Oiie  fide  in  the  bot- 
tcni:  the  fides  or  faces  in  either  the  triangular  or  iquare  piles, 
are  called  arithmetical  triangles  ;  and  the  numbers  contained 
in  thefe,  are  called  triangular  numbers  :  abc  tig.  i,  efg  Hg. 
2,  are  arithmetical  triangles. 

The  oblong  pile  mav  be  conceived  as  formed  from  the 
fquare  pile  abcd  ;  to  one  fide  or  face  of  which,  as  ad,  a 
number  of  arithmetical  triangles  equal  to  the  face  have  beea 
added  :  and  the  number  of  arithmetical  triangles  added  to  the: 
fquare  pile,  by  means  of  vvhich  tljc  oblong  pile  is  formed,  is 
always  one  lefs  than  the  ihot  In  tiie  top  row ;  or,  which  Is 
the  lame,  equal  to  the  difference  between  the  bottom  row  of 
the  gieater  fide  and  that  of  tliQ  leffer. 


QUESTION   VIII. 

To  find  the  fhot  in  the  triangular  pile  abcd,  fig.  1,  the 
bottom  row  ab  confifting  of  8  ihot. 

SOLUTION. 

Th^  propofed  pile  confiding  of  8  horizontal  courfes,  each 
of  wh'cji  forms  an  equilateral  triangle  ;  that  is,  the  fhot 
contame(^  in  thefe  being  in  an  arithmetical  progreffion,  of 
V. liich  the  r-rfi:  and  laft  teini,  as  alio  the  number  ct  terms, 
are  knov/n  ;  jt  follows,  that  the  fum  of  thele  particular 
courles,  or  or  j^g  8  progrcflions,  will  be  the  ihot  contained 
in  the  propofed  pi^;  then 

The 
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The  fliot  of  the  firft  or  lower  7 

triunguLir  cour-le  will  be      J      8  -h  1  x  4    =36 

the  (ccnvA  -         -  -         ^  +  i  X  3i  =  2S 

the  third      ^         '-         -  -         6+1x3=  21 

the  fourth  -         -         -  - 

the  fifth      .         -         -  - 

the  fixth     -         -         -  - 

the  feventh  _         ~  - 

the  eighth         ,  ••         *■  ■* 


5  + 

1    X 

^1- 

:=  15 

4  + 

1    X 

2      : 

r=    10 

3  + 

i    X 

li 

-     6 

2  + 

1    X 

I 

-     3 

1  + 

1    X 

I 

2 

-     1 

Total 
the 

pile 

120  iliot 
:  propoied. 

in 

QUESTION  IX. 

To  find  the  Hiot  of  the  fquare  pile  efgh,  %.  2,  the  bot- 
tom row  EF  confifting  of  8  {liot. 

SOLUTION, 

The  bottom  row  containing  8  fnot,  and  the  fecond  only  7  ; 
that  is,  the  rows  forming  the  progrefTion  8, '/,  6,  5,  4,  3,  2,  1, 
jn  v.'hich  each  f>f  the  terms  being  the  fquare  root  of  the  fhot 
contained  in  each  feparate  fquare  courfe  employed  in  forming^ 
the  fquare  pile  ;  it  follows,  tUat  the  fum  of  the  fquares  of 
thcfe  roots  will  be  ihe  (hot  required:  and  the  fum  of  tr.e 
fquares  divided  by  -8.  1.  6.  5,  4.  3.  2.  1,  being  204,  exprelTes 
the  fliot  in  the  propofed  pile. 

QUESTION  X. 

To  find  the  (hot  of  the  oblong  pile  ABCDEF,  fig.  3  j  In 
which  BF  =  16,  and  sc  =  7. 

SOLUTION, 

The  oblong  pile  propofed,  Cvonfifting  of  the  fquare  pile 
ABCD,  whofe  bottom  row  is  1  ihot ;  oefidcs  9  aritumetical 
triangles  or  progreffions,  in  which  the  fiiil  and  lafr  te.m,  as 
alio  the  number  of  terms,  are  known  ;  it  followo,  tiiai, 

.  \i  to  the  contents  cf  the  fquare  pile  -  14  J 

we  a6d  the  fum^of  the  9th  progieflion         -  252 


their  total  gives  the  contents  lequired  -  392  (hot, 

REMARK    I,  ■         . 

The  (hot  In   the  triangular  ;  n  i  tlic  fqiiare   piles,  as   alfo 
(lie  iiiot  in  each  horizoutai  couue,  may  ^iz:  ouce--be  aicef- 
tarncd 
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taincd  by  the  following  table  :  the  vertical  column  A,  con- 
tains the  fhot  in  the  bottom  row,  from  1  to  20  inclufive  j 
the  column  B  contains  the  triangular  numbers,  or  number 
of  each  courfe ;  the  column  c  contains  the  fum  of  the 
triangular  numbers,  that  is,  the  fhot  contained  in  a  trian- 
gular pile,  commonly  called  pyramidal  numbers;  the  column 
X)  contains  the  fquare  of  the  numbers  of  the  column  a,  that 
is,  the  fliot  contained  in  each  fquare  horizontal  courfe ;  and 
the  column  f  contain-s  the  fum  of  thefe  fq^uares  or  fhot  in ^ 
(quare  pile. 


c 

B 

A 

D 

F 

Pyramidal 
numbers. 

Triangular 
numbers. 

Natural 
numbers. 

Square  cf 

tile  natural 

numbers. 

Sum  of  thefe 

fquare 

numbers. 

I 

1 

I 

1 

1 

4 

3 

2 

4 

5 

10 

6 

3 

9 

14 

20 

10 

4 

16 

30 

35 

15 

5 

25 

55 

56 

21 

6 

36 

91 

84 

28 

7 

49 

140 

120 

36 

8 

64 

204 

]65 

45 

9 

81 

285 

220 

55 

10 

100 

385 

286 

66 

U 

121 

506 

364 

78 

12 

144 

650 

455 

91 

]3 

169 

819 

560 

105 

14 

]96 

1015 

680 

120 

15 

225 

1240 

816 

]36 

16 

256 

1496 

969 
1140 
1330 

153 
17i 
190 

17;§ 

isS 

19§ 

289 

324 

,       36J 

1785 
2109 
2470 

1540 

210 

20 1, 

400 

2S70 

Thus,  the  bottom  row  in  a  triangular  pile,  confifling  d£ 
0  fhot,  the  contents  will  be  1 65  ;  and  when  of  9  in  the  i^uarc 
pile,  285.^-In  the  fame  manner,  the  contents  either  of  a 
fquare  or  triangular  pile  being  given,  the  ihot  in  the  bottopi 
row  may  be  eaTiiy  afcertained. 

1  he  contents  of  any  oblong  pile  by  the  preceding  tabic 
fnav  be  aifo  with  little  trouble  afcertained,  the  leffer  fide  not 
exceedins^  20  Ihot,  nor  the  difference  between  the  IciTer  and 
the  greater  fide  20.    Thus,  tp  find  the  ilaot  in  ^x\  oblong  pile, 

the. 
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the  leffer  fide  being  15,  and  the  greater  35,  we  are  firft  to 
Jiad  the  con'ents  of  the  fquare  pile,  by  means  of  which  the 
oblong  pile  may  be  conceived  to  be  formed;  that  is,  \ve  arc 
to  find  the  contents  of  a  fquiire  pile,  whofe  bottom  row  is 
15fliot;  which  being  1240,  we  are,  fi-condly,  to  add  thcfc 
1240  to  the  produ6t  2400  of  the  triangular  number  120, 
amiwering  to  i5,  the  number  exprefling  the  bottom  row  of 
the  arithmetical  triangle,  multiplied  by  20,  the  number  of 
thofe  triangles  ;  and  their  fum.  being  3640,  expreffes  the 
number  of  ihot  in  the  propofed  oblong  pile. 


REMARK    II. 

The  following  algebraical  expreflions,  deduced  from  the 
inveftigations  of  the  fums  of  the  powers  of  numbers  in 
arithmetical  progreffion,  which  are  feen  upon  many  gunners' 
callipers*,  ferve  to  compute  with  eafe  and  expedition  the  ihot 
or  fliells  in  any  pile. 

That  ferving  to  compute  any  triangular  7  ?z  -f  2  x  n  +  1  X  ?i 
pile,  is  repreiented  by  3  6 

That  ferving  to  compute  any  fquare  7  n  +  I  x  2/z  +  1  X  ?i 
pile,  is  reprcfented  by  j  6  ' 

In  each  of  thefe,  the  letter  n  reprefents  the  number  in  the 
bottom  row ;  hence,  in  a  triangular  pile,  the  number  in  the 

bottom  row  being  30  ;  then  this  pile  will  be  30  +  2  x  30  + 1 
pc  y  zz  4960  fliot  or  Ihells.  In  a  fquare  pile,  the  number 
in  the  bottom  row  being  alfo   30  ;  then  this   pile  will  be 

30  -h  1  X  60  +  1  X  V  =  94-55  ^ot  c>r  fliells. 

That  ferving  to  compute  any  oblong  pile,  is  reprefented  by 

. in  which  the  letter  n  aenote* 

6  .      ' 


*  Callipers  are  large  compafles,  with  bowed  flianks,  ferving  to 
take  the  diameters  of  convex  and  concave  bodies.  The  gunners* 
callipers  confift  of  two  thin  rules  or  plates,  which  are  moveable 
quite  round  a  joint,  by  the  plates  folding  one  over  the  other:  the 
length  of  each  rule  or  plate  is  fix  inc  hes,  the  breadth  about  one 
inch.  It  is  ufuai  to  reprefent,  on  the  plates,  a  variety  of  (bales, 
tables,  proportions,  &c,  fuch  as  are  elleemed  ufefi}!  to  he  known 
by  perfons  employed  about  artillery;  but,  except  the  meafaring 
of  the  caliber  of"  fliql  and  cannon,  and  the  mcafuring  offjliant  and 
je-enteriijg  angles,  noi'e  of  the  articles,  with  which  the  callipers 
aj:e  ufually  filled^  are  ellenlial  to  that  inflrument. 
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the  number  of  courfes,  and  the  letter  m  the  number  of  {hotj 
}eis  one,  in  the  top  row :  hence,  in  an  oblong  pile  the  num- 
ber of  courfes  being  3v ,   and  the  top  row  3  I  ;  this  pile  wiU 

be  60  -f-  1  4-  ^i)  X  30  4-  i  x   V  =  23405  fliot  or  fliells. 


GEOMETRICAL  PROPORTIO^f, 


Geometrical  Proportion  is  that  relation  of  t'^jat 
j^uantities  of  the  fame  kin'd,  which  anies  from  confidering 
what  part  the  one  is  of  the  other,  or  how  often  one  con-« 
tains  another. 

When  two  quantities  are  compared  together,  the  firft  is 
called  the  Antecedent,  and  the  feconci  the  Conlequpnt. 

Ratio  is  the  quotient  which  arifes  from  dividing  th^  an-^ 
tecedent  by  the  confequent,  or  the  confequent  by  tlie  ante-? 
cedent. 

Four  Quantities  are  faid  to  be  proportional,  when  the  firil 
is  the  fame  part  or  multiple  of  the  fecoiid,  as  the  third  is  of 
the  fourth. 

Thus,  2,  8,  3,  12,  and  a^  ar,  b,  br,  are  geometrical  propor^ 
tionals, 

Dirccl  Proportion  is  when  the  fame  relation  fubflfls  be- 
tween the  iiift  term  and  the  lecond,  as  between  the  third  an4 
the  fourth. 

Thus,  3,  6,  5,  10,  and  ^',  ar,  3/,  a^,  are  in  dire^  pro-;- 
portion. 

Reciprocal,  or  Inverfe  Proportion,  is  when  one  quantity 
increafes  in  the  fame  proportion  as  another  diminifnes. 

Thus,  2,  6,  9,  3,  and  r/,  ar,  br,  b,  are  in  inverfe  pro- 
portion. 

A  Series  of  Quantities  are  faid  to  be  in  geometrical  pro- 
grcffion,  wlien  the  firlT;  has  the  fame  ratio  to  the  feccnd  as 
the  fecond  to  the  third,  and  the  third  to  the  fourth,  &cc. 

Thus,  2,  4,  8,  16,  32,  64,  &c,  and  a,  ar,  ar'y  ar",  ar'^,  ^zr% 
&c,  ;ire  fci*  li'm  geometrical  progrciTion, 
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The  mofl:  ufcful  part  of  geofnetrlcal  proportion,  Js  con<- 
tained  in  the  following  theorems  : 

!  If  four  quantities  be  in  geometrical  proportion,  the 
prodQcl  of  the  two  extremes  will  be  equal  to  the  produ(St  of 
the  two  means. 

Thus,  if  2,  4,  6,  12,  and  «,  ar-,  b,  br,  be  geometrically 
proportional,  then  will  2  X  12  =  4x6,  and  ax  br=zhx  ar, 

2  If  four  quantities  be  in  geometrical  proportion,  tho 
re6langle  or  produ6l  of  the  means  divided  by  either  of  the 

extremes,  vv^ill  give  the  other  extreme.  '1 

Thus,  if  3,  9,  5,  15,  and  x,  ax,y^  ayy  are  g"con>etrically 

9x5  cix  X  V 

proportional,  then  will rz  15,  and ^zz  x, 

3  ay 

And  this  is  the  foundation  of  the  Rule  of  Three. 

3.  In  any  continued  geometrical  progreflion,  the  produ^ 
«f  the  two  ex^jcme^,  and  that  of  any  otrter  two  terms, 
equally  diftant  iiom  {hem,  will  be  equal  to  each  otlier. 

Thus,  in  the  feries  1,  3,  9,  27,  81,  243,  &c, 
it  is  1  X  243  =  3x81  =  9X27  =  243. 

-4,  In  any  continued  geometrical  feries,  the  laft  term  Is 
equal  to  tile  fiffl:  multiplied  by  fucli  a  power  of  the  ratio  as 
js  denoted  by  the  number  of  terms  lefs  one 

Thus,  in  the  feries  2,  6,  18,  54,  162,  &c ;   2  x  3*  =r  162. 

5.  The  fum  of  any  feries  in  geometrical  progrellion,  is 
found  by  multiplying  che  laft  term  by  the  mtio,  and  dividing 
the  difference  of  this  producft  and  the  firii:  term  by  the  ratio 
lefs  one. 

Thus,   the  fum   of  2,  4,  8,  16,  32,  64,  128,  256,  512,  is 

512  X  2  -2 

■ ■■ =  1024  -  2  =  1022. 

2-1 

And  tj]e  fum  of  n  terms  of  «,  ar^  cir"'^  ar\  ar'\  Sec,  to 

_,  .    ar"^'  X  r  ---  a      ar''  —  a       r"  -  1 

«?'"  ^  is =: = •  a, 

r  —  i  r  —  i        r  —  i 


6.  If  four  quantities,  c,  b,  c,  ^,  or  2,  6,  5,  1 5,  be  pro- 
portional ;  then  will  any  of  the  toliowmg  tornii  of  thofc 
(quantities  be  alio  proportional,  viz. 

T  Dircdly,  a:  b  [[cld  or  2  :  6  : :  5  :  15. 
2.  Inverfely,  b  \  a:\  d\c  or  6  ;  2  : :  15  :  5. 
3*  Alternately,  a  :  c\\b\  d       or  2  :  6  : :    5  ;  15. 

4.  Com- 
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4.  Compoundedly,  a:  a +b  ::  c  :  c  -]-dyOr2  :  Z  ::5  :  20. 

5.  Dividedly,  a  :  b  --  a  : :  c  ]  d  ~  c,  or  2  :  4:  : :  5  :  10. 

6.  Mixed,  b  -f  <?.  I  Z^  ^/z ! :  4  +  c  :  ^  —  c,  or  8  :  4  ; :  20  ;  IQ. 

7.  Multiplication,  r<z  :  ?'Z»  :  .*  c  :  c?,  or  2 . 3  :  6 . 3  ; :  5  :  15. 

8.  Divifion,  ^  -^  r  :  /^  -f-  r  :  I  c  :  ii/  or  1  :  3  : :  5  :  15. 

9.  The  numbers  a.,  /;,  <:,  d,  are  in  harnionical  proportion, 
"n'hen  a  :  d  ::  a  ^  b  :  c  cr>  d;    or  when  their  reciprocalg 

1    i    1 '  i       .      .       . 

-,   -J,  rsiiji;^,  arc  in  arithmetical  proportion. 
m     5    e     a  f     ^ 

"'"""'  EXAMPLES. 

1.  The  firfl  term  of  a  geometrical  feries  Is  1,  the  ratio  2, 
and  the  number  of  terms  10  ;  what  is  the  fum  of  the  feries  ? 

Firll,   I  X  2"  =s  1  X  512,  is  the  laft  term. 

,     ,512  X  2  -  I       1024  —  I  ^     ,      r  .1 

And, :=:  ■■ — —  =  1023,  the  fum  required. 

2—1  1 

2.  The  firfl:  term  of  a  geometric  feries  is  4,  the  ratio  I, 
and  the  number  of  terms  5  ;  required  the  fum  of  the  feries  ? 

|"irft,  i  X  ( |)^  1=  i  X  -g-V  =  TTT)  is  the  laft  term. 

And,  (i  -  -tIt  X  4)  -^  (1  -  -^)  =  (I  -  -,i^)  ~  i  =  114  X 
I  z=  '/y   X   ^  zz  4|-{-,  the  lum  required. 

3.  Requiied  the  fum  of  1,  3,  9,  27,  81,  &c.  continued 
to  1 2  terms  ?  Anf.  265T20, 

4.  Required  the  fum  of  1,  i,  -^j  ^y,  -g^,  Szc.  continued  to 
12  terms?  '  Anf.  |f4f^f 

5.  Required  the  fum  of  1,2,  4,  8,  16,  32,  &c.  continued 
10  iOO  terms?     Anf.  1267650600228229401496103205315. 

See  more  of  Geometrical  Proportion  in  the  Arithrpetic. 


SIMPLE    EQUATIONS. 


An  Equation,  is  when  two  equal  quantities,  difFerently. 
expreffed,  are  compared  together  by  means  of  the  fign  zz 
placed  between  them. 

Thus,  1 2  —  5  =  7  is  an  equation,  expre^Eng  the  equality 

«f  the  quantities  12  —  5.  and  7. 

A|.  Simply 
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A  Simple  Equation,  is  that  which  contains  onlv  one 
power  of  the  unknown  quantity,  without  including  different 
powers. 

Thus,  X  —  a  -{-  b  ^  c  is  a  fimple  equation,  containirig 
only  one  power  of  the  unknown  quantity  at. 

Reduftlon  of  Equations,  is  the  method  of  finding  the  value 
of  the  unknown  quantity. 

It  confifts  in  ordering  the  equation  fo,  that  the  unknowa 
letter  or  quantity  may  flan  I  alone  on  one  fide  of  the  equa- 
tion., or  of  the  mark  of  equality,  without  a  co-efficient;  and 
all  the  rcA,  or  the  known  quantities,  on  the  other  fide. — 
In  general,  the  unknown  quantity  is  difengagcd  from  the 
known  ones,  by  ix^rformin^^  the  reverfe  operations.  So,  if 
they  are  connc6led  with  it  by  -|-  or  addition,  they  muft  be 
fubtrad^ed ;  if  by  minus  (  — ),  or  fub^radtion,  they  muft  be 
added  ;  if  by  multiplication,  we  muft  divide  by  them  ;  if 
by  divifion,  we  muft-  multiply  ;  alfo  any  power  of  the  un- 
known quantity  is  taken  away,  by  extradling  the  root ;  and 
any  root  is  removed,  by  raifinsj  it  to  the  power.  As  in  the 
following  rules  ;  which  are  founded  on  the  general  principle 
of  performing  equal  operations  on  equal  quantities;  in  which 
cafe  it  is  evident  that  the  refults  muft  ft  ill  be  equal,  whether 
by  equal  additions,  or  fubtradlions,  or  multiplication.s,  or  di- 
vifions,  or  roots,  or  powers. 

RULE  I. 

When  known  quantities  are  conne£l:ed  with  the  unknowa 
by  -j-  or  —  ;  tranfpofe  them  to  the  other  fide  of  the  equa- 
tion, and  change  their  figns.  Which  is  only  adding  or  fuii- 
Iraifting  the  fame  quantities  on  both  fides. 

Thus,  if  ;p  +  3  =  7  ;  then  will  ;^  =  7  -  3  =  4. 
And,  if  r  —  4  +  6  =  8  ;  then  will  ;<-=:8  +  4  —  6  =  6. 
Alfo,  i{x  —  a-{-b:=:c— d:  then  will  x  —  a  —  b  -\-  c  ~  d. 
And,  in  like  manner,  if  Ax  —  8  =  3;r  -f-  20,   then  will 
4.V  —  3x-  =  20  +  S,   or  A-  =  28. 

RULE   II. 

When  the  unknown  term  is  multiplied  by  any  quantity; 
it  is  to  be  taken  away  by  dividing  all  the  terms  of  the  equa- 
tion bv  it. 

Thus,  '\i  ax  z=.  ah  —■  a\  then  will  x  =z  b  —  1* 
Andj if  2a-  +  4  =  16;  then will;r  -f  2  =  8,  and.y  =  8  -  3  =  ^ 

la 
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In  like  manner,  if  ax  -f  ^ab  =  Sc'^ ; 

tten  will  X  -i-  2b  =:st  '—  and  x  = 2^, 

a  a  , 

kULt   III. 


When  the  unknown  term  is  divided  hy  any  quantity  ;  it 
may  be  taken  away,  by  multiplying  all  thei  teims  of  the 
sanation  by  it. 

X 

Thxis,  if^  r=  5  +  3  ;  then  will  x'  ==  10  -f-  6  =:^  16. 

X 

And,  if  -  =  ^  -f-  ^  —  ^ ;  then  v^/ill  x  =  ab  4-  ac  ~  ad. 

In  like  manner,  if  —  —  2  =  6  -f  4  j  then  will  2x  —  6  =!^ 

18  4-  12,  and  2^-  =18  +  12  +  6  =  $6^otx  tz  "  ,   =:  18. 

J/ 

RULE  IV. 

When  \ht  unknown  quantity  is  included  in  any  furd ; 
tranfpofe  the  reft  of  the  te^  ms,  if  there  be  anv,  by  Rule  1 , 
and  then  raife  each  fide  to  fuch  a  power  as  is  denoted  by  the 
index  of  the  furd. 

Thus,  if  ^/a-  —  2  =  6  ;  then  wiH  >^  x  =z  6  +2  =  8,  and 
;v  =  8"  =  64. 

Anel,  if  v/4;f  +  16  =  12,  then  will  4;^  +  16  =  144,  or 
4;^  =  144  —  16  ==  128  ;  and  if  both  fides  of  the  eq_uation  be 
divided  by  4,  x  will  be  =  32. 

In   like   manner,   if   V  2;^  +  3  +  4   =:  8  ;    then   will 

V2a'+  3  =  8  —  4  =  4,  and  2.r  +  3  =  4"'  =  64,  and  2x  = 

61 
«4  — '  3  ==:  61,  or  jr  2=  -—  =  30|. 


RULE   V* 

If  that  fide  of  the  equation  which  contains  the  unknown 
Quantity  be  a  complete  power  ;  it  may  be  reduced,  by  ex- 
tracting the  root  of  the  faid  power  on  both  lides  of  the 
equation. 

Thus,  if  .r'  +  G.r  +  9  —  25  ;  then  will  .r  +  3  =:  a^/ 25 
S::  5,  or  .r  "T  5  ^  3  :^  2. 

Andif  3^:^—19  1=21  +35;  then  will  3.r- =:  21  +  35  +  19 

J     o        75 
3S  75,  and  .i-  =  — -  =  25,  or  x  zzJ25  =:  5. 

3 

Ifi 
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9^? 


In  like  manner,  if  "^  -\-  10  =  20  ;  then  will  2.r'  -f-  30 
z=  60,   and  x'  -\-  \d  r-   30,  or  x'  zz  30  —   15  =15,  or 

RULE  VI. 

Any  analogv"  or  proportion  may  be  changed  into  aa 
equation,  by  making  the  produ6t  of  the  two  extreme  terms 
equal  to  that  of  the  two  means. 

Thus,  if  3.r  :  16  : :  5  :  10  ;  then  will  2>x  X  10  =  16  x  5, 

,      .  80        8 

that  IS,  30^  =  80,  or  .r  =  —  =   -  zz  2^-. 

S.T  '2  c  V 

And,  if  —  \  a  \\  b  :  c  ;  then  will  ^^—  =:  ab,  and  2c.v  =z 

2au.  or  .r  m , 

2c 

In  like  manner,  if  12  —  .r:  -  : :  4  :  1  :  then  will  12  —  .r=: 

2 

4^i'  ,  12 

•—  =:  2x',  and  2^  -f-  ;r  =  1 2,  or  3^^  r=  1 2,  and  .r  =  —   =  4. 

—  3 

RULE  VII* 

If  the  fame  quantity  be  found  on  both  fides  of  an  equa- 
tion, with  the  fame  fign,  either  plus  or  minus,  it  may  be  taken 
away  from  each  ;  and  if  every  term  in  an  equation  be  irmlti- 
plied  or  divided  by  the  fame  quantity,  it  may  be  Aruck  out  o£ 
tliem  all. 

Thus,  if  4^  4-  «  =:  3  +  a  ;  then  will  4.y  =  b,  and  .r  z=  -. 

4 

And  if  3a.v  -{-  Sab  =  Sac ;  then  will  3^  +  5^  =  8c,  aad 
8c  —  5^ 


in  like  manner,  if ;  =  — ;  then  will  2^  —  i 

3  o  3         3 

=r  16  —  8,  or  2.r  =  16,  aixl  .r  =:  8. 


MISCELLANEOUS   EXAMPLES. 

i.  Given  5.r  —  15  =  2t  -f-  6  ;  to  find  the  value  of  .r, 

Firfl,  5.r  -  3t  =  6  +  1 5 

Or,  3.r  =  21 

21 
Therefore  ^  =  —  :=  7. 

2.  Civi 
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2.  Given  40  —  64r  -  16  =  120  —  14^' ;  to  find  t^ 
Firft,  \^x  —  6.r  =120  —  40  +  16. 

Or8.r  =  136  —  40  =  96 

Therefore  »r  =  —  =12* 

8 

3.  Let  Bax  —  3^  =  2t/.r  -f  ^  be  given  ;  to  find  ±i 
Firft,  5ax  —  2fi?.r  =  ^  -f  3^ 

Or  {ba  ^  2d)  x  .r  =  r  +  3^ 

Therefore.  =  i^tl^, 

4.  Let  Zar  —  10^  =  So:*  +  ^^'  ht  giVen  ;  to  find  :if, 
Firfl,  3.r  —  10      8  +.r,  by  dividing  by  ^' 
Then  Zx  —  i'  =  8  -f  10  =  18 

A      1  18 

And  2^  =  18,  or  ^  =  -—    =9, 

.     5.  Given  6ax'^  —  1 2abx'^  =  3iZ.r^  +  6a^  ;  to  find  Si 
Firfl,  dividing  tlic  v^hole  by  Zax^ 
we  fhall  have  2.r  —  4i^  =  ^  -f  2 
Or  2.r  -  .r  =  2  +  Ab 
That  is,  ^  =  2  -f-  ^b, 

XXX 

%,  Let  2'^a'*"I~-^^^^  given,  to  find  ^* 

.  2x        2x 

Fnft,  ^  —  —   +  -    =20 
3  4 

Alfo,  3j^  —  2^r  +  —   =60 

4 

And  12.r  -  8^  +  6^  =  240 

Therefore  1  Ox  =  240 

240 
And  X  =  --—  =  24. 

n.  Given  — ^ h  -  =  20 — ;  to  find  :tfs 

2x 

Firfl,  or  -  5  4-  V  =  ^^  ~  -^  +  ^^ 

3 

Alfo  3^  —  9  +  2^  ~  1 20  —  3x  +  57 

I'herefore,  3.r  +  2^'  +  3x  =  120  +  57  +  9 

That  is,  8^  =:  186,  and  ^  =  -—^  =  2^ 


S.  Let 
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t.  Let  ^-^  +  5  =  7,  be  given ;  to  find  jt;*. 

Firfl  ^~  =7-5=3 

Then     ^  =  2-  ±r  4 

Hence  2x  =  1 2,  or  .r  =  —  =  6. 


^.  Let;r  4-  v'a~  -r  *'''  —  ,  be  given ;  to  finder. 

]^irfl,  ^,/^    -I-  .r-  4-  «-  -f  .r^  =  2a* 

Then  ^Cy^w  -{-  .i'^  =  iz"  —  ^' 

Arid  y'  X  a-  4-  jr'^  — -  d'  —  JT"    =  a^  —  2^*^^^  -|-  ^ 
Hence    aV  +  x*  =  a^  —  20.'-. v'  -{-  jt* 
Gr  a'^^^  4-  2a'\r'  =  a',  or  3a'';r-  =  a* 

4  2  'i 

Confeq.  jv''  =  —7,  =  --;  and  x  -^-  -/ —  =  a  v/i-. 

EXAMPLES   FOR    PRACTICE, 

1.  Given  3.r  —  2  +  24  =  31  ;  to  find  x,    Anf.  i*  =  3, 

2.  Given  jr  +  1 8  =  3^  ~  5  ;  to  find  ^.  Anf.  x  =  1  li. 
S.  Given  6-»-2;^+10=20  — 3;^  — 2  ;  to  find;^.  Anf.  ;^iz2< 

4.  Given  ^  +  -i-^^  +  -^jt  n:  H  ;  to  find  x.    Anf.  a-  =  6. 

5.  Given  2^  —  i;;r  +  1  =  o.v  —  2  j  to  find  .r.  Anf.  xzzj, 

6.  Given  3^^-  +  ■ Z  ^  b,v  —  a;  to  find  x. 

2 

Anf.  jr  — -^' 

6<?  -  2a 

1.  Given  Ix  -\-  l:r  ^  J.r  :=:  4  ;  to  find  x,     Anf.  a-  =  |.- 
8.  Given  y^  12  -p  .r  =z  2  +  ^^.r  ;  to  find  x,     Anf.  ;r  =  4. 

9^  Givena4-'^=  — ; — ;  to  determines.  Anf.  jr. = — • 

a  -h-r'  2 

^  

10.  Given  a/u'  ~{-  jt  =  ^Z>'  4-  x^;  to  find  .r. 

Am.  s  =  ^ 


2£i-. 


2^ 


H.  Given  .y/x  4-  >/^  4-  '^    =  -  ;  to  find  ;r. 

yfa  4-  •^' 

Anf.  jr  =  -• 
Vol.  L  R  12,  Given 
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12.  Given  — -- —   + —  =  ^;  to  find  .r. 


13.  Given  a  +  :v  =  ^ a^  -{-  x  y'  b'  +  .v';  to  find  a-. 

Aiif    r— •^'' 
4a 


0/REDUCING  DOUBLE.TRIPLE,  ^^r,  EQUATIONS,  ce?i' 
tabling  TWO,  THREE,  or  MORE  UNKNOWN  QUAN- 
TITIES. 

PROBLEM   I. 

To  Exterminate  Txeo  Lhiknoien  Quantities;  Or,  to  Reduce  the 
Two  Simpie  Equations  containing  tJitni,  to  a  Singte  one. 

RULE  r. 

1.  Find  the  value  of  one  of  the  unknown  letters,  in  terms 
of  the  otlier  quantitieSy  in  each  of  the  equations,  by  the 
methods  already  explained. 

2  Let  the  two  vasues,  thus  found,  be  made  equaf  to  each 
other,  and  there  will  arife  a  new  equation  with  onlv  one  un- 
knot n  quantity  in  it,  whofe  value  may  be  found  as  before. 

Note.  It  is  evident  that  we  muft  firft  begin  to  find  the 
values  of  that  letter  which  are  ealieft  to  be  found  in  the  two 
propofed  equations. 

EXAMPLES. 
1.  Given  ^-^^  1  2I  =  10  I  '  ^"^  ^^'^  "^  ^'''^^• 


rioiii  iuk:  jLiiii 

cuuciLn^ni 

.1 

And  from  the  fecond  x 

zzz 

10 

5 

Confequently 

23-  3j/ 
2 

10 

4- 
5 

Oil: 

Tlieref. 

115  - 

-^15y  ~ 

.20  + 

4y 

Mcuce 

i9j/  . 

=  115  — 

20 

'    ::= 

95 

Then 

y  ■ 

95 
19 

r^ 

Aird  X 

23 

■—  15 

4. 

5.  GivcB 
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2.  Given    )^i*^~^('   to  find  .r  and  j/. 

From  the  firft  equation  x  =  a  —  y 
And  from  the  fecond  x  =z  b  -{-  y 
Therefore  a  —  j/=t:^-j-7/,  or2j/  =  ^  —  I 

Confeq.  y  =  — ^ — >  ^^^  x  z=.  a  •-  y 
_  a  —  h       a  -\-  h 

3,  Given    {  f x  +  |;y  ~  8  1  '  ^°  ^''^  ^"^  ^'^^^'' 

Prom  the  firfl  equation  ^  =  14 ~ 

And  from   the  fecond  jr  =  24  —  ^ 

Therefore  14  -  -j^  =  24  -  -^ 

*»  9V 

Hence       42  -  2i/  ==  72  —  ~ 

J'  2 

Or  84  —  4j/  =  144  -  9^ 

Then         by  =  144  -  84  =  60 

Therefore  v  =  —  =  12 

•     1  2y  .         24  . 

And  ^  =  14  —  —  =  14 r-  =  6. 

3  3 

4.  Given  4x  -{-y  =  34,  and  4j/  -f  .r  =  16 ;  to  find  x  and  y. 

Anf.  .r  =  8,  and  j/  =  2. 

^ .         2^        3  V         9  ,  3.r        2v         61 

5.  Given-  +  f  =;  ^,   and  -  +  --^-  =  ^ ;  to  find 

.,r  and  3/.  Anf.  x  =  I,  and  ^y  =  y, 

6.  Given  .r  4-  v  =  ^,  and  or-  —  ?/-  =  ^' :  to  find  x  and  y. 

Am.  .r  = ,  and  y  =  — - — 

7.  Given  .r  —  y  z=  dy  and  .r  :  3^  .* :  ?^i  .*  7i;  to  find  .i^  and  j/. 

RULE   II. 

1.  Find  the  value  of  one  of  the  unknown  letters,  in  one 
only  of  the  equations,  as  in  the  former  rule. 

2.  Subilitute  the  vahie,    thus   found,   for  that  unknown 
quantity  in  Uie  ether  equation,  and  there  will  arife  a  new 

R  2  equation, 
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equation,  with  only  one  unknown  quantity,  whofe  valui 
may  be  found  as  beibre. 

EXAMfL^S. 

1.  Given  I  /  "^  ^-^  ^  7,  ?  :  to  find  :v  and  u. 

From  the  fiifl  equation  at  =  17  —  2y 

This  value  Jfubflituted  for  x  in  the  feeond, 

■    Gives  (11  —  2ij)  X  3  —y  =  2 

Or        51  —  6j/  -  y  =  2,  or  51  —  7y  =  2 

Then   7j/  =  5 1  —  2  =  49 

49 
Hence 5  =  -^  =  1,  and^  =  17  -  23^  =  17  —  14  =*3'^ 

1i.  Given  i  "^  "^  -^  ;^  f  ;  to  find  x  and  u. 

\x  -  7/  =--35  -^ 

From  the  firft  equatTon  .r  =  13  -—  y 

This  value  being  fubilituted  for  x  in  the  2dy 

Gives  1 3  —  J/  —  J/  ~  3,  or  1 3  —  2j/  =  3 

Then  2j/  ="l3  -  3  =  10 

Hence  J/  =  ---  =  5,  and  ^  -—  13  —  3^  =  13  —  5  =^  % 

3.  Given    <  "'-*      *  * .     *  -^  f  ;  to  find  x  and  v, 
ljr~-{-  V'  =  c  ^  '  -^ 

The  firft  analogy  turned  into  an  equation, 

ay 
Gives  hx  =  &y,  ot  x  ^^^  -^ 

And  this  value  of  x  being  fubHituted  in  the  2d,  glv€# 


.0 


Theref.  air  -f  ^^?/'  =  b'c,  or  y*^  =  -;--— ?:'>• 

.y  .y  '         '^^  ^-   -^    ^'' 

__  />f  ,  a~c 

Hence  V  =  \/    ,   .    i",  and  a-  =  a/ -,,    .    .;/ 

\4'.  Given  2;;'  -^  3j,'  =16,  and  3ir  —  2j/  ==  II  ;  to  find  ^^ 
and  7/.  Anf.  ^  =  5,  andj/  =  2; 

■  5.  Given-  -   -J-  T?/  =99,  and'£  -}-7^  =  51 ;  to  find  a- and  y,- 

i  "^  1  ^ 

Anf.  X  =  7,  and  J/  =  14. 

6.  Given  --:12=--^  +  8,  and  — -^ -{-  -  -  3  =  -^-^ 

-f  27  ;  to  find  .?  vnd  j/.  Anf.  .r  =  60,  andy  =  40. 

7.  Given 
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*?.  Given  (i\h::  a:  :  y,  and  ^^  -  y  rz  f/- ;  to  find  x  and  y. 


HULE    III. 

1.  Let  the  given  equations  be  multiplied,  cr  divided,  See, 
by  fuch  numbers  or  quantities,  as  vvUi  make  the  term  which 
contains  one  of  the  unknowii  <^uautities  the  lame  in  both 
equations. 

2.  Then,  by  adding  or  fubtra6ling  Oie  equations,  accord- 
ing as  the  cafe  may  require,  there  vviii  arii'e  a  new  equation, 
with  only  one  unknown  quantity,  as  befoi:^:. 

EXAMPLES, 

1.  Given  j    a:  +  2I/  =  1  1-  «  '  ^^         ^  aixl  3*.. 

Firfl,  raukiply  the  2d  equation  by  3 

and  it  becomes  ox-'t  Cnj  =  42 
Then  fubtrad  thQ  hrft  from  the  laft  equation, 

and  the;e  reiilains  G?/  —  5ij  -n  42  —  40,  orj/  ^  g' 
Therefore  x  n::  14  —  2v  —  14  —  4  n:  10. 

2.  Given   I  ^^^  ^.  57^  __  i^  I ;  to  fnid  x  and .5/. 

Let  the  firR  equation  be  muUiplied  by  2,.  and  the  2d  by  5^ 
lind  we  iliall  have  IOat  —     67  rz  IS 
and  IOa-  -f  2.')y  =:  80 

Then  If  the  former  of  thefe-  be  fqbtra<5>.e(l  from  the  latter, 

(;2 
it  will  give  3I3/  =  62,  or^/  =  —  zz  2 


Confeq.  x  =  — - — ^,  by  the  ii.rll  cquatioU; 
^      ■       .9+6         15. 

j^nothcr  McthocL 
Multiply  the  firf^  equation  by  5,  and  the  2d  by  3^ 

and  we  Ihall  have  \  ^•^'^  7  ,'  ^  "^  tf 

I    <ix  -f-  i5j/  =  48 

Kow,  let  thefe  two  equations  be  added  together, 

iind  the  fum  will  be  3U-.  ~  93.  cr  x.  z=  -—=53. 

31 
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X 

'iG  —  2x 
Confcq.  1/  ~ ,  by  the  fecond  equatioiiy 

Qr  J/  = —   =  —  =  2,  as  before. 


MISCELLANEOUS     EXAMPLES* 

1.  Given  ^^-—r—  +  ^V  =  31,  and*^ {-10^  =  192; 

to  find  .v  and  t/.  Anf.  ;«•  =  19,  and 3/  =  3. 

2.  Given  -— ^—  4-  14  =  IS,  and  ;^       ^-    +  16  =  19; 
to  find  ^  and  J/.  Anf.  jr  =:  5,  and  j/  ==  2, 

3.  Given  ■ — ^  +  —  =;  8,  and  -^ —  ?/  =  11 ; 

6  3  2  ^  » 

to  iind  .V  and  ?/.  Anf.  x  =  6,  and  ?/==  8. 

4.  Given  (Z.r  -\-  bj/  =  c,  and  ^/lT  +  63/  =/;  to  find  .r  and  ?/, 

ce  --  bf  af  —  (k 

Ani.  JT  =z  — — T".,  and  y  tz.  r-,* 

ae  ^  bd         ^        ae  —  c?i} 


PROBLEM   II. 

To  Exterminate  Three  Unknown.  Quantities ;  Or,  to  B educe 
the  7  hree  Simple   Equations,  containing    them,    to  q; 


Si}igh  one. 


RULE. 


1 .  After  the  manner  of  the  firfl  rule  in  the  lall:  problem, 
find  the  vahie  c  f  one  of  the  unknown  letters  in  each  of  the 
given  equations:  next  put  two  of  thefe  vahies  equal  to  each 
other,  and  then  one  of  tliefe  and  the  third  value  equal :  wJiich 
give^  two  new  equations,  v^dtli  only  two  unknown  quantities 
to  be  found  as  before. 

2.  Or,  as  in  the  2d  rule  of  the  la  ft  problem,  find  the  value 
of  one  of  the  unknown  quantities  in  one  of  the  equations  ; 
tlien  fubftitute  this  valine  inflead  of  it  in  the  other  tw^o  equa- 
tions ;   wh.ch  reduce  to  two  only,  to  be  refolved  as  before. 

V).  Qr,  as  in  the  3d  rule  of  the  lafl:  problem,  reduce  the 
equations,  by  multiplying  or  .dividing  them,  fo  as  to  make 
iome  of  the  terms  to  agree :  then,  by  adding  or  fubtra61:ing 
ihcwx,  as  the  figns  may  require,  one  of  the  letters  m;iy  h6  ex- 
terminated, &c,  as  before. 

EXAMPLES. 


SIMPLE  EQUATIONS^  ^3 


EXAMPLES. 


r   .r  -f    y  -f-    z  =  29l 
|,  Given   \    x  -{-  dij  -\-  3z  z^  62  ^  ;  to  find  .r,!/,  anJ  j?. 

li^  +  iy+  12=  10  J 
From  the  fi'ft,       .r  =:  29  —    j/  — ■    z 
From  the  fecond,  .r  ir:  62  —  2i/  —  Sz 
From  the  third,     .r  zr  i'O  —  ^  if  —  \z 

l^ieil    29    —  ^y    -    Sr    ::=:    62  —    2c/  —   SxT 

And    29  —  _V  "~  ^  =  -*^  ~  '^}/  "  -2^ 
Alfo  from  the  fini:  of  thefe,  ?/  =  33  —  2.s 

And  from  the  fecond,        1/  =  21  —  Is 
Theref.   33  —  22  =  27  —  iz,  or  2  =  12 

Hence  aUo     1/  =  33  -  2;:  =  9 

And  .r  =  29  —  J/  —  js  =  8, 

r^^-^  +  iv-i- 1^  =  62-) 

2.  Given    <  4-r  +  I.!/  4-  4-  =  47  >  ;  to  nnd  .TjJ/,  and.:?. 


fh^  +  i.V  ^  i:r  =  62-) 
U-r  +  ly  4-  4-:^  =  47  h 
li^-f   -J-jZ  +  ^r  =  38  J 


f  iiil,  the  given  equations,  cleared  of  fra6lions,  become 
12.r  -}-     8j/  4-     6v  =  U'S^ 
2Q.r  4-  1%^  4-  1^2  =  2820. 
3 Or  4-  2h/  +  20.2  =  4560 

Then,  if  the  fecond  of  thefe  equations  be  fnbtra6led  frorr\ 
trouble  tne  fiift,  and  3  times  the  tiiir4  from,  a  tunes  the  fe- 
cpnd,  we  Ihall  have 

Ax   -f      j/   =    1.5a 

lO.v  +   3^  =  42  J 

And   again,    if  the  fecond  of  thefe   be  fubLra61^"4  from 

3  times  tne  firft,  it  will  give 

48 
12.r  —  10a-  =  468  -^  420,  or  .r  =  —  =  2  k 

-2 

Xhercf.  3/  =  1 56  -.  4a-  =  €0,  and  .::  = ~ — -^ — ^  =  1 20.. 


;.  Given  .r  4-  •?/  -|-  -  --  53,  and  .r  -f-  2?/  +  3z  =  105, 
^nd  .V  -f-  3j/  -i-  4;:  =  134  ;  to  find  -?',  J/,  and  .3. 

Anf.  .r  —  24,  2/  =  6,  and  z  =  23. 

4.  Given  .r  -{-  j/  ~  a,  ^  +  2  =  Z>,  and  j/  -|-  s  =  c  i    to 
find  .r,  y,  and  z» 


C  ax  4-  ^j/  +  cz  =  ??i  1 
4.  Given   -J  rf^  +  <'J/  +  y^  "=■  n>\  to  find  .r,  j/,  and  z. 
(i^.r  4  %  4  kz  =;>J 
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A  COLLECTION  OF  QUESTIONS   PUODUCIN<S 
SIMPLE   EQUATIONS. 

1.  To  find  two  numbers,  fuch,  that  their  fum  fhall  be  4Q, 
sod  their  difierence  16. 

Let  X  denote  the  lead  of  the  two  numbers  required^ 

Then  will  x  -{■   16  =  to  the  greater, 

And  X  -\-  X  -\-  16  =  40  by  th^  queilion, 

That  is,  2j^  =  40  —  16  -^  24 

24 
Or  a:  =  ^  -^   12,  the  leail  number  required./ 

And  X  -l  !6=^12-f  16  =  28,  the  greater  number, 

2.  What  number  is  tliat,  whofe  4-  part  exceeds  its  |  patt 
by  16  ? 

Let  X  =  number  required, 
Then  will  Jts  -l  part  be  ~x,  and  its  |  part  |t  ; 
Tiierefore  ■i.r  —  J.r  ==  16   by  the  queftion, 
Then  is,  x  —  4jz?  =  48,  or  4.r  —  3x  =  192; 
Kence  ^  =  1S2,  the  number  required. 

3.  Divide  1000/.  among"  a,  b,  and  c,  fo  that  A  fhall  havs 
72/.  moie  than  B,  and  c  100/,  more  than  A. 

Let  .r  =  b's  fliare  of  the  given  fum, 

Then  will  jt  -}-  ^2  =  a's  fliare, 

And  :r  -j-  112  =--  c's  fhare, 

1  he  fum  of 'all  thpir  fhares  is  j:  +  .v  +  72  +  a."  -{-  172^ 

Or  3.V  4-  244  =  1000  by  the  queftion, 

That  is,  3-r  =  1000  —  244  =  756, 

,Then  jr  =  -—  =  252/.  =  B  s  fhare ; 
3 

Hence  .r  -f  72  ==  252  -f  72  ==  324/.  =  a'.s  fnare. 

And  .V  -f  172  =-  252  +  172  =  424/.  =  c's  fharc, 

b's  fhare,  252/. 

a's  (hare,  324/. 

c's  fhare,  424/. 

Sum  of  all,  1 000/.  the  proof. 

4.  A  prize  of  1000/  is  to  be  divided  between  two  perfons^ 
»5\diofe  fliares  of  it  are  in  the  proportion  of  7  to  9  i  required 
the  fhare  of  each. 

Let  jf  —  firfl  perfon's  fliare,  - 
Then  will  1000  —  jc  =  lecr>nd  perfon's  fhare, 
And  X  :  1 000  —  ^  : :  7  :  i?,  by  th?  queflion, 

Thej3^ 
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Then  9x  =  (1000  —  .r)   x  7  =  7000  —  IXf 
Or      9^  +  7.r  =  16.r  =  7000, 

Hence  .r  =  =  4311,  iCs,  =z  111  lliare, 

J6 

And  1000  —  j:-  =  1000  -  437/.  10^.  =  562/.  10^.,  2d  (liarc^ 

5.  The  paving  of  a  fquare  at  25.  a  yaid,  cod  as  much  as 
the  inclofing  it  at  5^.  a  yard  :  required  tlie  lide  of  the  fquare? 

Let  .r  z=  fide  of  the  fcjuare  fough.t. 
Then  4.r  =  yards  of  niclofure, 
And  .r'  =  yards  of  pavement ; 
Hence  4.r  x  5  —  2\j.c  zz  price  of  inclofmg, 
Aiid  .r"  X  2  zr  2j7   =  price  of  paving, 
But  2^   ~  2uT  by  the  qurftion, 
Thcref.  2.r  iz  20,  and  .v  =  10  tne  length  of  the  fide  required. 

6.  A  labourer  engaged  to  ferve  for  40  days  on  thefc 
conditions  :  tijai  for  cveiv  day  he  worked,  he  was  to  receive 
20d.  but  for  every  dav  he  played,  or  was  aufcnt,  he  was  to 
forfeit  Hd.  Now  at  the  end  of  the  time  he  had  to  receive 
l/.  li^.  ad.  It  is  required  to  find  how  many  days  he  worked, 
and  how  many  he  was  idle  ? 

Let  X  be  the  number  of  days  he  worked, 
Then  will  40  —  .r  be  the  number  of  davs  he  was  Idle, 
Aifo  jr  X  20  =  202'  =--  the  fum  earned, 
And  (40  ~  t)   X  8  =  320  -  S.r  =  fum  forfeited, 
Hence  20.r  -  (320  -  8r)  =  3S0d,  =  (l/.  lis.  ^.d.) 
by  the  queftion;  that  is,  20r  —  320  -f  S.r  =  380, 
Or  '28.r  ==  380  -\-  320  =  700, 

Hence  a'  =  =  25  the  number  of  days  he  woriced, 

And  40  —  .r  =  40  —  25  =  15  the  number  of  days 
he  was  idle. 

7.  Out  of  a  caik  of  wine,  which  had  leaked  away  i-,  21 
gallons  were  drawn  ;  and  then,  be-ng  gauged,  it  appeared  to 
be  half  full  ;  how  much  did  it  hold  ? 

Let  it  be  fuppofed  to  have  held  j'  gallons, 

Then  it  would  iiave  leaked  f.r  gallons, 

Confeq.  there  had  been  taken  away  21  -f  -^a'  gallons. 

But  21  +  ~,v  =  l.v  by  the  queftion 

Theref  63  -f  x  =  ^a: 

Or  126  -f  2r  =  3.r 

Hence  3.r  —  2.r  =  1 26 

Or  .jT  =^  126,  the  number  of  gallons  required. 
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8.  What  fraction  is  that,  to  the  numerator  of  which,  if 
I  he  added,  the  value  will  he  ~  ;  but  if  1  be  added  to  the  de- 
nominator^ its  value  will  be  -^^ 

JLet  the  fraiSiion  he  reprefented  by  - 

Then  will =  -- 

J/  3 

X  1 

And  ^ — :  _-  =  -- 

J/  i-  i        4 

-    Hence        3a-  +  3  =  i/ 
And  Ax  =^  2/  -\-  ^ 

Theref.  4;>'  —  Sa-  —  3  =  j/  +  1  —  3/ 
That  is  A-  —  3  ^=:  1,  or  A*  ==  4. 
Hence  J/  =^  3a-  -|-  3  =  12  +  3  =  15. 
So  that  fy  is  the  fra6lIon  rec^uired. 

9.  A  market  woman  bought  in  a  certain  number  of  egg5 
at  2  a  penny,  and  as  inany  more  at  3  a  penny,  and  lold  theru 
all  out  again  at  the  rate  of  5  for  two-pence,  and  by  io  doing- 
ioft  4r/. :  what  number  of  eggs  had  fhe  ? 

Let  X  =  number  of  eggs  of  each  fort, 

7  hen  will  \x  ==  price  of  the  lirft  iort, 

And  f  A'  ^5=:  price  of  the  fecond  fort ; 

But  5:2::  2a'  (the  whole  number  of  eggs)  :  -fAr ; 

Whence  ^x  =  price  cf  both  iorts,  at  5  for  2  pence. 

And  |a-  -f  jX  —  tx  =  4  by  the  (|ue{lion ; 

Theref.  a-  -f  4-^  —  y-^^  =  8, 

Or        3;^  -I-  2x  -  yx  =24; 

Or      ISa-  -F  \0x  -r-  24a-  ==  I2O, 

Or  A*  =  120,  the  number  of  er^s  of  each  fort. 


00" 


10.  If  A  can  do  a  piece  of  work  alone  in  10  days,  and  B 
iin  13;  fet  them  both  about  it  together,  in  what  tune  will  it 
be  fiuiilied? 

■    Let  the  time  fotight  be  denoted  bv  a-. 
'.rhen  10  days  :  1  work  :  :  x  days  :  -j\x» 
And     13  days  :  1  work  : :  x  days  :  -^^x : 
Hence  -/-^x  =  part  done  by  a  in  x  days. 
And      -j-x  =  part  done  by  B  in  a-  days; 
C(3nfequently  ^-^a*  -f  ^\x  =  1  ; 
That  js  ^x  -\-  X  =  \  3',  or  1 3;^  -f '  I  Or  ^  1 30  ; 
Hence  23a-  =  130,  and  x  =  y/  =  5*A  days,  thetlmQ. 
required. 

41  ^  IC 
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11.  If  one  agent  a,  alone,  can  produce  an  ejfFe6l  e,  in  the 
Itime  a  ;  and  another  agent  B,  alone,  in  tfie  time  b  ;  in  what 
time  Will  tney  both  together  produce  the  fame  efFecSl  ? 

Let  the  time  fought  be  denoted  by  x, 

€V 

Then  a,  \  e  \\  x  \  —  •=.  part  of  the  efFecl:  produced  by  a. 
And     h  \  e  W  X  \  -p  :=.  part  of  the  effe6i:  produced  by  s, 

€X  6X 

Hence {-  -y-  =  <?  by  the  queflion  ^ 

Or        _-{--=  1 J 

_,       -  ax 

Thercr.  x  •{ — -  =z  a\ 

0 

And      bx  -f-  ax  =:  ab  ; 

ponfeq.  X  =  J  =  time  required. 

QUESTIONS  FOR   PRACTICE. 

1.  What  two  numbers  are  thofe  whofe  difFercuce  is  7, 
i^nd  fum  33  ?  Anf.  13  and  20. 

2.  To  divide  the  number  75  into  two  fuch  parts,  that  3 
times  the  greater  may  exceed  7  times  the  lefs  by  13. 

Anf.  54  and  21. 

3.  In  a  mixture  of  wine  and  cyder,  4  of  the  whole  plus 
25  gallons  was  wine,  and  ^  part  viimis  5  gallons  was  cyder : 
how  many  gallons  were  thcvQ  of  each  ? 

Anf.  85  of  wine,  and  35  of  cyder. 

4.  A  bill  of  120/.  was  paid  in  guineas  and  27-fhilIing 
pieces,  and  the  number  of  pieces  of  both  forts  that  were  ufed 
was  jufl  100  ;  how  many  were  there  of  each  ? 

Anf.  50  of  each. 

5.  Two  travellers  fet  out  at  the  fame  time  from  London 
and  York,  the  diftance  between  them  being  198  miles  ;  one 
of  tiiem  goes  8  miles  a  day,  and  the  other  7  ;  in  what  time 
will  they  meet?  Anf.  in  13^  davs. 

6.  At  a  certain  ele61:ion  375  perfons  voted  for  two  candi- 
dates, and  niQ.  candidate  chofen  had  a  majority  of  91  ;  how 
many  vuted  for  each  ? 

Anf.   233  for  one,  and  142  for  the  •then 

7.  What  number  is  that  from  which,  if  5  be  fubtra6ted, 
^  of  the  remainder  will  be  40?  Anf.  65. 

8.  A 
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8.  A  poft  is  ^  in  the  mud,  4  i^i  the  water,  and  10  feet 
above  the  water  ;  whvt  is  the  whole  length  ?       Anf.  24  feetp. 

9.  There  is  a  fiUi  wn-^.fe  t/A  weiglis  9lb.  his  head  weighs 
as  much  as  his  tail  and  half  his  body,  and  his  body  weighs 
as  much  as  his  head  and  tail ;  what  is  the  whole  weight  of 
the  iiih  ?  Anf.  72lb. 

10.  After  pay  lag  away  ^  and  ~  o£  my  money,  I  had  66. 
guineas  left  in  my  pui  fe ;  v/hat  was  in  it  at  £1  ft  ? 

Anf  120  guineas. 

11.  a's  age  is  double  of  b's,  and  b's  is  triple  of  c's,  and 
the  fum  of  all  their  ages  is  140  ;  what  is  the  age  of  eich  ? 

Alii,  a's  =:  84,  b's  n  4f^  ana  c's  =  14. 

12.  Two  perfons,  a  and  B,  lav  out  equal  fums  of  money 
in  trade ;  a  gains  12o/.  and  B  iofes  87/.  arid  a's  money  is- 
now  doubk  of  b*s  ;  waat  did  each  lay  cut?  Anf.  300/. 

13.  A  perfon  bought  a  chaife,  horfe,  and  harnefs,  for  60/, 
the  horie  came  to  twice  the  price  of  the  harnefs,  and  the 
chaife  to  twice  the  prj^e  of  the  horfe  and  harnefs :  what  did 
he  give  for  each  ? 

Anf.  13/.  6s.  8</.  for  the  horfe,  61.  13.?.  4d.  for  tPi® 
harnefs,  and  40/.  for  the  chaife. 

14.  Two  perfons,  a  and  b,  have  both  the  fame  income; 
A  faves  y  o(  his  yearly,  but  B,  by  fpending  50/.  per  annum 
more  than  a,  at  the  end  of  4  years  finds  himfelf  iOO/.  in  debt; 
what  is  tiieir  income  ?  Anf.  125/. 

15.  A  perfon  has  two  horfes,  and  a  faddle  worth  50/.  :•  now 
if  the  faddle  be  put  on  the  back  of  the  hrft  horfe,  it  will  make 
his  value  double  that  of  the  fecond  ;  but  if  it  be  put  on  the 
back  of  the  fecond,  it  will  make  his  value  triple  that  of  tlie 
firil ;  what  is  tlie  value  of  each  horfe  ? 

Anf  One  30/.  and  the  other  40/, 

16.  To  divide  the  number  36  into  three  fuch  parts,  that 
4  of  the  hrfl-,  \  of  the  fecond,  and  ^  of  the  third,  may  be  all 
equal  to  each  other?  Anf.   11  le  parts  are  8,  12,  and  16. 

17  A  footman  agreed  to  f^^rve  his  mafler  for  24/.  a  year 
and  a  livery  ;  but  vi^as  turr.ed  a  vay  at  the  end  of  7  months^ 
and  received  only  8/  and  his  livery  ;   what  was  its  value ,? 

Anf.  14/.  8.9. 

18.  A  perfon  was  drfirous  of  giving  Zd.  a-piece  to  fome 
beggars,  but  fo'jnd  that  he  liad  not  nicney  enough  in  h:s 
pocket  by  8fi?.  ;  he  therefore  gave  them  each  2d,  and  had 
then  "id.  remaining;  requiied  the  number  of  beggars  ? 

Anf.  1 1 . 
19.  A 
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t9.  A  hare  is  50  leaps  before  a  greyhound,  and  takes  4 
leaps  to  the  greyhound's  3  ;  but  two  of  the  greyhound's  leaps 
are  as  much  as  three  of  the  hare's :  how  many  leaps  muft  the 
greyhound  take  to  catch  the  hare  ?  Anf.  300. 

20.  A  perlbn  In  play  loft  ^  of  his  money,  an<l  then  wors 
3  guineas  ;  after  which  he  loll  -i-  of  what  he  then  had,  and 
then  won  2  guineas  ;  laftly  he  loft  i-  of  what  he  then  had  ; 
and,  this  done,  found  he  had  but  12  guineas  remaining  ;  what 
had  he  at  firft  ?  Anf.  20  guineas. 

21 .  To  divide  tlie  number  90  into  4  fuch  parts,  that  if  the 
£rft  be  increafed  by  2,  the  fecond  diminifhcd  by  2,  the  third 
muk' plied  by  2,  and  the  fourth  divided  by  2  ;  the  fum,  dif- 
ference, produdl,  and  quotient  fhuU  be  all  equal  to  each  other. 

Anf.  The  parts  arc  18,  22,  10,  and  40,  refpedively. 

22.  The  hour  and  minute  hands  of  a  clock  are  exactly  to- 
gether at  12-  o'clock  :  when  are  they  next  together  ? 

Anf,  1  hour  5  ,V  minutes. 

23.  There  is  an  Ifland  73  miles  in  circ^-^mference,  and  three 
footmen  all  ftart  together  to  travel  the  fame  way  about  it :  a 
goes  5  miles  a  day,  B  8,  and  c  10  :  when  will  they  all  come 
together  again  ?  Anf.  In  73  days. 

24.  How  much  foreign  brandy  at  16^.  per  gallon,  and 
Britifh  fpirits  at  6s.  per  gallon,  muft  be  mixed  together,  fo 
that  in  felling  the  compound  at  185.  per  gallon,  the  diftiller 
may  clear  30  per  cent.  ? 

Anf.  51  gallons  cf  brandy,  and  14  of  fpirits. 

25.  A  man  and  his  wife  ufually  drank  out  a  calk  of  beer 
in  1 2  days  ;  but  when  the  man  was  from  home,  it  lafted  the 
the  woman  30  days  ;  how  many  days  would  the  man  alone 
be  in  drinking  it  ?  Anf.  20  days. 

26.  If  A  and  B  together  can  perform  a  piece  of  work  in 
8  days  ;  a  and  c  together  in  9  days  ;  and  B  and  c  in  10 
days ;  how  many  days  will  it  take  each  perlon  to  perform 
the  fame  work  alone  ? 

Anf.  A  14l±  days,  B  H-A,  and  c  23^-^. 

27.  If  three  agents.  A,  B,  and  c,  can  produce  the  effedls 
fl,  b,  c.  in  the  times  e,  J\  g,  reipe6llvely  ;  in  what  time 
would  they  jointly  produce  the  etFec^l  d  ? 

.    ^    ,         ^        ^        c     - 

Anf.  ^  -r  (-  +  7  +  -)  time. 
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QUADRATIC  EQUATIONS: 

A  Simple  Quadratic  Equation,  is  that  which  involved 
the  fquarc  of  the  unknown  quantity  only. 

A  compound  Quadratic  Equation,  is  thrit  \vhich  contains 
ihe  fquare  of  the  unknown  quantity  in  one  term^  and  the  firft 
power  in  another  term* 

Thus  fli"'  =  ^,  is  a  fimple  quadratic  equation ; 

And  ax'^  -f  kv  =r  c,  is  a  compound  quadratic  equation; 

The  rule  for  a  firriple  quadratic  equation  has  been  giverl 
aheady. 

All  compound  quadratic  equations^  after  being  properly  re- 
liuced,  fail  under  the  three  following  forms  : 

1.  .r'  -f  (t.r  Tz.  b 

2.  .r-  —  ax  =z  b 

3.  .r^  ^  <7.i'  n  —  ^ 

The  rule  for  finding  the  value  of  x^  in  all  quadratic  equa- 
tions, is  as  follows  : 

1.  Reduce  the  propofed  equation  to  a  proper  fimple  form, 
as  ufual,  namely  by  tranfpofmg  all  the  terms  which  contain 
tht  unknown  quantity  to  one  fide  of  the  equation,  and  the 
known  terms  to  the  other,  and  by  ranging  them  according 
to  their  dimenfions,  as  in  the  forms  above, 

2.  When  the  firft  term  or  fquare  of  the  unknov/ii  quan* 
tity  has  any  co-efficient  prefixed  to  it,  free  it  from  that  co- 
efficient in  the  ufual  way,  viz.  by  dividing  all  the  terms  by 
that  co-efficient:  which  v/ill  brino;  the  equation  to  one  of  the 
three  forms  above. 

3.  Then  complete  the  unknown  fide  to  a  fquare  in  this 
manner,  viz.  Take  half  the  co-efficient  of  the  fecond  term 
and  fquare  it,  which  fquare  add  to  both  fides  of  the  equation,- 
then'  that  fide  w^hich  contains  the  unknown  quantity  will  b§ 
a  complete  fquare, 

4,  Extra^ 
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4.  Extri £1:  the  fquire  root  oii  both  fides  of  the  equation  *, 
and  the  value  of  the  unknown  quantity  will  be  determined^ 
as  was  required,  m.iPing  the  root  of  the  known  file  either 
-f-  or  —,  which  will  ^ive  two  roots  of  the  equation,  or  two 
Values  of  the  unknown  quantity. 

Note^ 

*»-  I.. I  I  ,  ■-  I  ■ --■  ■■■..—    .-^       —■ .,.  I  I  ■    ■   I    ».  ■      I  -    .  ■      — -^  , 

*  The  fiiiare  root  of  any  quantity  may  be  either  -f  ^'f  — ,  a^iti 
therefore  all  quadratic  eqiiatioirs  admit  of  two  f  )iiitions.  Thus 
tlio  fqiiare  rout  of  +  ic  ts  either  4-  7;  or  —  // ;  Tor  +  //  X  -f-  » 
and  —  71  X  -  71  ^rceach  equal  to  +  n"".  But  the  fq'iar(.-  root  of 
—  ii\  or  ^  —  ^i',  U  imaginary  or  in>po(iible,  as  neiilrer -}- 72  nor 
•—  71,  when  f  {uared,  give  —  /r. 

So.   in   the  firti   form,   x^ -\-  ax  =  b,  where  x  -f  \a  is  found  =1 

t^b  -f  I  a-,  the  r«ot  may  be  eilhc-r  -f- v^  A  +  ];(i\  or—  ^/  /;  +  \a\ 
iince  either  of  tliem  bein^  muhiphtd  b\  itfeU  wili  piodi.te  <i»  +  ia\ 
And  this  anrbi^uit)'  is  cxprcff-I  b\  vvriiir.v/  dv  uncertr.ii,  ot  doa- 
ble fign  ±  before  ^,/TT^^■,  thas  .t  ~  ± ^/  ->  +  qr^'  -  ^a. 

In  this  form,  wh"r<>  x  —.  ±  ^  b  -\'  \u   —  4-7,  the  firft  value  of 

X,  viz.  X  =  +  ^/':  -^  \cf  —  l^,  is  always  affirmative;  f)r  fince 
^~  +  b  h  greater   ih;in   ^a%-  the    gn  ateft    fquare    xruft   necef^ 

fariiy  have  t;ie  great  eft  fquare  rooi  j  therefore  ^/b  +^rt'  will 
always  be  greater  than  y'^-r,  or  its  equal  In;  and  coiifequently 

'+"\/^  +  ^i^^  —  -|«  ^'^'i^'  ahva\s  be  aftirmcitive. 

The  fecond  value,  viz.  x  =  —  ^b  -{-  ~a'  —  ^a  will  alwnys  be 
Degative,  becautis  it  is  co'rpefed  ot  two  negative  term-;.     Tnere- 

fore  when  jr^  -\-  ax  ^  h,   we  fnall  li.ive  x  =  -{-yb  -\-  ^u'   —   ^a 

for  the  affirmative  valae  of  x,  and  x  =:  —  ^/ b  ~\-  la-  —  ~a  for 
the  negative  vaiue  of  .-c. 

In  the  fecond   fr>nn.  w^  '-re  .t  =  i  A^/b  -\-  {a'  -\-  ^  the  firfl 

value,  viz.  at  =  -f-  ^.^b  -{-  ^^r  +  I-'?  is  alwnvs  ?tiirmal!ve,  fince  it 
is  tompofed  (f  two  -dfiifmative  terir.s.     The   fecond   value,  viz, 

^=  —  ^b  +  ^a-  +  ^:i,    will  alwavs    be   negative;   for    fnce 

b  -f-  'la'  is  greater  than  ^u",  aJ b  +  \a'  will  be  ^^reater  than  i>J\a^, 

or  its  equal  \a ;  and  confequentiy  ~  ^/b  -f-  i^r  +  •f'^  is  always 
a  negative  quantity. 

Tlierefore,  when  x}  —  ax  =  3,  we  fnall  have  .t  =  -|-  ^ b  +  ia* 

+  |-«  ^or  the  afnrmative  value  of  x,  and  x  ■=.  —  ^ b  +  ^u*^  -}-  4--2 
for  the  negative  value  t)f  a;  to  that  in  botli  the  tirft  a;id  fecond 
forms,  the  unknown  quantity  has  always  two  values,  one  of  which 
i«  poll  Live,  and  the  other  negative. 
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Note,  I .  TTie  root  of  the  firfl  fide  of  the  eqiiatiori,  is  d- 
ways  equal  to  the  unknown  quantity,  with  half  the  co- 
efficient of  the  fecond  term  fubjoined  to  it,  with  Its  proper 

%"• 

2.  All  equations,  in  which  there  are  two  terrris  including 
the  unknown  quantity^  and  which  have  the  inaex  of  the  one 
jufk  double  that  of  the  other,  are  refolved  like  quadratics,  by 
completing  the  fquare^  as  above. 

Thus,  x^  -f  ax"  —  />,  or  sc^^  -^dx^^^  =  ^,  or  at  +  dx'^  ±=.  hf 
arc  the  fame  as  quadratics,  and  the  value  of  the  unknown 
quantity  may  be  determined  accordingly. 

EXAMPLES. 

1.  Given  ;r'-|-  ^a:  —  140  ;   to  find  x* 

firft,  x~  +  A'x  -f  4  =  140  4-  4  =  144,  by  completing 
the  fquare. 


Then  v'-^'  +  4^-f-4  —  ^  144,  by  extracting  the  roots  j 
Or,  which  is  the  fame  thiiig,  a;-}-  2  —  ±  12. 
Theref.  ;c=:±12— 2  =  10or  —  14,  the  two  roots. 


1^—  ' 


In  the  third  form,  where  x  =  ±,  -v/i"'  —  ^  "f  -1^,  both  the 
values  of  x  will  be  pofitive,  fuppofing  -^a'  is  greater  than  b.     For 

the  firft  value,  viz.  jf  =  -f-  ^/^r/-  ~  b  +  ^a  will  then  be  affirma- 
tive, being  com pofed  of  two  affirmative  terms* 

The  fecond  value,  viz.  ye  =  —  x^-'4^'  —  *  -f- 1«  is  affirmative 
alf) ;  for  lince  la^  is  greater  than  ^a^  —  b,  ^/^a^  or  |a   is  grealef 

than  \/\a^  —  ^;  and  confequently  —  y^-^a^  —  ^ +  2-^  will  always 
be  an  affirmative  quantity.     Therefore,  wlien;*'"  ~  ax  =:  —  b,  we 

fliall  have  x  —-\-  .y/^a^  —  b  -^  la,   and   alfo  x  ^  —  A/-\a'  —  b 
"4-  ^a  for  the  values  of  x,  both  affirmative. 

But  in  this  third  form,  if  b  be  greater  than  ^a^  the  folution  of 
the  propofed  quetiion  will  be  impoffible.  For  fince  the  fquare  of 
any  quantity  (whether  that  quantity  be  affirmative  or  negative)  is 
aJways  affirmative,  the  fquare  root  of  a  negative  quantity  is  ira- 
poffible,  and  caniiOt  be  adigned.     But  if  b  be  greater  than  }a'^ 

then  \a^  —  ^  is  a  negative  quantity  ;  and   therefore  ^^w'  —  b  is 
impoliible,  or  imaginary  ;  confequently,  in  that  cafe,  x  ==:  la  ^ 

*^/\a'-  —  b,  or  the  two  roots  or  values  of  ;s?,  ae  both  impoffible, 
or  imaginary  quantities* 

2.  Givea 
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2.  Given  jt^  —  6.r  +  8  =  80 ;  to  find  jr. 

Firft,  ;r"  —  6^  =  80  —  8  =  72,  by  tranrpofitlon  ; 
Then  .r '  -  6jr  +  9  =:  72  +  9  =  81,  by  conripleting  the  fq. 
And  .r  -  3  =  ^81  =  ±  9,  by  extradtitig  the  root ; 
Theref.  jr  =  ±  9  +  3  =  12  or  -  6. 

3.  Given  2x^  +  8.r  -  20  =  70 ;  to  find  Jf. 

Firft,  2jv^  +  8^  =  70  4-  20  ==  90  by  tranfpofition ; 
Then  .t^  +  4.r  =  45  by  dividing  by  2  ; 
And  ji''  4-  4^  +  4  iz  49  by  completing  the  fquare ; 
Hence  jr  -h  2  =  -^'49  =  db  7  by  extra6ling  the  root; 
Confequently  ^=  ±7  —  2  =  5  or  —  9. 

4.  Given  3:r^  —  3.r  4-  6  =  54- ;  to  find  :v. 

Here  jr^  —  ►r-|-2=  l-fby  dividing  by  3, 

And  .r'^  ~  a^  =z  1^  —  2  by  tranfpofition: 

Alfo  .r'-^  -  .r  +  i  =  1|-  -  '2  +  ^  =  -3^5.  by  compl.  the  fq. 

Hence  ^—  fz=:y'-3^  =  +  -J^by  evolution  ; 

Therefore  jr  =  ±^-j-|  =|.or-J, 

5.  Given  ^or^  —  5^  +  20|  z=  42|  ;  to  find  .r. 

Here,  |jr^  ~  i.r  =  42|-  -  20|  =  22-J  by  tranfpofition ; 
And  ^i"^  —  yX  zz  444-  by  multiplying  by  2. 
Then  jr"  —  ^^  +  4-  =  44  i-  +  ^  =  44±  by  compl.  fq. 
Hence  .r  —  4  =  x^"^^^  —  ±  ^  j  ^7  evolution ; 
Therefore  :r  =  ±  6|.  +  -J  =  7  or  —  64. 

6.  Given  rtx^  -{-  bx  =.  c ;  to  find  ^. 

Firft,  ^v^  -\ —  ;r  zz  -  by  divifion  ; 
a  a    ■' 

b  P        c         b"- 

t^en  jr*^  4 —  .r  +  -—>  —  -  +  -— ,  by  compl.  fquare. 
a  4a-        a       4a-    -^  ^1 

And^  H =  >v/(     +-)=±a/ o —  byevolut, 

2a      ^  ^a      4a-        -^  ^      4a^        -' 


Theref  ^  =  ±  v^l^^-i-^  -  A  :::::  ±  \/ 4^^^' +  ^— ^^ 

4a-  2a  2a 

7.  Given  ajr*^  —  ^jf  +  c  ==  t/ ;  to  find  ^. 
Here,  ax^  —  bx  zz  d  —  chy  tranfpofition  ; 

And  x^ X  zz by  divifion  : 

Vol.  L  S  Alfa 
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Alfo  jr«  -  ^  ^  4-  —^  = 4-  — -,  by  compl.  the  % 

Hence .r =  ±  ^/  (— ^^^  -f-  ~-;)  by  evolution; 

h  d  —  €        Ir 

Therefore  .r  ==  —  ±  v'C —  +  r^J- 

S.  Given  .r*  +  2a jv"^  =  ^  ;  to  Hud  .r. 

Here,   ^  +  2a^-  -f  a^  _  ^  4.  ^r^  by  compl.  the  fq. 

And  ^2  _|_  ^  ::i:  -j.  y'  ^  ^-  a'  by  evolution  ; 

Hence  ^-  =  ±  y/^  -|-  g-  —  <?,  by  tranCpofition ;  ^ 

And  conlequently  .r  =:  i  \/  —  a  i  v'^  +  ^^» 


n 


9.  Given  «.i"  -  ^jv"  —  c  =  ■-  c? :  to  find  ^. 


n 


Firft,  ax"^  --  bx'^  =  c  —  <^  by  tranfpofitlon ; 

And  x^ x"^  =  • by  divifion  ; 

a  a 

.,^n       h    n    ,     b^        c  —  d  ,     b^  ,  i,y 

Hence  a;- =  ±  \/{ h  t-J  by  evolution  ; 

r^^       ^        ^        b     ^         c  -^  d        b^. 

Therefore  x^  zz  —  i  */  ( ~  +  -—J  ; 

2a  ^     a  4a^' 

h            4ac-  Aad  +  b^,% 
And  conleq.  -^  =  (^  ±  V ^^z > 


EXAMPLES    FOR    PRACTICE. 

1.  Given  a:'  -  8;v  +  10  =  19  ;  to  find  a:.  Anf.  ^  =a  f; 

2.  Given  ;^r  -  at  —  40  =  170  ;  to  find  x,         Anf.  ^r  =  1 5, 

3.  Given  ^x"  -f  2,v  —  9  =  16  ;  to  find  a-.  Anf.  ;^  =  5. 

4.  Given  4^'  -  4^  -f  7|  =  8  ;  to  find  a%       Anf.  ^=1-1. 

5.  Given  2.r^  —  a-^  =  496  ;  to  find  .r.  Anf.  *•  =  4. 

6.  Given  \x  —  4-\/j^  =  22-J  ;  to  find  ^.  Anf.  x  =  49. 

7.  Given  ^.r"^  +  |Ar  =  |;  to  find  x.  Anf.  a>  =  -8179. 

$.  Given  ^''  +  6a^  =  2 ;  to  find  x.   Anf.  x~\/  ~  Z±  v'  1 1 . 

9,  Given  jir^  +  ;r  =  a  j  to  fiod  ^.    Anf.  x;^V<t-\'\—l' 

iO,  Given 
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.10»  Given  jr  --  -^/^  =  (f;  to  find  r,  Anf.  x  =  {{±.  ^a  +  |)^« 
jLl.  Given  3^""  —  2^  =  25  j  to  find  ^. 

Anf.  .V  =  (I  v/76  +  4)^* 

12.  Given  y'  l  -f  ^  —  2  1/1  +  -^  —  4 ;  to  find  jt. 

A-nC.  .r  =  (I  -i-  v5}^-  1. 

QUESTIONS    PRODUCING     QUADRATIC 

EQUATIONS. 

1.  To  find  two  numbers  whofe  difference  is  S,  and  pro^ 
iu^  240. 

Let  x-  in  to  the  leaft  number. 

Then  will  .r  +  8  =  to  the  greater,  ^ 

And  .V  X  {x  -{-  S)  =  x'^  -\-  Sjc  =  240  by  the  queftion ; 
Thence  .r-  +  8^  +  16  =  240  +  16  ==  256    by  com- 
pleting the  fquare ; 
And  hence  x  ~{-  4;  =  ^256  =  16  by  evolution; 
Thercf.  A-^ie— 4  =  12  the  lefs  number, 
And  1 2  +  8  =  20  the  greater. 

2.  To  divide  the  number  60  into  two  fuch  parts,  that  their 
produ6l  may  be  864. 

Let  .V  =  the  one  part, 

Then  will  60  ~  jr  =  the  other, 

And  X  X  (60  —  x)  3=  60.V  —  x'^  =  864  by  the  queflion; 

That  is  or^  —  60^  =  --  864  ; 

Then  ^2  -  60x  -j-  900  =   -  864  +  900  r=  36  by 

completing  the  fquare ; 
Hence  .r  —  30  =z  i  y^  36  =  ±  6  by  extrafling  the  root; 
Theref.  jr  =  30  ±  6  =  36  or  24,  the  two  parts. 

5.  Given  the  fum  of  two  numbers  ==  10  (a),  and  the  Turn 
•f  their  fquares  =  58  (I))  ;  to  find  thoie  numbers. 

Let  .V  =  the  one  number, 
Then  will  a  —  .v  =  the  other; 
And  x'  +  {a^xf  =  2x^  +  a'  —  2ar  z=.  b  by  the  queflion, 
Or  ;tf-  -\-  \d^  —  ax  =  |^  by  divifion, 
Or  .v"'  —  rt.r  =  §^—  -^a''^  by  tranfpofition  ; 
Then  x'^  —  ax  -f  |a"  =  J^  —  Id-  by  compl.  the  fq. 

Hence  x  —  |<z  =  ±  4-  \/  2h  —■  d"  by  extra  (fling  the  root ; 
Theref.  .r  ;=:  ^  ±  J  >/2^  —  a"  the  two  numbers, 

S  2  That 
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That  is,  ;r  =  {<2  4-  i  V  2^  -  ^''  the  greater  number. 
And        .V  =2  la  —  -l  ^2b  ^  a-  the  lefs  number. 

Hence  thefe  two  tlieorems,   being  put  into  numbers,  give 
7  and  3,  for  the  numbers  required, 

4.  Sold  a  piece  of  cloth  for  24/,   and  gained  as  much  pey^ 
cent,  as  tlie  cloth  coft  me  ;  what  was  the  price  of  the  cloth  ? 

Let  x^  zz  pounds  the  cloth  coft, 

Then  24  —  2'  =  whole  gain, 

But  100  :  X  : :  x  :  24  —  x  by  the  queftion, 

Or  ;r^  =  100  X   24  —  ^  =z  2400  —  IOOji', 

That  is,  x'  +  IOOa-  =  2400 ; 

Then       x^-  +  100;^  +  2500  =  4900  by  compl.  the  fq. 

And  X  -\-  bO  =  ^/4900  =:  70  by  extra6lion  of  roots, 

Confequently  x  =  70  -  50  =  20/.  =  price  of  the  cloth. 

5.  A  perfon  bought  a  number  of  oxen  for  80/.  and  if  he 
had  bought  4  more  for  the  fame  money,  he  would  have  paid 
1  /.  lefs  for  each  :  how  many  did  he  buy  ? 

Let  the  number  of  oxen  be  reprefented  by  x, 

80 
Then  will  —  be  the  price  of  each, 

SO 

And =  price  of  each.  If  j^  -f  4  had  coft  80/. 

X  4-  4 

Bill  —  = h  1  by  the  queftion, 

or        ;f  -f  4  ^         ^ 

Or  80  =  — --— -  +  :r,  by  multiplication, 

X     ""J"      T* 

Or  80.f  -i-  320  =  80^  -h  x'^  +  4.r,  by  the  fame, 

That  is,  ;f'^  +  4^  =  320; 

Then  x"^  -}-  4.r  -f-  4  =  324  by  completing  the  fquarc, 

And  .r  +  2  =  -v/324  =  18  by  evolution, 

Confeq.  ^  =  IS  —  2  =  16,  the  numb,  of  oxen  required. 

6.  What  two  numbers  are  tliofe,  whofe  fum,  produ6l,  and 
difference  of  their  fquares,  are  all  equal  to  each  other  ? 

Let  X  rz  the  greater  number, 
Andy  =  the  lefs. 

Then   J;m  =  ;^^_^,|bythcqucftion; 

x^  —  ip- 
Hence  1  =:  — ~-  =  ;tf  —  y,  or  4r  =  ?/  +  1  from  the 
X  -{■  y  '^  ^ 

2d  equation, 

Alf« 
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Alfo  i/-\-[-\-yzzj/-{-\  XT/  from  the  firfl:  equation, 

Or  2j/  +  1  z=  [y^  +  y, 

That  is,  y-  —  ^  =  I  ; 

Theny-  —j/  -f  |  =  1 J  by  completing  tlie  fquare, 

Alfo  y  —  4  =  v/1  J  =  V^  =:  iVo  by  evolution. 

Consequently  J/  =  4\/5  +  4> 

Andx  =zj/  +  1  =  i^5  +  |. 

And  if  thefe  expreffions  be  turned  into  numbers,  we  fliall 
have  jr  =  2*6180  + 
and    7/  =  1-6180  + 

7.  There  are  four  numbers  in  arithmetical  progreflion,  of 
which  the  produ61:  of  the  two  extrenies  is  45,  aixl  that  of  the 
means  77  ;  what  are  the  numbers  ? 

Let  .r  =  the  lefs  extreme, 

and  J/  =  the  common  difference  ; 

Then  x^  x  -\-  y^  x  -\-  2y,  x  +  3j/,  will  be  the  four  numbers, 

Hence  x  x  x  -\-  'Mj  =  x"-  -\-  Satj/  =  45,        7      by  thp 

And7+yx  ^  +  2y  =  x"^  +  3*3/  +  2y  =  77  J  ^^eilion, 

Hence  2j/'  zz  77  -r  45  =  32  by  fubtradion, 

Andy-  =  \?  —  16  by  divifion, 

Or  J/  =  v'le  =:  4  by  evolution; 

Therefore  jt^  +  2>xjj  =  a--  +  1 2jr  =  45  by  the  1  ft  equation, 

And  x''  +  12-v  -I-  36  =  45  +  36  =  81  by  compl.  the  fq. 

Alfo  X  -\-  Q  :zi  ^'%\  n  9  by  the  extradlion  of  roots; 

Confeq.  A-  =  9  —  6  =  3, 

And  the  numbers  ?ire  3,  7,  11,  and  15. 

8.  To  find  3  numbers  in  geometrical  progreffion,  whofe 
fum  iliall  be  14,  and  the  fum  of  their  fquares  ii4. 

Let  X,  y,  and  z  be  the  three  numbers  fought, 
Then  xz  =  j/^  by  the  nature  of  proportion, 

"^'"^  1  ^'^  +?'  +  ^^  =  84  \    ''y  '^''- 1"^'^'°"  ■ 
Hence  x  -\-  z  =^  l4'--j/by  the  fecond  equation, 

And  x~  +  2xz  -f  z''  z=:  \96  -^  28y  -fy  by  fquaring, 
Or  x^  -j-  z'  +  2;i/  =  196  —  28y  -f-  if  by  putting  2y- 

for  its  equal  2xZi. 
That  is,  x-  -f  z"  -|-  ?/-  s=  196  —  28j/  by  fubtraiStion, 
Or  196  —  28y  =  84  by  equality, 

Hencey  =:" =  4  by  tranfpofition  and  divifion. 

Again, 
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"I  /* 

Again,  xz  =  J/"'  n  16,  or  ;^  =:  —  by  the  ifl-  equation, 

z 

If)  ' 

And  X -{-!/-{■  zzz-^-\-4-\-z=:  14by  the  2d  equation^ 

Or  16  -f  4;r  +  z'  —  14s,  or  Z'  —  IO2;  =  —  16  ; 
Then  2^  —  10^;  -\-  25  —  25    -  16  =  9  by  compL  fq. 
And  ^  —  5  ~  i  1/  9  =r  ±  3,  by  extradting  the  roots ; 
Hence  z  =.-  5  i  3  =  8  and  2,  the  two  other  numbers j 
That  is,  A-  =  2,  and  s;  =  8, 
And  the  three  niuiibers  afc  2,  4,  8. 

QUESTIONS    FOR    PRACTICE. 

1.  What  two  numbers  are  thole,  Vv^hofe  fum  is  20,  and 
their  product  36?  '      Anl.  2and  18. 

2.  To  diviue  the  number  60  into  two  fuch  parts,  that 
their  produ6l  may  be  to  the  turn  of  their  iquarcs,  m  the 
ratio  ol'2  to  5.  Anf.  20  ?nd  40^ 

3.  The  d.fference  of  two  numbers  is  3,  and  the  difference 
of  their  cubes  is  117;  wliat  are  thole  numbers  ? 

Anf.  2  and  5. 

4.  A  company  at  a  tavern  had  S/.  15.^.  to  pay  for  their 
reckoning ;  but^  before  the  bill  was  fetded,  two  of  them 
left  the  room,  and  then  diofe  who  remained  had  \0s,  a-piecc 
more  to  pay  than  befoie :  how  many  were  there  in  company  ? 

Anl.  7. 

5.  A  grazier  bought  as  many  Iheep  as  coll  him  60/.  and, 
after  referving  15  out  of  the  number,  he  fold  the  remainder 
for  54/.  and  gained  2^.  a  head  by  them  ;  how  many  flieep 
did  he  buy  ?  Anf,  73. 

6.  There  are  two  numbers  whofe  difference  is  15^  and 
half  their  produdl  is  equal  to  the  cube  of  the  leffer  number  ; 
what  are  tliole  numbers  ?  Anf.  3  and  18. 

7.  A  perfon  bought  cloth  for  33/.  15^.  which  he  fold 
again  at  2l.  85.  per  piece,  and  gained  by  the  bargain  as  much 
as  one  piece  coft  him  ;  required  the  number  of  pieces  ? 

Anf.  15. 

8.  What  number  is  that,  which,  when  divided  by  the 
produ61:  of  its  two  digits,  the  quotient  is  3  ;  and  if  iS  be 
added  to  it,  the  digits  will  be  inverted  ?  Anf.  24. 

9.  What  two  numbers  are  thofe,  whofe  fum  multiplied 
by  the  greater  is  equal  to  77  ;  andwhofe  difference  multi- 
plied by  the  IclTer  is  equal  to  12  ?  Anf.  4  and  7. 

10.  To 
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10.  To  find  a  number  fuch,  that  if  you  fubtra^l:  It  from 
10,  and  multiplv  the  remainder  by  tlie  number  itlelf.  the 
produ6l  fhall  be  21.  Anf.  7  or  3. 

11.  To  divide  100  into  two  fuch  parts,  that  the  fu m  of 
their  fquare  roots  may  be  14.  Anf.  64  and  36. 

12.  It  is  required  to  divide  the  number  24  into  two  fuch 
parts,  that  their  produiS^  may  be  equal  to  35  times  their  dif- 
ference. Anf  10  and  14. 

13.  The  fum  of  two  numbers  is  8,  and  the  fum  of  their 
cube^is  152  ;  what  are  the  numbers?  Anf.  3  and  5. 

14.  The  f»'m  of  two  numbers  is  7,  and  the  fum  of  their 
4th  powers  is  641 ;   what  are  the  numbers  ?       Anf.  2  and  5. 

15.  The  fum  of  two  numbers  is  6,  and  the  fum  of  their 
5th  powers  is  1056 ;  what  are  the  numbers?       Anf.  2  and  4. 

16.  The  fum  of  four  numbers  in  arithmetical  progre/Tion 
is  56,  and  the  fum  of  their  fquares  is  864;  what  are  the 
numbers?  Anf  8,  12,  16,  and  20» 

17.  To  find  four  numbers  in  geometrical  prcgreflion, 
whofe  fum  is  15,  and  the  fum  of  their  fquares  85  ? 

Anf.  1,  2,  4,  and  3. 

18.  It  is  required  to  find  four  numbers  in  arithmetical 
progreflion,  fuch  that  their  common  difference  may  be  4, 
and  their  continued  prcdudl  176935, 

Anf.  15,  19,  23,  and  27, 

19.  Two  partners,  a  and  B,  gained  140/.  by  trade;  a\? 
money  was  3  months  in  trade,  and  his  gain  v>^as  60/.  Icfs 
than  his  Rock;  and  b's  money,  which  was  50/.  more  than 
a's,  was  in  trade  5  months ;  what  was  a*s  lloclc  ? 

Anf.  100/. 


RESOLUTION  OF  CUBIC   AND  HIGHER 

EQUAliONS. 

A  Cubic  Equation,  or  Equation  of  the  3d  degree  or 
power,  is  one  that  contains  the  third  power  of  the  uukiiowii 
c[uaniity.     As  x'  —  ax   -f-  bx  =  c. 

A  Biquadratic,  or  Double  (Quadratic,  is  an  equation  that 
contains  the  4th  power  of  the  unknown  quantity  : 
As  .t"^  —  Q,^^  +  bx\  -^  ex  z:^  d. 

An 
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An  Equation  of  the  5th  Power  or  Degree,   is  one  that 
contams  the  5th  power  of  the  unknown  quantity : 
As  JT^  —  aaf^  +  hx^  —  cx^  +  dx  zz  c. 

An  Equation  of  the  6th  Power  or  Degree,  is  one  that 
contains  the  6th  power  of  the  unknown  quantity : 

As  x^'  —  aji^  +  bx^  —  cx^  +  dx''  —  ex  —y. 

And  fo  on,  for  all  other  higher  powers.  Where  It  is  to 
be  noted,  however,  that  all  the  powers,  or  terms,  in  the 
equation,  are  fuppofed  to  be  freed  from  furds  or  fradllonal 
exponents. 

There  are  many  particular  and  prolix  rules  ufually  given 
for  the  refolution  of  fome  of  the  above-mentioned  powers 
or  equations.  But  they  may  be  all  eafily  refolved  by  tlie 
following  eafy  rule  of  Double  Pofition,  fometimes  called 
Trial-and-Error. 

RULE. 

1.  Find,  by  trial,  two  numbers,  as  near  the  true  root  as 
you  can,  and  fubftitute  them  feparately  in  the  given  equation, 
inflead  of  the  unknown  quantity  ;  marking  the  errors  which 
arife  from  each  of  them. 

2.  Multiply  the  difference  of  the  two  numbers,  found  or 
taken  by  trial,  .by  the  leaft  error,  and  divide  the  produ6t  by 
the  difference  of  the  errors,  when  they  are  alike,  but  by  their 
fum  when  they  are  unlike.  Or  fay,  As  the  difference  or  fum 
of  the  errors  is  to  the  difference  of  the  two  numbers,  fo  is  the 
lead  error  to  the  correction  of  its  fuppofed  number. 

3.  Add  the  quotient,  laft  found,  to  the  number  belongino- 
to  the  leaft  error,  when  that  number  is  too  little,  but  fub- 
tra61:  it  when  two  great,  and  the  refult  will  give  the  true  root 
nearly. 

4.  Take  this  root  and  the  neareft  of  the  two  former,  or 
any  other  that  may  be  found  nearer  ;  And,  by  proceeding  in 
like  manner  as  above,  a  root  will  be  had  ftill  nearer  than  b^ 
tore ;  and  fo  on  to  any  degree  of  exa6lnefs  required. 

Note  1.  It  is  heft  to  employ  always  two  affumed  numbers 
that  fhall  differ  from  each  other  only  by  unity  in  the  lafi: 
figure  on  the  right  hand  ;  becaufe  then  the  difference,  or  mul- 
tiplier, is  only  1, 

Note  2.  T'lc  above  rule  is  the  2d  rule  for  Doable  Por- 
tion, given  in  the  Arithmetic,  page  138  (where  it  is  demon- 
fir  ated)  :  it  is  the  eafieft  to  be  ufed  here  ;  and  each  new 
operation  commonly  doubles  the  number  of  true  figures  in 
the  root.  ^ 

EXAMPLES* 
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EXAMPLES. 

Ex.  1 .  To  find  the  root  of  the  cubic  equation  .z^  -|-  x^  -f- 

,.r  =:  100,  or  the  value  of  :v  in  it. 


Here  It  is  foon  found  that 
X  lies  between  4  and  5.  Af- 
fuine  therefore  thefe  two  num- 
bers, and  the  operation  wdi  be 
as  follows 


Again,  fuppofe  4*2  and  4*3, 
and  repeat  tlie  work  as  fol- 
lows : 


1ft  Sup. 
4 
16      - 

64       - 

84     - 


'r 


-     -     X 


fums 


2d  Sup. 

5 

25 

-      125 


-      155 


1ft  Sup. 

4-2  -  X 

17-64  -  x" 

74-U88  -  x^ 


2d  Slip. 

4-3 
18  49 
79-507 


95-928     -  fums  -   102"i97 


—  16     -     errors 


-   +55 


the  fum  of  which  is  71. 
Then  as  7 1  :  1  ::  16  :  -225. 
Hence  x  =  4-225  nearly. 


4-072  -  errors  -   +2*297 


the  fum  of  which  is  6*369. 

As  6*369  :  1  : :  2*297  :  o-o36 

This  taken  from     -     4*300 


leaves  x  nearjv  =  4'j,d4> 


Again,  fuppofe  4*264,  and  4*265,  and  work  as  follows: 
4*264  -  X  -■  4*265 

18*181696  -         a;''2  _  18*  1^0225 


77*526752 


99*972448 


x^ 


fums 


77=581310 


100*036535 


—  0*027552  -      errors      -        +0*036535 

the  fum  of  which  is  *064087. 
Then  as  -064087  :  -001  ::  -027552  :  0-0004299 

4-264 


To  this  addincr; 


gives  X  very  nearly  =  4-2644299 

The  work  of  the  example  above  might  have  been  mucli 
fhortened,  by  the  ufe  of  the  Table  of  Powers  at  p.  90,  .*^c, 
which  would  hav^e  given  two  or  three  figures  by  infpe6lion. 
But  the  example  has  been  worked  out  fo  particularly  as  it  is, 
the  better  to  tliew  the  method. 

Ex.  2.  To  find  the  root  of  the  equation  x^  —  15.r^  -f 
63  r  =  50,  or  the  value  of  .r  in  it. 

Here  it  foon  appears  that  x  is  very  little  above  1, 

Suppofe 


mt 
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Suppofe  therefore  i  '^  and  l-l 
and  work  as  follows  : 


1-0 


X     - 


11 


imW^  >  I    I        g 


63*0     -     &6X     -      69-3 

•15  -\bx 18-!5 

1         -  X     -         1-331 


49 


-  fums     -      52-481 


—  1         -  errors    -     *f  2'481 
3*481  fum  of  the  errors. 
As  3-481 : 1 ::  1  :  -OScorrea. 

I'OO 


A^am,  fiiprofe  the  twannm* 
^bers  1*03  and  1*02,  6cg,  a$ 
follows  : 
1-03     -     X     -    !»02 


64-39      -      63Ar    64-26 
—  1 5-9 1 35  -  1  5a2^  1 5-6060 
1-092727    x^        1 -061201 


50069227  fums  49"7152;.S 


Hence  x  =  1  -03  nearly^ 


-f  -069227  errors  - '284792 
•284792 

As   -354019: -01 :: -069227: 

-0019555 
This  taken  from      1*03 


leaves  x  nearly  =  1 -02S04 


Note  3.  Every  equation  has  as  many  root-s  as  it  contains 
dimeniions,  or  as  there  are  units  in  the  index  of  its  higheft 
power.  That  is,  a  fimple  equation  has  only  one  value  of 
the  root ;  but  a  quadratic  equation  has  two  values  or  roots, 
a  cubic  equation  has  three  roots,  a  biquadratic  equation  has 
four  roots,  and  fo  on. 

And  when  one  of  the  roots  of  an  equation  has  been  found 
by  approximation,  as  above,  the  reft  may  be  found  as  follows. 
—Take,  for  a  dividend,  the  given  equation,  with  the  known 
term  tranfpofed,  with  its  fign  changed,  to  the  unknown  fide 
of  the  equation  ;  and,  for  a  divifor,  take  x  minus  the  root 
juft  found  Divide  the  faid  dividend  by  the  divifor,  and  the 
quotient  will  be  the  equation  deprelTed  a  degree  lower  than 
the  given  one. 

Find  a  root  of  this  new  equation  by  approximation,  as 
before,  or  otherwife,  and  it  will  be  a  fecond  root  of  the  ori- 
ginal equation.  Then,  by  means  of  this  root,  deprefs  the 
fecond  equation  one  degree  lower,  and  from  thence  find  a 
third  root,  and  fo  on,  till  the  equation  be  reJuced  to  a  quadratic; 
then  the  two  roots  of  this  being  found,  by  the  method  of 
completing  the  fquare,  they  will  make  up  tlie  remainder  of  the 
roots.  Ihus,  in  the  foregoing  equation,  having  found  one 
root  to  be  1  -02804,  conncft  it  by  minus  with  a:  for  a  divifor, 
and  the  ecmatioii  for  a  dividend,  6cc,  as  follows ; 
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y  --l'a2S04)V  -  15^^'  +  e3x  —  50  (a--  -  13'97196  A;-f- 

48-63627  =  0. 

Then  the  two  roots  of  this  quadratic  equation,  or  -  -  - 
T^  —  13-97196^  =  —  48-63627,  by  completing  the  Iquare, 
are  6*57653  and  7*39543,  which  are  aHb  the  other  two 
roots  of  the  given  cubic  equation.  So  that  all  the  three  roots 
of  that  equation,  viz.  >r''  —  iox^  +  63x  =  50, 

^'■^,  I'^.il^.V'  and  the  fiim  of  all  the  roots   is  found  to 

J  Ton.^o  i  he   15,   bciim  equal   to  the   co-efficient  of 
and  7*39543«  a^i  •  ^  • 

/the   2d   term   of   the  equation,    wliicn   the 

^      TTTZZZ'.     fum  of  the  roots  always  oupht  to  be,  when 
lum  Id -00000  i    ,  •   -,  ^  J  ty 
^___    they  are  right. 

JVote  4.  It  is  alfo  a  particular  advantage  of  the  foregoing 
rule,  that  it  is  not  neceffary  to  prepare  tne  equafion,  as  for 
other  rules,  by  reducing  it  to  the  uiual  tinal  form  and  ftate 
Df  equations.  Becaufe  the  rule  may  be  appiitd  at  once  to  an: 
unreciuced  equation,  though  it  be  ever  io  much  emoarrafled 
by  lurd  and  compound  quantities.  As  in  the  ioilowing 
example : 

Ex.3.  Let  it  be  required  to  find  the  root  x  of  the  equation 

V'144a;^  —  (x-^   -f    20)^   +  ^  idbx'-^  -   (x'"^  +   24f  =114, 
or  the  value  of  x  in  it. 

By  a  few  trials,  it  is  foon  found  that  the  value  ©f  x  is  but 
little  above  7.  Suppofe,  therefore,  firfr,  that  ;^  is  zi:  7,  and 
then  ;r  =  8. 

Jiril,  when  .r  =  7,  Second,  when  .r  =  8, 

47*906     -      ^"i44.v^  —  {x^  +  20)^     -      46*476 
65-384     -     ^i96x'  —  {x'  +  24)""     -       69-283 

113*290     -     the  funis  of  thefe  -  115-759 

114-000     -     the  true  number  -  114-000 


-0-710     -     the  two  errors  -         + 1*759 

+  1*759  ..   . 


As    2-469  ;  1  ; :  0*710  :  0*2  nearly 

7*0 

;»•  =  7*2  nearly 


Suppofe^ 
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Suppofe  again  .r  =  7*2,  and  then,  becaufe  it  turns  out  too 
grea.,  fuppofe  .r  aifo  =  7*1,  6cc,  as  follows  : 

Supp.  X  zz  7'1 
47*973. 
65-904 


Supp.  X  zz  1'2 

'47-990     -     ^/I44.r'  —  (.r~  -f  20)-     - 


66*402     -     <v/196;f'  --  (.r'  -j-  20)-     - 


114-392     ..     the  fums  of  thefe 
114-000     -     the  true  number 


-  113-877 

-  114-000 


■+ 0-392     -     the  errors 
0-123 


0-123 


As     '515  :  -123  : :  -1  :  -024  the  correcllon, 

7-100 


Therefore  jr  =.  7*124  nearly  the  root  required. 

I^ole  5.  The  fame  rule  alfo,  among  other  more  difficult 
foims  of  equations,  fucceeds  very  well  in  what  are  called  ex- 
ponential ones,  of  thofe  which  have  an  unknown  quantity  in 
the  exponent  of  the  power  ;  as  in  the  following  example  : 

Ex.  4.  To  find  the  value  of  x  in  the  exponential  equation 
x^  =  1 00. 

For  more  eafily  refo.  ;lng  fiich  kind  of  equations,  it  is 
convenient  to  take  the  logarithms  of  them,  and  then  com- 
pute the  terms  by  means  of  a  table  of  logarithms.  Thus,, 
the  logarithms  of  the  two  fides  of  the  prelent  equation  are, 
X  X  log.  of  .r  n:  2  the  log.  of  100.  Then,  by  a  few  trials 
it  is  foon  perceived  that  the  value  of  .v  is  fomewhere  between 
the  two  numbers  3  and  4,  and  indeed  nearly  in  the  middle 
betvv'een  them,  but  rather  nearer  the  latter  than  the  former. 
Taking  therefore  iirft  x  =  3*5,  and  then  =  3-6,  and  working 
"with  the  logarithms,  the  operation  will  be  as  follows  : 


Firft  Supp.  X  z=L  3 "5. 
Log.  of  3-5  =  0-544068 
then  3-5  X  log.  3*5  =  1-904238 
the  true  number  2'C)00000 


error,  too  little,  —-095762 

002689 


Second  Supp.  x  =  3*6. 
Log.  of  3-6  ~  0-556303 
then  3-6  X  log.  3  6  =  2*002689 
the  true  number  2-000000 


error,  too  great,  + '002689 


•098451  fum  of  the  errors.     Then, 


As 
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As  '093451  :  •!  : :  '002689  :  0-00273  the  corredloa 

taken  from  3*60000 


leaves     -     3-59727  —  ;«•  nearly. 

On  trial,  this  Is  found  to  be  a  very  frnall  matter  too  lltde. 
Take  therefore  again,  x  —  3*59727,  and  next  ~  3-59728, 
and  repeat  tlie  operation  as  follows  : 

Firft,  Supp.  X  —  3-59727.  Second,  Supp.  x  =  3-59728. 
Log.  of  3-59727  is  0-555y73  Log.  of  3-59128  is  0-p55974. . 
3-59727   X   log.  '3-59728   X   log. 

of  3-59727  =  1-9999854  of  3-59728*=  1'9999953 

the  true  number  2-0000000      the  true  number  2'0000'.'00 


error,  too  little,  —0-0000146    error,  too  little,  -0-0000047 

-0-0000047 


0-0000099   dItF.    of  the   errors.     Then, 

As  -0000099  :  '00001  : :  -0000047  :  0-00000474747  the  cor. 

added  to       -       3*59728000000 


gives  nearly  the  value  oi  x  =  3*59728474747 

Ex.  5.  To  find  the  value  of  x  In  the  equation  ^  +  lO.t'^ 

4-  5.r  =  260.  Anf.  ;f  =  4-1179857. 

Ex.  6,  To  find  the  value  of  x  In  the  equation  x^  —  2x  =  50, 

Anf.  3-8649854. 

Ex.  7.  To  find  the  value  of  x  in  the  etjuatlon  x^  -f  2.r' 

—  23.r  =  70.  '  Anf  x  —  5-1345T. 

Ex.  8.  To  find  tkc  value  of  x  in  the  equation  x^  —  17.r^ 

+  54^*  =  350.  .Anf.  x  =  14-95407. 

Ex.  9.  To  find  the  value  of  x  in  the  equation  x'*'  —  '3x'^ 

—  75.r  =  10000.  Anf.  x  =  10*2609. 
Ex.  10.  To  find  the  value  of  .r  in  the  equation  2x'^  —  I6x'^ 

+  40;c^  -  2,0x  =:  —  1.  Anf.  x  ~  1-2S4724. 

Ex.  1 1 .  To  find  the  value  of  x  in  the  equation  .r''  +  2x^ 

■\-'Zx^  H-  4x-  +  5x  —  5432 f.  Anf.  x  =  8-414455. 

Ex.  12.  To  find  the  value  of  x  in  the  equation  x^  =. 
123456789.  Anf  x  z=  8*6400268. 

Ex.  1 3.  Given  2x'*  —  Ix^  -f  1  Ijt^  —  Sj:-  =  -  U,  to  find  x. 

Ex.  14.  To  find  the  value  of  x  m  the  equation  {3x^ -^ 

3  5 

2^x  +  1)"^  ~  (.1^  -  4.r  ^x  +  3  a/x)'^  =  56. 

Anf.  X  =.  lS-360877. 

OF 
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OF  SIMPLE  LNTEREST. 

As  the  mteref}  of  any  fum,  for  any  time,  is  directly  pro- 
j)Ortional  to  the  priacipal  fum,  and  to  the  time;  therefore 
the  interell:  of  1  pound,  for  1  year,  being  muhi plied  by  any 
given  principai  ium,  and  by  the  time  of  its  forbearance,  in 
years  and  parts,  will  give  its  intereft  for  that  time.  That  is^ 
if  there  be  put 

r  iz:  the  rate  of  intered  of  1  pound  psr  annum, 

•p  ziL  any  principal  fum  lent, 

/  =  the  time  it  is  lent  for,  and 

a  =  the  amount  or  fum  of  principal  and  interefl  ;  thetj 
is  prt  =  the  interefi:  of  the  fum  p,  for  the  time  t^  and  confeq. 
p  +  prt  or  p  X  (i  -f-  rt)  =  a^  the  amount  for  that  time. 

From  this  expreffion,  other  theorems  can  eafily  be  deduced, 
for  finding  any  of  the  quantities  above  mentioned:  which 
theorems,  colle6led  altogether,  will  be  as  below  ; 

ifl-,    a  =:  p  -j-  P^'ii  the  amount, 
2d,    p  = ,  the  principal, 

.,  a  -^  p    ^ 

3d,    r  = -^  the  rate, 

pt 

4th,    t  = ^,  the  time. 

pr 

For  Example.  Let  It  be  required  to  find,  in  what  time 
any  principal  fum  will  double  itfeif,  at  any  rate  of  fimpie 
interefl:. 

In  this  cafe,  w^e  mufl:  ufe  the  firfl  theorem',  a  =  p  -f-  prfy 
in  which  the  amount  a  mull:  be  made  =  2/),  or  double  the 
principal,   that  is,  p  -\-  prt  =r  2p,   or  prt  =  />,  or  r^  =  1  ; 

and  hence  /  zz  -. 

r 

Here,  7' being  the  Interefl  of  \L  for  1  year,  it  follows, 
that  the  doubling  at  fimpie  interefl:,  is  equal  to  the  quotient 
of  any  fum  divided  by  its  interefi:  for  1  year.  So,  if  the 
rate  of  interefi  be  5  per  cent,  then  100  ~-  5  =  20,  is  the 
time  of  doubling  at  that  rate. 

Or  the  4th  theorem  gives  at  once 

a  —  p  2p  —  p  2—1  l,r  tr 

i  ~ —  = =: =:  -,  the  fame  as  before. 

pr  pr  r  r 
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COMPOUND  INTEREST. 

Beside    the    quantities    concerned    in   Simple   Interei% 

namely, 

p  zz  the  principal  fum, 

r  =z  the  rate  of  intereft  of  ll.  for  1  year, 

a  =:  the  whc^le  amount  of  the  principal  and  intereflr, 

t  =  the  time, 
there  is  another  quantity  employed  In  Compound  Tnterefl, 
"viz.  the  ratio  of  the  rate  of  intereft,  which  is  the  amount  of 
1/.  for  1  time  of  payment,  and  which  here  let  be  denoted  hj 
iR,  viz. 

R  =  1  -}-  r,  the  amount  of  1  /.  for  1  time. 

Then  the  particular  amounts  for  the  feveral  times  may 
be  thus  computed,  viz.  As  1  /.  is  to  its  amount  for  any  time, 
ib  is  any  propofed  principal  fum,  to  its  amount  for  the  lame 
time  ;  that  is,  as 

i/.  :  R  : :  p  :  pR,  the  Ifl  year's  amount, 
JL  :  R  : :  pR  :  pR\  the  2d  year's  amount, 
]/.  :  R  : :  pR"^  ;  pR^,  the  3d  year's  amount, 
and  fo  on. 

Therefore,  in  general,  pR^  =  cj  is  the  amount  for  fe 
t  year,  or  t  time  of  payment.  From  whence  the  following 
general  theorems  are  deduced  : 

ift,  rt  =  pR*,  the  amount. 
2d,  p  ~  ^,  the  principal, 

IV 

a 

3d,  R  r=  y  -,  the  ratio, 
P 
log-,  of  a  —  log-,  of  p    , 

4th,  t  =  -^ — ■ ^ ^,  the  time, 

log.  ot  K 

From  which,  any  one  of  the  quantities  may  be  found, 
1^'hen  the  reft  are  given. 

As  to  the  wliole  intereft,  it  is  found  by  barely  fubtradling 
the  principal  p  from  the  amount  a, 

E :t' ample,  ^  Suppofe  it  be  required  to  find,  in  how^  many 
years  any  principal  fum  will  double  itfelf,  at  any  propofe4 
rate  of  compound  intereft* 
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Tn  th-H?  cafe  the  4th  theorem  mufl:  be  employed,  making 
a  zr  2p  ;  and  then  it  is 

___].  a  —I.  p        1.  2p  —  I.  p.        log,  2 

^  ~"     log    K.     ""         log.  R       ""  i^TR* 

So,  if  the  rate  of  intereft  be  5  per  cent,  per  annum  j  then 
R  =  I  +  -05  =  I  05  ;  and  hence , 

•301030 


t  = 


Inpr    1*05 


=  14-2067  nearly  J 


•021189 

that  is,  any  fnm  doubles  itfelf  in  14-1  years  nearly,  at  the  rate 
of  5  per  cent,  per  annum  compound  intcrefl. 

From  hence,  and  from  the  like  queftion  in  Simple  Intereft, 
above  given,  are  deduced  tlie  times  in  which  any  fum  doubles 
itfelf,  at  feveral  rates  of  intereft,  both  fimple  and  compound ; 
viz. 


Af^ 

"At  Simp.  int. 

At  Comp.  Int. 

Years. 

Years. 

9. 

50 

35-0028 

OI 

40 

28-0701 

3 

per  cent,  per  annum 

33| 

23-4498 

34 

interefl,    1/,     or     any 

28|: 

20-1488 

4.    y     other  fnm,    will      -^           25 

17-6730     t 

4^ 

double    iifelf    in    the 

22| 

15-7473 

5 

following  years. 

20 

1 4-2067 

6 

16| 

11-8957 

7 

I4f 

10-2448 

8 

m 

9-0065 

9 

11^ 

8-0432 

•0 

10 

7-2725      j 

The  following  Table  will  very  much  facilitate  the  calcu- 
lation of  the  compound  intereft  of  any  fum,  for  any  number 
of  years,  at  various  rates  of  intereft. 
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The  Amounts  of  1/.  in  any  Number  of  Years. 


Yrs.  1 

3 

■'2. 

4 

1  •  J450 

5 

6  ' 

J 

1  0300 

':  -0330 

10100 

J  -0500 

l-OoOO 

2 

I  Oooy 

107  \'2 

r0816 

1  -OS)  0 

I   J  025 

1-123  ■ 

3 

1-0927 

1-10S7 

l-r249 

I  •  1 4 1 2 

i  '576 

1  •  1  ■ ; :  •■; 

4 

1-125.5 

l'!475 

1  •  1 699 

1-1925 

1-2155 

1  2  ^;. 

.5 

ri593 

1-IS77 

1-2I6'? 

1  -2462 

••27  63 

1  3332 

6 

I-[9U 

1-229'^ 

1-265  3 

i-302'^ 

'•310! 

1-41S5 

7 

1-2299 

I-2723 

1  3159 

l-36f>9 

1-4071 

1-503) 

8 

I  •2fJ68 

I -3168 

1-3686 

1  -422  1 

!  4775 

1-593M 

9 

I-304-h 

1-3  02  9 

1-4233 

i-486l 

1-5513 

1  -6895 

ID 

I•3^s^.' 

1  4106 

i  480  i 

1-5530 

1-6289 

1-790'^ 

II 

1 '384.2 

1-4600 

1-5395 

1  6  J  29 

I-7  103 

1-89. J  3 

12 

i*4.25« 

1-51  11 

i-6010 

1-6959 

1-7959 

2-0122 

13 

1-468  5 

1-5610 

1-6651 

17722 

1-8836 

2- 1321) 

14. 

1-5120 

I-6I87 

1-7317 

1-851  ) 

1-9799 

2-2  y!9 

15 

1-55^0 

1-6753 

1-800;^ 

1-9353 

2-0789 

2-3y66 

16- 

1-60^7 

1-7340 

1-8730 

2-022  !- 

2-1829 

2-5404 

17 

1-632'^ 

r~9i-7 

I  •947.-^ 

2-1134 

2  2920 

2-692*^ 

IS 

1  -702i 

1-8575 

2-025  S 

2-208- 

2  4066 

2  8543 

19 

1-753  5 

!  -9225 

2- 1  06S 

2-3079 

2-5270 

3-0256 

90 

1-8061 

1-9398 

2-191  ' 

?-41  17 

2-63  ■ '< 

3-207  . 

The  ufe  of  this  Table,  wl-^i^h  contains  all  the  powers,  p/, 
to  the  20th  power,  or  the  amounts  of  1/,  is  chiePv  to  calcu- 
late the  inrereft,  or  the  amoT:nt  of  any  principal  furn,  tor 
any  time,  not  more  than  20  years. 

For  example,  let  it  be  required  to  find,  to  how  much 
523/.  will  ainount  in  15  years,  at  the  rate  of  5  per  cent,  per 
annum  compound  interefl. 

In  the  table,  on  the  line  15,  and  in  the  column  5  per  ct;'it. 


is  the  amount  of  l/,  viz.       -     - 
this  multiplied  by  the  principal 

gives  the  amount      -     ~     ..     - 
or  _     _     _     ._ 

and  therefore  the  interefl  is 


-     2-0789 
523 


108  :•_.,. 7 

1087/.  5s.  Zid. 
564/.  5o    3ld, 


Note  1.  When  the  rate  of  intercft  is  to  be  determined  to 
any  other  time  than  a  year  ;  as  fuppofe  to  '-  a  year,  or  |  a 
year,  &c  ;  the  rules  are  ftili  the  iame  ;  but  then  t  will  exprefs 
that  time,  and  R  muft  be  taken  the  amount  for  that  time. 


Vol.  I. 
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Note  2.  ^Vhen  the  compound  interefl,  or  amount,  of  any 
fum,  is  required  for  the  paits  of  a  year  ;  it  may  be  deter- 
mined in  the  fullowincT  manner: 

o 

ly^.  For  anv  time  which  is  fome  aliquot  part  of  a  year:— « 
Find  the  amount  cf  l/.  for  1  year,  as  before  ;  then  that  root 
of  it  which  is  denoted  by  the  ahquot  part,  will  be  thQ 
amount  of  i/.  "i  his  amount  being  inulripiied  by  the  prin- 
cipal lum,  will  produce  the  amoanc  of  the  given  fum  as  re- 
quired. 

2(1^  When  the  time  is  not  an  aliquot  part  of  a  year  r— . 
Eeduce  the  time  into  days,  and  take  tr^e  36 5th  root  of  die 
amount  of  i/.  for  1  year,  which  Wiil  give  the  amount  of  the 
fame  for  1  day.  ITien  raife  this  amount  to  that  power 
'whoic  index  is  equal  to  the  number  of  days,  and  it  will  be 
the  amcunt  for  that  time.  Which  amount  being  multiplied 
by  tl.e  principal  fum,  will  produce  the  amount  of  diat  fum  as 
before. 

i\nd  in  thefe  calculations,  the  operation  by  logarithms  will 
be  very  ufeful. 
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OF  ANNUITIES. 

Annuity  is  a  term  ufed  for  any  periodical  income,  arlf- 
ing  from  money  lerit,  or  from  houles,  lands,  faiaries,-  pen- 
fions,  6^.  payable  from  time  to  time,  but  moflly  by  aiaiual 
payments. 

Annuities  are  divided  into  thofe  that  are  in  PoiTcfiion,  and 
thole  in  Kevejfion  :  the  former  meaning  fuch  as  have  com- 
menced ;  and  the  latter  luch  as  will  not  beo-in  till  lome  par- 
ticular  event  has  happened,  or  till  after  fome  certain  time 
has  e!apf:d. 

When  an  annuity  is  forborn  for  fome  years,  or  the  pav-* 
ments  not  made  for  that  time,  the  annuity  is  faid  to  be  in 
Arrears. 

An  annuity  may  alfo.be  for  a  certain  number  of  years;  or 
it  may  be  v  itiiout  any  limit,  and  then  it  is  called  a  Perpetuity. 

The  Amouiit  of  an  annuity,  forborn  for  any  number  o£ 
years,  is  tlie  lum  arifu  g  from  the  addition  of  ail  the- annui- 
ties for  that  number  of  )ears,  together  with  the  intereil  due 
upon  each  after  ijt  becojnes  due. 

The 
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■  The  Prefcnt  Worth  or  Value  of  an  annuity,  is  the  price  or 
fum  whu  h  ought  to  be  givea  for  it,  fuppoiing  it  to  be  bought 
piF,  or  paid  all  at  once. 

Let  a  =  the  annuity,  penfi^on,  or  yearly  rent. 

71  =  the  number  of  years  forborn,  or  lent  for. 
R  =:  the  amount  of  i  /.  for  1  year, 
'}U  =  the  amount  of  the  annuity. 
V  =  its  value,  or  its  prefent  worth* 

"Now,  1  being  the  preient  value  of  the  fum  r,  bv  propor-* 
tion  thQ  prefent  value  of  any  other  fum  a,  is  thus  found: 

as  R  ;  1  : :  ^  :  —  the  prefent  value  of  a  due  1  vear  hence. 

R  "^ 

a      , 
In  like  manner  -^    Is  the  prefent  value  of  a  due  2  years 

hence  ;  for  a  ;  1  : ;  —   :  — .     So  alfo  — ,  — j  — ,  &c,  will 

R  R'  R'       R'      R 

be  the  prefent  values  of  a,  due  at  the  end  of  3,  4,   5,   ^c, 
years  reipedlively.     Confequentiy  the  fum   of  all  tlicfe,   or 

X  Oy  continued  to  ?z  terms,  will  be  the  prefent  value  of 
all  the  n  years'  annuities.  And  the  value  of  the  perpe- 
tuity, is  the  fum  of  the  fcnes  to  infinity. 

But  this  feries,  it  is  evident,  is  a  geometrical  progrcflion, 

having   —  both  for  its  firft  term  and  common  ratio,  and  the 

number  of  its  terms  7i  ;   therefore  the  fum  v  of  al)  the  terms^ 

or  the  preient  value  of  all  the  annual  payments,  will  be 

111 
—  —  -  _  X  — 

R  R  R"  Rn  —    1  a 

^  _ X  c,  or  = —   X    — ♦ 

1  -  _ 

R 

-     When  the  annuity  is  a  perpetuity  ;  n  being  Infinite,  B."  Is 

alfo  infinite,  and  therefore  the  lad  quantity  —  becomes  —  0, 
"  R^' 

^      a  I 

therefore x    —  alfo  —  0;  confequently  the  expref- 

R  —  1  R"         . 

iion  becomes  barelv  v  zr. ;  tliatis,  any  annuity  divided 

R  —   1  ■'  ^ 

by  the  intercfi  of  l/.  for  1  year,   gives  the  value   of  tlie  per- 
petuity.    So,  if  the  rate  of  intereit  be  5  per  cent. 

Then   100^  -^  5  =  20a  is  the  value  of  the  perpetuicy  at 
5  per  cent: 

Alfo 
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Alfo   lOOa  •—  4  =  25a  is  the  value  of  the  perpetuity  at 

4  per  cent: 

And   100a  ~  3  =  S3la  is  the  value  of  the  perpetuitv  at 

3  per  cent :  and  fo  on. 

Ag^in,   becaufe  the   amount  of  iL  in  ?i  years,  is  R",  its 

increafe  in  that  time  will  be  r"  —  1  ;  but  its  interefl  for  fjiie 

iingle  year,   or  the  annuity  anfvvering  to   that   increafe,    is 

R  ~  1  ;  therefore  as  r  —  1  is  to  r"  —  1,  fo  is  a  to  ni;  that 

R"^  -  1 

3S,  m  =  — : X  a. 

R   —  1 

Hence,  the  feveral  cafes  relating  to  Annuities  in  Arrear, 
will  be  refolved  by  the  following  equations : 


R"  — 


7n 


V  = 


R     — 
R"    — 


R      — 
R      — 


A  — 


R"    -- 


X  a  zz.  t;R° 
a        tn 


R" 

X  m  — 


R" 
R     -    1 


___  log.  tn  —  log.  » 

log.  R 

log:,  m  —  lor.  v 
Log.  R  =  -^ ^— 


R"    —    1 

log. 


-    X    t^R" 

7KR  —  m  +  a 
a 


log.  R 


n 


V  rP 


1   ^  a 

R"''  R  — 


1 


In  this  lafi:  theorem,   r  denotes  the  prefent  value  of  an 

annuity  in  reverfion,   after  ^   years,   or  not  commencing  till 
after  the  firfl  p  years,  being  found  by  taking  the  difference 

r"   \  (t  rp   .  1  CI 

between  the  two  values x    —   and x    —* 

R    —  1          R"  R    —  1         e:? 

ior  n  years  and  p  years. 


END  OF  PART  II.  VOL.!. 
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DEFINITIONS. 

1.  /\  POINT  is  that  which  has  pofition, 
but  no  magnitude,  nor  dimeniions ;  neither 
lengtn,  breadth,  nor  thicknefs. 

2.  A  Line  is  length,  without  breadth  or 
thickneft>. 

3.  A  Surface  or  Supcrfxics,  is  an  extenfion,  , 
or  a    figure,   of  two   dimenfions,   length  and 
breadth;  but  witliout  thicknefs- 

4-  A  Bodv  or  Solid,  is  a  figure  of  three  di- 
menfions,  namely,  length,  breadti-i,  and  depth, 
or  thicknefs. 

5.  Lines  are  either  Right,  or  Curved,  or 
Mixed  ot  thelc  two. 

6  A  Right  Line,  or  Straight  Line,'  lies  ^11 
in  the  fame  diredtion,  between  its  extremities  ; 
and  is  the  fhorrefl  d  fiance  between  tvo  points. 

When  a  Line  is  mentioned  fimpiy,  it  means 
a  Right  Line. 

7.  A  Curve  continually  changes  its  direc- 
tlon  between  its  extreme  points. 

8.  Lines  are  either  Parallel,  Oblique,  Per- 
pendicular, or  Tangential. 

9.  Parallel  Lines  are  always  at  the  fame 
perpendicular  d.ftance;  and  they  never  meet, 
though  ever  fo  far  produced. 

10  Oblique  lines  change  their  di  (lance,  and 
would  meet,  if  produced,  on  the  fide  of  the 
leaft  diftance. 

11.  One  line  is  Perpendicular  to  another, 
tvhen  it  inclines  not  more   on  the  one  fide 
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than  the  other;   or  wlien  the  angles  on  botli 
fides  of  It  arc  equal. 

12.  A  line  or  circle  is  Tangential,  or  a 
Tanpent  to  a  circle,  or  other  curve,  when  it 
touches  it,  without  cutting,  when  both  are 
produced. 

13.  An  Angle  is  the  inclination,  or  opening 
of  two  lines,  having  different  direcSlions,  and 
meeting  in  a  point. 

14.  Angles  are  Right  or  Oblique,  Acute  or 
Obtufe. 

15.  A  Right  Angle,,  is  that  which  is  made 
by  one  line  perpendicular  to  another.  Or 
when  the  angles  on  each  fide  are  equal  to  one 
another,  they  are  right  angles. 

16.  An  Oblique  Angle,  is  that  which  is 
made  bV  two  oblique  lines  ;  and  is  either  lefs 
or  greater  than  a  right  angle. 

17.  An  Acute  Angle  is  lefs  than  a  ric;ht 
angle, 

1 8 .  An  Obtufe  Angle  is  greater  than  a  right 
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19.  Superficies  are  either  Plane  or  Curved. 

20.  A  Plane  Superiicies,  or  a  Plane,  is  that  v/ith  wlltcli 
a  right  line  may,  every  way^  coincide.  Or,  if  the  line  touch 
the  phane  in  "two  points,  it  will  touch  it  in  every  point.  But 
if  not,  it  is  curved. 

21.  Plane  Figures  are  bounded  cither  by  right  lines  o? 
€urv*ss. 

22.  Plane  figures  that  are  bounded  by  3:Ight  lines,  have 
names  according  to  the  number  of  their  fides,  or  of 'Lheir 
anfi;les  ;'for  they  have  as  many  fides  as  angles  ;  uhe  leafliium- 
ber  being  three. 

23.  A  figure  of  Three  fides  and  angles,  is  called  a  Triangle. 
And  it  receives  particular  dcnominatjons  from  the  relatione 
of  its  fides  and  angles. 

24.  An  Equilateral  Triangle,  is  that  whofe 
three  fides  are  all  equal. 

25.  Anifofceles  Triangle,  is  that  which  has 
two  lides  eq^ual, 

26.  A 
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?S.  A  Scalene  Triangle,  Is  that  who fe  three 
fides  are  all  une(]ual. 

27.  A  Right-angled  Triangle,  Is  that  which 
has  one  right-angle. 

28.  Otiier  triangles  are  Oblique-angled,  and 
"are  either  Obtufe  or  Acute. 

29.  An  Obtufe-angled  Triangle,  has  one  ob- 
tufe angle. 

30.  An  Acute-angled  Triangle,  has  all  Its 
three  angles  acute. 

31.  A  figure  of  Four  fides  and  angles,  Is 
tailed  a  Quadr^^.ngle,  or  a  Quadrilateral. 

32.  A  Parallelogram,  Is  a  quadrilateral  which 
has  both  Its  pairs  of  oppofite  fides  parallel. 
And  it  takes  the  following  particular  names, 
viz.  Redtangle,  Square,  Rhombus,  Rhomboid. 

33.  A  Redtangle  is  a  parallelogram  having 
all  its  angles  right  ones. 

34.  A  Square  is  an  equilateral  redlangle ; 
having  all  its  fides  equal,  and  its  angles  right 
ones. 

35.  A  Rhomboid  is  an  oblique-angled  pa- 
,  itallelograra. 

36.  A  Rhombus  Is  an  equilateral  rhomboid  ; 
having  all  its  fides  equal,  but  its  angles  ob- 
lique. 

37.  A  Trapezium  Is  a  quadrilateral  which 
hath  not  Its  oppofite  fides  parallel. 

38.  A  Trapezoid  has  only  one  pair  of  oppo- 
yfite  fides  parallel. 

39.  A  Diagonal  is  a  line  joining  any  two 
()ppofite  angles  of  a  quadrilateral, 

40.  Plane  figures  that  have  More  than  four  fides  are,  In 
general,  called  Polygons :  and  they  receive  other  particular 
names,  according  to  the  number  of  their  fides  or  anrles. 
Thus,  ^ 

41.  A  Pentagon  Is  a  polygon  of  five  fides  ;  a  Hexagon,  of 
fix  fides  ;  a  Heptagon,  fcven ;  an  06^agon,  eight ;  a  No- 
nagon,  nine  ;  a  Decagon,  ten  ;  an  Undecagon,  eleven  ;  and  a 
Dodecagon,  twelve  fides. 

U  ^  42.  A 
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42.  A  Pegular  Polygon  has  all  its  fides  and  all  Its  angles 
equal. — 'if  they  are  not  both  equal,  the  polygon  is  Irregular. 

43.  An  Equilateral  Triangle  is  alfo  a  Regular  Figure  of 
three  ii  e?,  and  the  Square  is  one  of  four  ;  the  former  being 
alio  called  a  Tr.'gon,  and  the  latter  a  Tetragon. 

44  A  Circle  is  a  plane  figure  bounded  by 
a  curve  line,  called  the  Circumference,  which 
is  every  where  eqnidflr'nt  from  a  certain  point 
within,  call  d  its  Ceritre. 

The  circumference  itfelf  is  often  called  a 
circle,  and  alfo  die  Periphery. 

45.  The  Radius  of  a  circle,  Is  a  line  drawn 
from  the  centre  to  the  circumference. 

4  6.  The  Diameter  of  a  circle,  is  a  line 
drawn  through  the  centre,  and  terminating  at 
the  cncumference  on  both  lides. 


47.  An  Arc  of  a  circle,  is  any  part  of  the 
circumiererice. 


48    A  Chord,  is  a  right   line  joining  the 
extremities  of  aa  arc. 


49.  A  Segment,  is  any  part  of  a  circle 
bounded  by  an  aic  and  its  chord. 

50.  A  Semicircle,  is  half  the  circle,  or  a 
fegmenr  cut  ofr  by  a  diameter. 

The  half  clrcumfereiice  is  fometimes  called 
the  Semicircle. 

51.  A  ^e6l  T,  is  any  part  of  a  circle  which 
is  bounded  by  an  arc,  and  two  radii  drawn  to 
its  extremities. 

52.  A  Quadrant,  or  Quarter  of  a  circle.  Is 
a  fe^lor  having  a  quarter  of  ihe  circumference 
for  its  arc,  and  its  two  radii  are  perpendicular 
to  each  other. 

A  quarter  of  the  circumference  is  fometimes 
Galled  a  Quadrant, 


53.  Thje 


BFFINITIONS. 


231 


tta 


53.  The  Height  or  Alt'tude  of  a  figure,  Is 
a  pependicular  let  fall  from  an  angle,  or  its 
vc.  rex,  to  the  oppofite  nJe,  called  trie  bafe. 

51-.  ^n  a  right-aagled  triangle,  the  iiJe  op* 

pofite  the  ]-igit  angle,   is  c'<l;ed  the  Hvpotlie- 

nufe  ;  an^   the  o'.her  two  fides  are  called  the 

Legs,  or  fomctimes  the  Eafe  and  Pcrpendicu- 
Jar. 

55.  When  an  angle  is  denoted  by  three 
letters,  or  wh  ch  one  (lands  at  the  angu'ar 
point,  and  the  orher  two  on  the  two  fide-, 
that  which  flands  at  the  angular  poiat  is  read 
in  the  middle.   ' 

56.  The  circumference  of  every  circle  is 
fuppnf^d  to  be  divided  into  360  equal  parts, 
called  Dep-rees  ;  and  each  decree  into  60  Mi- 
n'Jtes,  each  minute  into  60  Seconds,  and  fo  on. 
Hence  a  feniicircle  contains  180  degrees,  and 
a  quadrant  90  degrees. 

57.  The  Meafure  of  an  angle,  Is  an  ar*"  of 
any  circle  contained  between  the  two  lines 
which  form  that  angle,  the  angular  point  being 
the  centre ;  and  it  is  eft'matect  by  the  number 
of  degrees  contained  in  that  arc. 

5S.  Lines,  or  chords,  are  faid  to  be  Equi- 
diftint  from  the  ceiitie  of  a  circle,  when  per- 
pend.culars  drawn  to  them  from  the  centre  are 
equal. 

59-  And  the  right  line  on  which  the, Greater 
Perpendicular  falls,  is  faid  to  be  farther  from 
the  centre. 

60.  An  Angle  In  a  f  gmcnt,  is  that  which 
is  contained  bv  two  lines,  drawn  from  any 
point  in  tlie  arc  of  the  legment,  to  the  two  ex- 
tremities of  that  arc. 

6 1 .  An  angle  On  a  fcgmetit,  or  on  an  arc,  is  that  which 
is  contained  by  two  lines,  dra-vn  from  any  point  in  th>2  oppo- 
fite or  lupplemental  part  of  ihQ  ciicumfesence,  to  tlie  extre- 
mities of  the  arc,  and  containing  the  arc  between  them. 


62.    An  anMe  at  the  circumference,   u 


ih.it 


whofe  angular  point  is  any  wliere  in  the  cir- 
cumference. And  an  an'^le  at  the  centre,  is 
that  wiioie  angular  pouit  is  at  the  centre. 
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,  63*  A  right-lined  figure"  is  Infcribed  in  a 
circle,  cr  the  circle  Circumfcribes  it,  when 
all  the  angular  points  of  the  figure  are  in  the 
^circumference  of  the  circle. 

64.  A  rip;ht-lined  fiiiure  Circumfcribes  a 
circle,  or  the  circle  is  Infcribed  in  it,  when  all 
the  fides  of  the  figure  touch  the  circumference 
of  the  circle. 

65.  One  right-lined  figure  is  Infcribed  in 
another,  or  the  latter  Circumfcribes  the  former, 
v/hen  all  the  angular  points  of  the  former 
are  placed  in  the  fides  of  the  latter. 

66.  A  Secant,  is  a  line  that  cuts  a  circle, 
lying  partly  within,  and  partly  without  it. 


67.  Identical  figures,  arc  fuch  as  have  all  the  fides  and  all 
the  angles  of  the  one,  refpe6lively- equal  to  all  the  fides  and 
all  the  angles  of  the  other,  each  to  each  ;  fo  that  if  the  one 
figure  were  applied  to,  or  laid  upon  the  other,  all  the  fides  of 
the  one  would  exa6i:ly  fall  upon  and  cover  all  the  fides  of  the 
other  ;  the  two  becoming  as  it  were  but  one  and  the  fame 
figure. 

68.  Similar  fi.gures,  arc  thofe  that  have  all  the  angles  of  the 
one  equal  to  all  the  angles  of  the  other,  each  to  each,  and  the 
fides  about  the  equal  angles  proportional. 

69.  The  Perimeter  of  a  figure,  is  the  fum  of  all  its  fides 
taken  together. 

70.  A  Propofitiom,  is  fomething  which  is  either  propofed 
to  be  done,  or  to  be  demonfirated,  and  is  either  a  problem  or 
a  theorem. 

71.  A  Problem,  is  fomething  propofed  to  be  done. 

72.  A  Theorem,  is  fomething  propofed  to  be  demonfirated. 

73.  A  Lemma,  is  fomething  which  is  premifed,  or  deraon- 
llrated,  in  order  to  render  what  follows  more  eafy. 

74.  A  Corollary,  is  a  confcquent  truth,  gained  immedi^ 
ately  from  fome  preceding  truth,  or  demonfiration. 

75.  A  Scholiiun,  is  a  remark  or  obfervation  made  upoi^ 
^©inetlring  going  before  it. 
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1.  Things  which  are  equal  to  the  fame  thing,  are  equal 
to  each  other, 

2.  When  equals  are  added  to  equals,  the  wholes  are  equal. 

3.  When  equals  are  taken  from  equals,  the  remains  are 
equal. 

4.  When  equals  are  added  to  unequals,  the  wlioles  are  un- 
equal. 

5.  When  equals  are  taken  from  unequals,  the  remains  are 
unequal. 

6.  Things  which  are  double  of  the  fame  thing,  or  equal 
things,  are  equal  to  each  other. 

7.  Things  which  are  halves  of  the  fame  thing,  are  equal, 

8.  Every  whole  is  equal  to  all  its  parts  taken  togetlier. 

9.  Things  which  coincide,  or  fill  the  fame  fpace,  are  iden- 
tical, or  mutually  equal  in  all  their  parts. 

IQ.  All  right  angles  are  equal  to  one  another. 

11.  Angles  that'have  equal  meafures,  or  arcs,  are  equal,    • 
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If  two  Triangles  have  Two  Sides  and  the  Included  Angle 
in  the  one,  equal  to  Two  Sides  and  the  Included  Angle 
in  the  otlier,  the  Triangles  will  be  Identical,  or  equal-  in  all 
refpedls. 

In  the  two  triangles  abc,  def,  if 
the  fide  AC  be  equal  to  the  lid?  df, 
and  the  fide  bc  equal  to  the  fide  f.f, 
and  tlie  angle  c  equal  to  the  angle  f  i 
then  will  the  two  triangles  be  itienci- 
cal,  or  equal  in  all  Fefi>e61;s. 

For  conceive  the  triangle  abc  to  be  ap.;licd  to,  or  placed 
©n,  the  triangle  def,  in  fuch  -uianner  th^:  the  point  c  may 

coincide 
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coincide  with  the  point  f,  and  the  fide  AC  with  the  fide  DF, 
which  is  equal  to  it. 

Then,  fmce  the  angle  F  is  equal  to  the  angle  c  Chv  hvp.), 
the  fide  BC  will  fall  vn  the  fide  ef.  tMIo,  hecaufe  ac  is 
equal  to  df,  and  bc  equal  to  ^  f  (by  hyj  ),  the  ptnnt  A  will 
coincide  with  the  po  nt  d,  and  the  point  B  mtn  the  point  E  ; 
coijfequcntly  the  fiae  ab  wdl  coincide  with  the  fide  de; 
therefore  ihe  two  triangle^  are  idv'^ntical, '  and  have  all  their 
other  correfponding  parts  equal  (ax  9),  naratdy,  the  file  AB 
equal  to  the  fide  dk,  the  angle  A  to  the  angle  D,  and  the 
angle  b  to  the  angle  e.         q^  e.  d. 

THEOREM  II. 

Triangles  which  hr.ve  Two  Angles,  and  the  Side 
^^^hich  lies  between  them,  equal,  are  Identical,  or  have  their 
other  fides  and  angle  equal. 

Let  the  two  triangles  abc,  def, 
have  the  angle  A  eq  lal  to  the  anglor 

D,  tiie  angle  b  equal  to  the  ano-le  e, 
and  thefue  ab  equal  \o  the  fide  de  ; 
then  thefe  two  triangles  will  be  iden- 
tical 

For,  conceive  the  triangle  abc  to  he  placed  on  the  trian- 
gle DF.F,  in  fucli  manner  that  the  fide  ab  may  f-all  exa6lly 
on  the  equal  fide  de.  Then,  fmce  the  angle  a  is  equal  to 
the  angle  d  (by  hvp.)>  the  fide  ac  muft  fall  on  the  fide  DF  ; 
and,  in  hke  manner,  becaufe  the  angle  b  is  equal  to  the  angle 

E,  the  fide  £C  mifi  fall  on  the  fide  ef.  Thus  the  three  fides 
of  the  triangle  abc  will  be  exaClly  placed  on  the  three  fides 
of  the  triangle  def  ;  confequentiv  the  two  triangles  are 
identical  (ax.  9),  having  the  other  two  fides  AC,  BC,  equal  to 
the  two  df,  ef,  and  the  remaining  angle  c  equal  to  the  re- 
maining angle  f.  C^  e.  d. 

THEOREM    III. 

In  an  Ifofceles  Triangle,  the  Angles  at  the  Bafe  are  equal. 
Or,  it  a  Tri'cingle  have  Two  Sides  equal,  their  Oppofite 
Angles  will  ^llo  be  equal. 

If  the  triangle  abc  have  the  fide  AC  equal 
to  the  fide  bc  :  then  will  the  angle  b  be 
equal  to  the  angle  a. 

Por,  conceixc  the  angle  c  to  be  b'fe61:ed, 
or  divided  into  two  equal  parts,  by  the  line 
CD,   making  the  angle  acd  equal  lu  the 


an^le  BCD. 
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Then,  the  two  trlanp-les  acd,  ecd,  have  two  (ides  and 
the  contained  angle  of  the  one,  equal  to  two  lules  and  ihe 
contained  angle  of  the  other,  viz.  the  fide  ac  equal  to  Bc, 
the  angle  acd  equ.il  to  bcd,  and  tiie  li'le  cd  common  ; 
therefore  thefe  two  tr:angles  aie  identical,  or  equal  in  all 
refpedls  (ta.  I )  ;  and  conleqiiently  the  augle  a  equal  to  tlic 
angle  b.        q^  e.  d 

Corol.  I.  Hence,  the  line  which  bifcdt?  tlie  vert'cal  angle 
of  an  ifofceles  triangle,  bifects  the  bafe,  and  is  alio  perpendi- 
ctdai  to  it. 

Cojol.  2.  Hence  too  it  appears,  that  e^'e^y  equilateral  tri- 
angle IS  aUo  equiangular,  or  ha.^  all  its  angles  equal. 


THEOREM   IV. 

If  a  Triangle  have  Two  of  its  Angles  equal  to  each  other, 
the  Sidej,  Oppofite  to  them  will  alfo  be  equal. 

If  the  triangle  abc,  have  the  augle  a 
equal  to  the  angle  B,  it  will  alfo  have  the  fide 
AC  equal  to  the  fide  BC. 

For,  conceive  the  fide  ab  to  be  bife(S):ed 
In  t]\t  point  D,  making  ad  equal  to  db  ; 
and  join  DC,  di'^.'iding  the  whole  triangle 
into  the  two  triangles  acd,  bcd.  Alio 
conceive  the  trianpie  acd  to  be  turned  over 
lipon  the  triangle  Bcd,  io  that  ad  mav  fai!  on  bd. 

Then,  becaufe  the  line  ad  is  equal  to  the  line  db  (hy 
hvp.),  the  point  a  coincides  with  the  point  B,  and  the  point 
D  with  the  point  d.  Alfo,  becaufe  the  angle  a  \^  equal  to 
the  ang^e  B  (i,'V  hvp  ),  the  line  ac  wdl  fall  on  i]\Q  line  Eg, 
and  the  extremitv  c  of  the  fide  ac  will  coincide  with  the 
cxtremitv  e  of  the  fide  bc,  becauTe  dc  is  common  o  both  ; 
confequently  the  fide  ac  is  equal  to  bc.        q^.  e.  d. 

CoroU  Hence  every  equiangular  triangle,  is  alfo  equila^ 
teral. 

THEOREM    V. 

Triangles  which  have  their  Three  Sides  mutuallv  eqiml, 
are  Identical,  or  have  alfo  their  Three  Angles  equal,  each 
to  each. 

Let  the  two  triangles  abc,  abd, 
have  their  three  iiles  refpeJl  eiy 
equal,  viz.  the  file  AB  eqjal  to 
AB,  AC  to  AD,  ana  Be  to  \^'Ci  \  then 
fhall  the  two  triangles  be  id"u^cal,  or 
have  their  angles  equal,  viz.  thofe  angles 
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that  are  oppofitc  to  the  equal  fides ; 
namely,  theangleBAc  to  the  angle  bad, 
the  angle  abc  to  the  angle  abd,  and  the 
angle  c  to  the  angle  d. 

For,  conceive  the  two  triangles  to  be 
joined  together  by  their  iongeft  equal 
iides  ;  and  draw  the  line  cd. 

Then,  in  the  triangle  acd,  becaufe  the  fide  Ac  is  equal 
to  AD  (by  hyp.),  the  cingle  acd  is  equal  to  the  angle  adc 
(th.  3).  In  like  manner,  in  the  triangle  BCD,  the  angle 
BCD  is  equal  to  the  angle  bdc,  becaule  the  fide-Bc  is  equal 
to  BD.  Hence  then,  the  angle  acd  being,  equal  to  the 
angle  adc,  and  the  angle  bcd  to  the  angle  bdc,  by  equal 
additions^  the  fum  of  the  two  angles  acd,  bcd,  is  equal  to 
the  fum  of  the  two  adc,  bdc,  (ax.  2j,  that  is,  the  whole 
angle  acb  equal  to  the  whole  angle  adb. 

Since  then,  the  two  fides  AC,  CB,  are  equal  to  the  two 
fides  AD,  db,  each  to  each  (by  hvp.),  and  iheir  contained 
angles  acb,  adb,  alfo  equal,  the  two  triangles  abc,  abd., 
are  iiieutical  (th.  1),  and  have  the  ether  angles  equal,  viz^ 
the  angle  BACto  the  angle  bad,  and  the  angle  abc  to  the 
single  abd.       (^  e.  d. 


TPIEOREM    VI. 


The  Angles  which  one  Line  makes  with  another,  on  th^ 
Sam^e  Side  of  it,  are  together  equal  to  Two  Right  Angles. 


Jl 


A 


C        Ji 
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Let  the  line  ae  Aieet  the  line  cd  ;  then 
will  the  two  angles  abc,  abd,  taken  to- 
gether, be  equal  t;o  two  right  angles. 

For,  iirft,  when  the  two  angles  abc, 
abd,  are  equal  to  each  other,  they  are  both 
of  thera  right  angles  (def.  15). 

But, when  the  angles  are  unequal,  funpofe  be  drawn  per- 
pendicular to  CD.  Then,  fmcc  the  two  angles  eec,  ebd, 
are  right  angles  (def.  15),  and  the  angle  ebd  is  equal  to  the 
two  angles  eba,  abd,  together  (ax.  8),  the  three  angles^ 
EEC,  eba,  and  abd,  are  equal  to  two  right  angles. 

But  the  two  angles  ebc,  eba,  are  together  equal  to  the- 
angle  abc  (ax.  8).  Confequently  the  two  angles  abc,  abd, 
are  alio  equal  to  two  right  angles.     Q^.  E.  d. 

Corol.  1.  Llence  aifo.  convcrfelv,  if  the  two  anfrles  abc. 
ABD,  on  both  fides  of  the  line  ab,  make  up  togetlier  two 
right  angles,  thencE  ?Jid  b'd  form  one  continued  right 
line  CD. 

CoroL  2.. 
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CeroL  2.  Hence,  all  the  angles  which  can  be  made,  at 
any  point  B,  by  any  number  or  lines,  on  the  fame  fide  of 
the  right  line  CD,  are,  when  taken  all  together,  ecjual  to  two 
right  angles. 

Coral.  3.  And,  as  all  the  angles  that  can  be  made  on  the 
Other  fide  of  the  line  cp  are  alfo  equal  to  two  right  arigles ; 
therefore  all  the  angles  that  can  be  made  quite  round  a  point 
JB,  bv  any  number  of  lines,  are  equal  to  four  right  angles, 

CoroL  4.  Hence  alfo  the  whole  circumfe- 
rence of  j\  circle,  being  the  funi  of  the  mea- 
fures  of  all  the  angles  that  can  be  made  about 
the  centre  f  (def.  57),  is  the  meafure  of  f©ur ' 
right  angles.  Confequently  a  femicircle,  or 
180  degrees,  is  the  meafure  of  two  right 
angles  ;  and  a  quadrant,  or  90  degrees,  the  meafure  of  oi:^e 
right  angle. 


THEOREM    VII. 


If  two  Lines  Interfect  each  other,  the  Oppofite  Angle* 
will  be  equal. 

Let  the  two  lines  ab,  cd,  interfecl  in  /C 

the  point  e  ;  then  will  tlie  angle  aec  be  / 

equal  to  the  angle  bed,  and   the  angle       A         /t;        1^ 
A  ED  equal  to  the  angle  ceb.  / 

For,  fince  the  line  CE   meets  the  line  ^ 

AB,  the    two  angles    aec,    bec,    taken 
tpgether,  are  equal  to  two  right  angles  (th.  6). 

In  like  manner,  the  line  be,  meeting  the  line  cd,  makes 
the  two  angles  bec,  bed,  equal  to  two  right  angles. 

Therefore  the  fum  of  the  two  angles  aec,  bec,  is  equal 
to  the  fum  of  the  two  bec,  bed   (ax.  1). 

And  if  the  angle  bec,  which  is  common,  be  taken  away 
from  both  thefe,  the  remaining  angle  aec  will  be  eq^ual  ta 
the  remaining' angle  bed  (ax/o). 

And  in  like  manner  it  may  be  fliewn,  that  the  angle  aed 
is  equal  to  the  oppofite  angle  bec. 

ariiEOREM     VIII, 

If  One  Side  of  a  Triangle  be  produced,  the  Outward 
Ano-le  will  be  Greater  than  either  of  the  two  Inward  Oppo- 
liie  Angles. 

tet 
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Let  ABC  be  a  triangle,  having  the 
fide  AB  produced  to  D  then  will  ti:e 
outward  angle  ced  be  creater  than 
either  of  the  inward  oppciite  angles  A 
or  c 

For,  conceive  the  fide  EC  to  he  bi- 
fe£led  in  the  point  k,  and  draw  the  line 
AE,  producing  it  till  ef  be  ec^ual  to  ae  ; 
and  join  bf. 

Tlien,  fmce  the  two  triangles  afc,  bf.f,  have  the  fide 
AE  =r  the  fide  ef,  and  the  iide  ce  =  the  fide  be  (by  fuppof  ) 
and  the  included  or  oppcfite  angles  at  e  alfo  equal  (th.  T.), 
therefore  thofe  two  triangles  are  equal  in  all  refpe6ls 
(th,  1),  and  have  the  -angle  c  —  the  correfponding  angle 
EBF.  But  the  angle  cbd  is  greater  than  the  angle  eef  ; 
confequently  the  faid  outward  angle  cbd  is  alfo  greater  than 
the  angle  c. 

In  like  manticr,  if  cb  be  produced  to  g,  and  ab  be  hi- 
fc61ed,  it  mav  be  (liewn  that  the  outward  angle  abg,  or  its 
tfiudl  cbd,  is  greater  than  the  other  angle  a. 


J)  B 


THEOREM  IX. 

Tre  Greater  Side,  of  every  Triangle,  is  Oppofte  to 
the  Greater  Angle  ;  and  the  Greater  Angle  oppoiite  to  the 
Greater  Side. 

Let  ABC  be  a  trian2.1e,  having;  the  fide 
AB  greater  than  the  fide  A-C  ;  tiien  will 
the  angle  ace,  oppofite  tlie  greater  fide 
AB,  be  greater  than  the  angle  b,  oppcfite 
the  lefs  fide  ac. 

For,  on  the  greater  fide  ab  take  the 
part  AD  equal  to  tlie  lefs  fide  ac,  and  join  CD,  Then,  fince 
BCD  is  a  triang-le,  the  outward  angle  adc  is  cTeciter  than 
tlie  inward  (jppcfite  angle  e  (th  8).  But  the  angle  acd 
is  equal  to  the  faid  outward  angle  adc,  becaufe  ad  is  equa^l 
to  AC  (th.  3^.  Co.  lequently  the  angle  acd  alio  is  greater 
than  the  angle  B.  And  fince  the  angle  acd  is  only  a  part 
ofACB,  nriuch  more  mull  the  whole  angle  acb  be  greater 
than  the  ang'e  b.       q^  e.  d. 

Again,  converfely,  if  the  angle  c  be  greater  than  the 
angle  b,  then  will  the  fide  ab,  oppofte  the  former,  be 
greater  than  the  fide  ac,  oppofite  the  latter. 

For,  if  AB  be  not  greater  than  ac,  it  muft  be  either 
equal  to  it,  01  lefs  thau  it.      But  it  cannot  be  equal,  for 

then 
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then  the  angle  c  would  be  equal  to  the  angV  B  fth.  3), 
which  it  is  not,  by  the  fupprfition.  Neither  can  it  be  lefs, 
for  then  the  angle  c  woi'Ki  be  ^efs  than  the  angle  B,  by  the 
former  part  of  this ;  which  is  alfo  contrary  to  the  fuppofi- 
ti^n.  The  fiie  ab,  then,  being  neither  equal  to  ac,  nor 
lefs  than  it,  muft  neccfiarily  be  greater.     •  Q^  e.  d. 


THEOREM  X. 

The  Sum  of  any  Two  Sides  of  a  Triangle,   is  Greater 
than  the  Third  Side. 

Let   ARC  be  a  triangle;  then  will  the  T) 

fum  of  anv  two  of  its  fides  be  greater  than  y'  \ 

the  third  lidc,  as   lor  inlcance,  AC  +  CB 
greater  than  ab. 

For,  produce  AC  till  cD  be  equal  to 
CB,  or  AD  equal  to  the  fum  of  the  two 
AC  -{-  CB  ;  and  join  bd  : — Then,  becaufe 
CD  is  equal  to  cb  (by  conftr  ),  the  angle  d  is  equal  to  the 
angle  cbd  (ih.  3).  But  the  angle  abd  is  greater  than  the 
angle  cbd,  confequently  it  muft  alfo  be  greater  than  the 
angle  d.  And,  fmce  the  greater  fide  of  any  triangle  is  op- 
polite  to  the  greater  angle  (th.  9),  the  fide  ad  (of  the  tri- 
ungle  abd)  is  greater  than  the  fide  ab.  But  ad  is  equal 
to  AC  and  CD,  or  ac  and  cb,  taken  together  (by  confir.) ; 
therefore  ac  -}-  cb  is  alfo  greater  than  ab.       q^  e.  d. 

CoroL  The  fhortell  diflance  between  two  points,  is  a  fmglc 
right  line  drawn  from  the  one  point  to  the  other. 


THEOREM    XI. 

The  Difference  of  any  Two  Sides  of  a  Triangle  Is  Lefs 
than  rhe  Third  Side. 

Let  ABC  be  a  triangle;  then  will  the 
difference  of  any  two  lides,  as  ab  —  ac, 
be  lefs  than  the  third  iide  bc. 

For,  produce   the  lefs  fide  AC  to  d, 
till  AD  be  equal  to  the  greater  fide   ab, 
fo  that  CD  may  be  the  difference  of  the 
two    lides    AB  —  AC  ;    and  join    bd. 
Then,  becaufe  ad  is  equal  to  ab  (by  conflr.),   the  oppcfite 
angles  d  and  abd   are  equal   (th.  3).     But  the  angle  cbd 
is  lels  than  the  angle  abd,   and  confequently  alfo  lefs  than 
the  equal  angle  d.     And  fince  the  greater  fide  of  any  triangle 

is 
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js  oppofite  to  the  greater  angle  (th.  9),   the  fide  CD  (of  tht 
triangle  bcd)  is  lefs  than  the  fide  bc.       q^  e.  d. 

THEOREM    XII. 

If  a  Line  Interfedi;  two  Parallel  Lines,  it  will  make  th^ 
Alternate  Angles  Eq^ual  to  each  other. 

Let  the  line  ef  cut  the  two  parallel 
lines  AB,  CD:  then  will  the  angle  aef 
be  equal  to  the  alternate  angle  efd. 

For  if  they  are  not  equal,  one  of  them 
Inuft  be  greater  than  the  other  ;  let  it  be 
EFD  for  inlfance  which  is  the  greater,  if 
pofTible ;  and  conceive  the  line  fb  to  be 
drawn,  cutting  off  the  part  or  angle  efb  equal  to  the  angl^ 
AEF,  and  meeting  the  line  ab  in  the  point  b. 

Then,  fmce  the  outward  angle  aef,  of  the  triangle  eeFj 
is  greater  than  the  inward  oppofite  angle  efb  (th.  8)  ;  and 
fmce  thefe  two  angles  alfo  are  equal  (by  the  confrr.)  it 
follows,  that  fhofe  angles  are  both  equal  and  unequal  at  thd 
fame  time  :  which  is  impoffible.  Therefore  the  angle  efd 
is  not  unequal  to  the  alternate  angle  aef,  that  is,  they  are 
fequal  to  each  other.        q^  e.  d. 

Cofol.  Right  lines  which  are  perpendicular  to  one^  of  twcJ 
parallel  lines,  are  alfo  perpendicular  to  the  other. 

THEOREM    XIII. 

If  a  Line,  Cutting  Two  other  Lines,  make  the  Alternafd 
Angles  Equal  to  each  other,  thofe  two  Lines  will  be  ParalleU 

Let  the  line  ef,  cutting;  the  two  lines 


AB,  CD,  makefile  alternate  ani^les  aef, 


A U B. 

»fe,  equal  to  each  other  ;  then  will  ab  / 

be  parallel  to  cd.  ^^ -^— — . 

For  if  they  be  not  parallel,  let  fome  /^        "q-. 

other  line,  as  fg,  be  parallel  to  ab. 
Then,  because  of  thefe parallels,  the  angle 
AEF  is  equal  to  the  alternate  angle  efg  (th.  12).  But  the 
angle  aef  is  equal  to  the  angle  efd  (by  hyp.)  Therefore 
the  angle  efd  is  equal  to  the  angle  efg  (ax.  i),  that  is,  a 
part  is  equal  to  the  whole,  which  is  irapoflible.  Therefore 
iio  Hne  but  cd  can  be  parallel  to  ab.       q.  e.  d. 

CoroL  Thofe  lines   which  are  perpendicular  to  the  fam« 
line,  are  parallel  to  each  other, 

THEOREM 
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THEOREM   XIV. 

If  a  Line  cut  two  Parallel  Lines  ;  the  Outward  Anojle 
tvlli  be  Equal  to  the  Inward  Oppofite  one,  on  the  Same  Sicfe; 
and  the  two  I'nward  Angles,  on  the  Sa:iie  Side,  will  be  ct^jual 
to  Two  Right  Angles. 

Let  the  line  ef  cut  the  two  parallel 
lines  AB,  CD  ;  then  will  the  outward  angle 
EGB  be  equal  to  the  inward  oppolite 
ano-le  gtid,  on  the  fame  fide  of  the  linef 
EF  ;  and  tlie  two  inward  angles  bgh, 
GHD,  taken  together,  will  be  ecjual  to  two 
right  anc;les. 

For,  lince   tlic  two  lines  ab,  crJ,  are 
parallel,  the  angle  agh  is  equal  to  the  alternate  angle  ghd",- 
(th.  12).     But  the  angle  agh  is  equal  to  the  op])olirc  anglef 
EGB  (th.  7).     Therefore  the  angle  egb  is  alfo  equal  to  the 
angle  ghd  (ax.  1).         q^  e.  d. 

Again,  becaufe  the  two  adjacent  angles  egb,  bgh,  arc 
together  equal  to  two  right  angles  (th.  6)  ;  of  which  the 
angle  egb  has  been  fliewn  to  be  equal  to  the  angle  ghd  7 
therefore  the  two  angles  bgh,  ghd,  taken  together,  ar« 
alfo  equal  to  two  right  angles. 

'  Corol.  1.  And,  converfely,  if  one  line  meeting  two  other 
lines^  make  the  angles  on  the  fame  fide  of  it  equal,  thofs 
two  lines  are  parallels. 

Corol.  2.  If  a  line,  cutting  two  other  lines,  make  the  fams 
of  the  two  inward  angles,  on  the  fame  fide,  lefs  than  twa 
right  angles,  thofe  two  lines  will  not  be  parallel,  but  wiil 
meet  each  other  when  produced. 


THEOREM  XV. 

Those  Lines  which  are  Parallel  to  the  Sams  Line,  artf 
Parallel  to  each  other. 

Let    the   lines  AB,    CD,  .be   each  of 
them  parallel  to  the  line  e  f  ;  then  fhall       A 'v- B 

1> 

--F 


the  lines  ab,  cd,   be  parallel   to  each        q 


For,  let  the  line  Gi  be  perpendicular       -^ 
to  EF.     Then  will  this  line  be  alfo  per- 
pendicular to  both  the  lines  ab,  cd  (corol.  th.  12),  andcori- 
fe(jucntly  the  two  lines  ab,  cd,  are  parallels  (corol.  th.  IS), 

0^  E.  D* 
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THEOREM  XVI. 

If  one  Side  of  a  Triangle  be  p-oduced,  the  Outwar<3 
Angle  will  be  equal  to  both  the  Inward  Oppofite  Angles 
taken  together. 

Let  the  fide  ab,  of  the  triargle 
ABC,  be  pnxiuced  to  d  ;  then  v\ill  the 
outward  ang^e  cbd  be  equal  to  thefiim 
of  the  two  inward  cppofite  angles  A 
and  c. 

For,  conceive  be  to  be  drawn  pa- 
rallel to   the  fide  AC  of  the   triangle. 

Then  BC,  meeting  the  two  parallels  AC,  BE,  makes  the 
alternate  angles  c  and  <.BE  equal  (th  12).  And  ad, 
cutting  the  fame  two  parallels  ac,  be,  makes  the  inward 
and  outward  angles  on  the  fame  fide,  a  and  ebd,  equal  to 
each  other  (th.  14).  '[herefore,  by  equal  additions,  the 
fum  of  the  two  angles  A  and  c,  is  equal  to  the  fum  of  the 
two  CBE  and  Ek;d.  that  is,  to  the  whole  angle  cbd  (by 
ax.  2).  Q^E.  D. 

THEOREM    XVIT. 

In  any  Triangle,  the  Sum  of  all  the  Three  Angles  is  equal 
to  Two  Right  Ano-les. 

Let  ABC  be  any  plane  trian.;yle  ;  then 
the  lum  of  the  three  angles  A  4  ^  +  c 
is  equal  to  two  right  angles. 

For,  let  the  fide  ab  be  produced  to  D.        ^ \i""f) 

Then  the  outward  angle  cbd  is  equal  to 
the  fum  of  the  two  inward  oppofite  angles 
A  -f  c  (th.  16).  To  each  of  thefe  equals  add  the  inward 
angle  b,  then  will  the  fum  of  the  thre^.  inward  angles 
A  -h  B  -f-  c  be  equal  to  the  fum  of  the  two  adjacent  angles 
ABC  4-  CBD  (ax.  2).  But  the  fum  of  thefe  two  iail:  ad-^ 
jacent  angles  is  equal  to  two  right  angles  (th.  6).  There- 
fore alfo  the  fum  of  the  three  angles  of  the  triangle  A  +  B 
-|-  c  is  equal  to  two  right  angles  (ax.  l).  0^  e.  d. 

Coj^oL  I .  If  two  angles  in  one  triangle,  be  equal  to  two 
^nglcs  in  another  triangle,  the  third  angles  will  alfo  be  equal 
/ax.  3),  and  the  two  triangles  equiangular. 

Corol.  2.  If  one  angle  in  one  triangle,  be  equal  to  one 
angle  in  another,  the  fums  of  the  remaining  angles  will  alfo 
be  equal  (ax.  3). 

CoroL  3» 
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Corol.  3.  If  one  angle  of  a  triangle  be  right,  the  fum  of 
the  other  two  will  alfo  be  equal  to  a  right  angle,  and  each  of 
them  fingly  will  be  acute,  or  lefs  than  a  right  angle. 

CoroL  4.  The  two  leafl:  angles  of  every  triangle  are  acute, 
or  each  lefs  than  a  right  angle. 

THEOREM  XVIII. 

In  anv  quadrangle,  the  Sum  of  all  the  Four  Inward  Angles, 
is  equal  to  Four  Right  Angles. 

Let  ABCD  be  a  quadrangle;  then  the 
fum  of  the  four  inward  angles,  a  +  B  -f- 
c  +  D  is  equal  to  four  right  angles. 

Let  the  diagonal  AC  be  drawn,  dividing 
the  quadrangle  into  two  triangles,  abc,  adc. 
Ihen,  becaufc  the  fum  of  the  three  angles 
of  each  of  thele  triangles  is  equal  to  two 
right  angles  (th.  17)  ;  it  follows,  that  the  fum-  of  all  the 
angles  of  both  triangles,  which  make  up  the  four  angles  of 
the  quadrangle,  muft  be  equal  to  four  right  angles   (ax.  2), 

(^  E.  D. 

Corol.  1.  Hence,  if  \\wQt  of  the  angles  be  right  ones,  the 
fourth  will  alfo  be  a  right  angle. 

CoroL  2.  Alfo,  if  the  fum  of  two  of  the  four  angles  b^ 
equal  to  two  riglit  angles,  the  fum  of  the  remaining  two  will 
likewife  be  equal  to  tv/o  right  angles, 

THEOREM  XIX. 

In  any  plane  figure,  the  Sum  of  all  the  Inward  Angles, 
taken  together,  is  equal  to  Twice  as  many  Right  Angles, 
wanting  four,  as  the  Figure  has  Sides. 

Let  abcde  be  any  plane  fiq;ure;  then 
the  fum  of  all  its  inward  angles,  a  -+  B  + 
c  +  D  -f  E,   is  equal  to  twice  as  many 
right  angles,  wanting  four,  as  the  figure 
has  fides. 

For,  from  any  point  P,  within  It,  draw 
lines  pa,  pb,  pc,  &;c,  to  all  the  angles, 
dividing  the  polygon  into  as  many  tri- 
angles as  it  has  fides.  Now  the  fum  of  the  three  angles  of 
each  of  thcfe  triangles,  is  equal  to  two  right  angles  (th.  17) ; 
therefore  the  fum  of  the  angles  of  all  the  triangles  is  equal 
to  twice  as  many  right  angles  as  the  figure  has  fides.  But 
the  fum  of  all  the  aagles  about  the  point  p,  which  are  fo 
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many  of  the  angles  of  the  triangles,  but  no  part  of  the  iri- 
ward  angles  of  the  polygon,  is  equal  to  foui  right  angles^ 
(corol  3°  th.  6),  and  muft  be  deduaed  out  of  the  forir/et 
fum.  Hence  jt  follows  that  the  fum  of  all  the  inward  angles 
of  the  polygon  alone,  A  +  b  4-  c  +  D  +  E_,  is  equal  to 
twice  as  maay  right  angles  as  the  figure  has  fides,  wanting 
the  faid  four  riglit  angles.         c^.  e.  D. 

THEOREM  XX. 

Tf  every  Side  of  any  right-lined  Figure  be  produced  out, 
the  Sum  of  all  the  Outward  Angles  thereby  macle,  will  be 
equal  to  Four  Right  Angjes. 

Let  A,  B,  c,  &c,  be  the  outward 
angles  of  any  polygon,  made  by  pro- 
ducing all  the  fides  ,  then  will  the  fum 
^  _j_  B  -f-  c  +  D  +  E,  of  all  thofe  out- 
ward angles,  be  equal  to  four  right  angles. 

For  every  one  ot  thefe  outward  angles, 
together  with  its  adjacent  inward  angle, 
make  up  two  right  angles,  as  a  -}-  «  equal 
to  two  right  angles,  being  the  two  angles 
made  by  one  line  meeting  another  (th.  6).  And  there 
being  as  many  outward,  or  mward  angles,  as  the  figure  has 
£des.  Therefore  the  fum  of  all  the  inward  and  outward 
angles,  is  equal  to  twice  as  many  right  angles  as  the  figure 
has  fides.  But  the  fum  of  all  the  inward  angles,  with  four 
rip"ht  angles,  is  equal  to  twice  as  many  right  angles  as  the 
figure  has  fides  (th.  19).  Therefore  the  fum  of  all  the  in- 
^vard  and  all  the  outward  angles,  is  equal  to  the  fum  of  all 
the  inward  angles  and  four  right  angles  (by  ax.  1).  From 
each  of  thefc  take  away  all  the  inward  angles,  and  there 
remains  all  the  outward  angles  equal  to  four  right  angles 
(by  ax.  3). 

THEOREM  XXI. 

A  Perpendicular  is  the  Shorted  Line  that  can  be  drawn 
from  a  Given  Point  to  an  Indefinite  Line.  And,  of  any 
other  Lines  drawn  from  the  fame  Point,  thofe  that  are  Neareil 
the  Perpendicular,  are  Lefs  than  thofe  More  Remote. 

If  AB,  AC,  AD,  &c,  be  lines  drawn  from 
the  given  point  A,  to  the  indefinite  line  de, 
of  which  AB  is  perpendicular.  Then  fhall 
the  perpendicular  A-B  be  lefs  than  Ac,  and 
jM^  lefs  than  ad,  &c. 

For,  the  angle  b  being  a  right  one,  the 

angk 
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angle  c  is  acute  (by  cor.  3,  th.  17),  and  therefore  leis  thaa 
the  anofle  B.  But  the  lefs  an<^le  of  a  criano-le  Is  fub- 
tended  by  the  lefs  fide  (th.  9).  Tiierefore  tlie  fide  AE  is  lefs 
than  the  fide  ac. 

Again,  the  angle  acb  being  acute,  as  beK)re,  the  adja- 
cent angle  acd  will  be  obtufe  (by  th.  6).  But  the  angls 
D  is  acute  (corol.  3,  tli.  17).  Therefore  the  angle  d  is 
lefs  than  the  angle  c.  And,  fmce  the  lefs  fide  is  onpofitc 
to  the  lefs  angle,  therefore  the  fide  AC  is  lefs  than  the  fide 
AD.         q.  E.  D. 

Corol.  A  perpendicular  is  the  leaft  diilance  of  a  given 
point  from  a  line. 

THEOREM  XXII. 

The  Oppofite  Sides  and  Angles  of  any  Parallelogram  apc 
equal  to  each  other ;  and  the  Diagonal  divides  it  into  two 
Equal  Parts. 

Let  ABCD  be  a  parallelogram,  of  which 
the  diagonal  is  bd  ;  then  will  its  oppolite 
£des  and  angles  be  equal  to  eacii  other, 
and  the  diagonal  bd  will  divide  it  into  two 
equal  parts,  or  triangles. 

For,  fince  the  fides  ab  and  pc,  are  pa- 
rallel, as  alfo  the  fides  A.D  and  BC  (dehn. 
32),  and  the  line  bd  meets  them  ;  therefore  the  alternate- 
angles  are  equal  (th.  12),  namely,  the  angle  abd  to  the 
angle  cdb,  and  the  angle  adb  to  the  angle  cbd.  Hence 
the  two  triangles,  having  two  angles  in  the  one  equal  to  two 
angles  in  the  other,  have  alfo  their  third  angles  equal  (cor.  1, 
th.  17),  namely,  the  angle  a  equal  to  the  angle  c,  which 
are  two  of  the  oppofite  angles  of  the  parallelogram. 

Alfo,  if  to  the  equal  angles  abd,  cdb,  be  added  the 
equal  angles  cbd,  adb,  the  wholes  will  be  equ?.l  (ax.  2S 
namely,  the  whole  angle  aec  to  the  whole  adc,  which 
are  the  other  two  oppoiite  angles  of  the  parallelogram. 

Q^  E.  D. 

A2:ain,  fince  the  two  triangles  are  mutually  cauian^ular, 
and  have  a  iide  in  each  equal,  viz.  the  common  fide  bd; 
therefore  the  two  triangles  are  identical  (th.  2),  or  equal  in 
all  refpedls,  nainely,  the  fide  ab  equal  to  the  oppofite  fide 
DC,  and  AD  equal  to  the  oppofite  fide  bc,  and  the  wdiole 
triangle  abd  equal  to  the  whole  triangle  ecd.         qk  e.  d.' 
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Corol.  1.  Hence,  if  one  angle  of  a  parallelogram  be  3 
right  angle,  all  the  other  three  will  alfo  be  right  angles,  and 
the  parallelogram  a  reflangie. 

Corol  2.  Hence  alfo,  the  fum  of  any  two  adjacent  angles 
of  a  parallelogram  is  equal  to  two  right  angles. 

THEOREM  XXIII. 

Every  Quadrilateral  whofe  Oppofite  Sides  are  Equal, 
is  a  Parallelogram. 

Let  A  BCD  be  a  quadrangle,  having  the 
oppofite  lidcs  equal,  namely,  the  fide  ab 
equal  to  DC,  and  Afe  equal  to  BC  ;  then 
fhall  thefe  equal  fides  be  alfo  parallel,  and 
the  figure  a  parallelogram. 

For,    let    the   diagonal    BD   be   drawn. 
Then,    the    triangles    abd,    cbd,    being 
mutually   equilateral   (by  hyp.), 'they  are 
alfo  mutually  equiangular  (th  5),  or  have  their  correfpond- 
ing  angles  equal  ;  confequently  the  oppofite  fides  are  parallel 
(th.  13) ;  viz.  the  fide  ab  parallel  to  DC,  and  ad  parallel  to 
BC,  and  the  figure  is  a  parallelogram.         Q^  E.  d. 

TPIEOREM  XXIV. 

Those  Lines  which  join  the  Correfponding  Extremes  of 
two  Equal  and  Parallel  Lines,  are  themielves  Equal  and 
Parallel. 

Let  AB,  DC,  be  two  equal  and  parallel  lines;  then  will 
the  lines  ad,  bc,  which  join  their  extremes,  be  alfo  equal 
and  parallel.     [See  the  fig.  above.] 

For,  draw  the  diagonal  bd.  Then,  becaufe  ab  and  DC 
are  parallel  (by  hyp.),  the  angle  abd  is  equal  to  the  alter- 
nate angle  bdc  (th.  12).  Hence  then,  the  two  triangles 
having  two  fides  and  the  contained  angles  equal,  viz.  the  fide 
AB  equal  to  the  fide  dc,  and  the  fide  bd  common,  and 
the  contained  angle  abd  equal  to  the  contained  angle  bdc, 
they  will  have  the  remainiag  fides  and  angles  alfo  refpec- 
tivelv  equal  (rh.  1)  ;  confequently  ad  equal  to  bc,  and  alfp 
parallel  to  it  (th.  12).     (^  E.  d. 

THEOREM    XXV. 

Parallelograms,  or  Triangles,  flanding  on  the  Same 
Bafe,  and  between  the  Same  Parallel s,  are  equal  to  each^ 
other. 

Let 


THEOREMS. 


297 


Let  ABCD,  ABEF,  be  two  parallelo- 
grams,  and  abc,  aef,  two  triangles, 
ftanding  on  the  fame  bafe  ab,  and  be- 
tween the  fame  parallels  ab,  de  ;  then 
will  the  parallelogram  abcd  be  equal  to 
the  parallelogram  a  le  ef,  and  the  triangle 
ABC  equal  to  the  triangle  abf. 

For,  fmce  the  line  de  cuts  the  two 
parallels  af,  be,  and  the  two  ad,  bc,  It  makes  the  angle 
E  equal  to  the  angle  afd,  and  the  angle  d  equal  to  the 
angle  bce  (th.  i4j  ;  the  two  triangles  adf,  ece,  are 
therefore  equiangular  (cor.  1,  th.  17)  ;  and  having  the  two 
correfponding  tides,  ad,  bc,  equal  (th.  22),  being  oppofite 
fides  of  a  parallelogram,  thcie  two  tiiangles  are  identical, 
or  equal  in  all  refj.tdls  (th.  2).  If  each  of  theie  equal  tri- 
angles then  be  taken  from  the  whole  fpacc  ab;  d,  theie  will 
remain  the  parallelogram  abef  in  the  one  caie,  equal  to 
the  parallelogram  abcd  in  the  other  (by  ax.  3  . 

Alfo  the  triangles  abc,  abf,  on  the  fame  bafe  ab,  and 
between  the  fame  parallels,  are  equal,  being  the  halves  of 
the  faid  equal  parallelograms  ;  th.  22).     Q^  e.  d. 

Coral.  J .  Parallelograms,  or  triangles,  having  the  fame 
bale  and  altitude,  are  equal.  For  the  altitude  is  the  fame 
as  the  perpendicular  or  diilance  between  the  two  parallels, 
which  is  every  where  equal,  by  the  detinition  of  parallels, 

Coi  ot.  2  Parallelograms,  or  triangles,  having  equal  bafes 
and  altitudes,  are  equal.  For,  if  the  one  figure  be  applied 
with  its  bale  upon  the  other,  the  bafes  will  coincide  or  be 
the  fame,  becaufe  diey  arc  equal ;  and  fo  the  two  figures, 
having  the  fame  bale  and  altitude,  are  equal, 

THEOREM  XXVI. 

If  a  Parallelogram  and  a  Triangle  fland  on  the  Same 
Bale,  and  between  the  Same  Parallels,  the  Parallelogram, 
will  be  Double  the  Triangle,  or  the  lYiangle  Fialf  the  Pa- 
rallelogram. 

Let  abcd  be  a  parallelogram,  and  abe 
a  triangle,  on  the  fame  bai6  aij,  and  between 
the  fame  parallels  ab,  de  ;  then  v/iil  tiie  pa- 
rallelogram ABCD  be  double  the  tiiangle 
ABE,  or  the  triangle  half  the  parallelogram. 

For,  draw  the  diagonal  AC  of  the  paral- 
lelogram, dividing  it  into  two  equal  parts 
(th,  22).     Then  becaufe  tlie  triangles  abc, 

ABE, 
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ABE,  on  the  fame  bafe,  and  between  the  fame  parallels,  are 
equal  (th.  25)  ;  and  becaufe  the  triangle  abc  is  half  the 
parallelogram  abcd  (th.  22),  the  other  equal  triangle  a  be 
is  alfo  equal  to  half  the  lame  parallelogram  abcd.     q^  e.  d, 

Corol.  1 .  A  triangle  is  equal  to  lialf  a  parallelogram  of  the 
fame  bafe  and  altitude,  becaufe  the  altitude  is  the  perpendi^ 
cular  diftance  between  the  parallels,  which  is  every  where 
equal,  by  the  definition  of  parallels, 

Corol.  2.  If  the  bafe  of  a  parallelogram  be  half  that  of  a 
triangle,  of  the  fame  altitude,  or  the  bafe  of  the  triangle  be 
double  that  of  the  parallelogram,  the  two  figures  will  be 
equal  to  each  other. 

THEOREM  XXVIl. 

"Rectangles  that  are  contained  under  Equal  Lines,  are 
Eqyal  to  each  odicr. 

Let  BD,  FH-  be  two  re61:angles,  having 
the  fide?  AB,  BC,  equal  to  the  fides  ef, 
FG,  each f  each;  then  will  the  reifangle 
BD  be  equal  to  the  re6fangle  fh. 

For,  draw  the  two  diagonals  AC,  EG, 
dividing  the  two  parallelograms  each  into 
two  equal  parts.  Now  the  two  triangles 
ABC,  EFG,  are  equal  to  each  other  (th.  1),  becaufe  they 
have  the  two  fides  ab,  bc,  and  the  contained  angle  b, 
equal  to  the  two  fides  ef,  fc,  and  the  contained  angle  F 
(by  hvp).  But  thefe  equal  triangles  are  the  halves  of  the 
refpe6Live  redlangles.  And  becaufe  the  halves,  or  the  tri- 
angles, are  equal,  the  wholes,  or  the  rectangles  db,  hf, 
are  alfo  equal  (by  ax.  6).         Q^  E.  d. 

Corol.  The  fquares  on  equal  lines,  are  alfo  equal  ;  for 
every  fquare  is  a  fpecies  of  rectangle, 

TKEOREM    XXVIII. 

The    Complements    of    the    Parallelograms,    which   are 
about  the  Diagonal  of  any  Parallelogram,  are  equal  to  each 
other- 
Let  AC  be  a  parallelogram,  bd  a  dia- 
gonal, fif  parallel  to   ab  or  dc,  and 
GiH   pa'allel  to  ad  or  bc,   making  ai, 
IC   complements   to   the   parallelograms 
EG,  HF,  which  are  about  the  diagonal 
r>B  :  then  will   the  complement  A I   be 
equal  to  the  complement  ic. 

Jot, 
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For,  fmce  the  dia'ronal  f:>B  blfe6ts  the  three  parallelograms 
AC,  EG,  HF  (th.  22)  ;  therefore,  the  who'e  triangle  dab 
being  equal  to  the  whr^le  triangle  dcb,  and  the  parts  dei, 
IHB,  refpecStively  eqi^al  to  the  parts  dgi,  tfb,  the  remaining 
parts  Al,  iC,  miifl:  alfo  be  equal. (by  ax.  3).  C^  E.  d. 

THEOREM  XXIX. 

A  Tp.apezoid,  or  Trapezium  having  two  Sides  Parallel, 
is  eqnal  to  Haifa  Parallelogram,  whofe  l>afe  is  the  Sum  of 
thofe  two  Sides,  and  its  Altitude  the  Perpendicular  Diftancc 
between  them. 

Let  A  BCD  be  the  trapezoid,  having  Its 
two   fides    AB,    DC,  parallel;  and  in    ab 
produced   take   be  equal   to  dc,  fo  that 
AE  may  be  the  fum   of  the  two  parallel 
fides;  produce  DC  alfo,  and  let  kf,  gc, 
BH,  be  all  three  parallel  to  ad.    Then  is 
AF  a  parallelogram  of  the  fame  altitude  with  the  trapezoid 
ABCD,  having  its  bafe  ae  equal  to  the  fum  of  tlie  parallel  fides 
of  the  trapezoid  ;  and  it  is  to  be   proved  that  the  trapezoid 
ABCD  is  equal  to  half  the  parallelogram  a  p. 

Now,  fmce  triangles,  or  parallelograms,  of  equal  bafes 
and  altitude,  are  equal  (corol,  2,  th.  25),  the  parallelogram 
DG  is  equal  to  the  parallelogram  he,  and  the  triangle  cgk 
equal  to  the  triangle  chb;  confequently  the  line  bc  bifecls, 
or  equally  divides,  the  parallelogram  af,  and  abcd  is  the 
half  of  it.         Q^  E.  D. 

THEOREM  XXX. 

The  Sum  of  all  the  Rectangles  contained  under  one 
Whole  Line,  and  the  feveral  Parts  of  another  Line,  anv  how 
divided,  is  Equal  to  the,  Redtangle  contained  under  the  Two 
Whole  Lines. 

Let  AD  be  the  one  line,  and  ab  the 
other  line,  divided  into  the  parts  ae,  ef, 
FB  ;  then  fnall  the  rectangle  contained  by 
AD  and  AE,  be  equal  to  (he  fum  of  the 
reCtangles  of  ad  and  ae,  ad  and  ef, 
^nd  AD  and  fb  :  thus  expreifcd,  ad  .  ab 

=  AD   .    AE   4-    AD    .   ef    -f    AD    .   FE. 

For,  make  the  re6tanglc  ac  of  the  two  whnle  lines  ad, 
AB  ',  and  draw  eg,  tu,  perpendicular  to  ab,  or  parallel  to 
ad,  to  which  they  are  equal  (th.  22).  Then  the  whole 
re(5langle    AC   is  made  up  of  all   the  other  re<£lwn£;ies  AG' 
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EH,  FC.  But  thefe  re6langles  are  contain- 
ed by  AD  and  ae,  eg  and  ef,  FHand  fb  ; 
•which  are  equal  to  tl.e  ie6langles  of  ad 
and  AE,  AD  and  ef,  ^d  andFJs,  becaufe 
AD  is  equal  to  each  of  the  two,  eg,  fh. 
Therefore  tlic  redlanole  ad  .  ab  is  eaual  to  the  fum  of  ^11 
the  other  re6tangles  ad  .  ae,"'ad  .  ef,  ad  .  fb. 

Corol.  If  a  r'ght  line  be  divided  into  any  two  parts;  the 
fquare  on  the  wiioie  line,  is  equal  to  both  the  re6langles  of 
the  whole  line  and  each  of  the  parts. 


THEOREM  XXXI. 


The  Square  of  the  Sum  of  two  Lines,  is  greater  than  the 
Sum  of  their  Squares,  by  'l\vice  the  Re6i:angle  of  the  faid 
Lines.  ( )r,  the  Square  of  a  whole  Line,  is  equal  to  the 
Squares  of  its  two  Parts,  together  with  Twice  the  Kedtanglc 
of  thofe  Parts. 


G 
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Let  the  line  ab  be  the  fum  of  any  two 
lines  AC,  cb  :  then  will  the  fquare  of  ab 
be  equal  to  the  fquares  of  AC,  cb,  together 
with  twice  the  redlangle  of  AC  .  cb.  That 
is,  ab'  =  AC^  -j-  CB'  -f  2ac  .  cb.  ** 

For,  let  abde  be  the  fquare  on  the  fum 
or  whole  line  ab,  and  acfg  the  fquare 
en  the  part  ac.     Produce  cf  and  gf  to  the  other  fides  at  H 
and  r. 

From  the  lines  ch,  gi,  which  are  equal,  being  each 
equal  to  the  lldes  of -the  fquare  ab  or  bd  (th.  22),  take  the 
parts  CF,  gf,  which  are  equal  alfo,  being  the  iides  of  the 
fquare  af,  and  there  remains  fh  equal  to  Fi,  which  are 
alfo  equal  to  dh,  di,  being  the  oppoiite  fides  of  a  parallelo- 
gram. Hence  the  tigui^"  hi  is  equilateral ;  and  it  has  all 
its  angles  right  ones  (corol.  1,  t\\.  22);  it  is  therefore  a 
fquare  on  the  lire  fi,  or  the  fquare  of  its  equal  cb.  Alfo 
the  figures  ef,  fb,  are  equal  to  two  rectangles  under  ac 
and  CB,  becaufe  gf  is  equal  to  ac,  and  fh  or  fi  equal 
to  CB.  Bur  the  whole  fquare  ad  is  made  up  of  the  four 
figdres,  viz  the  two  Iquares  af,  fd,  and  the  two  equal  rc61:- 
ans[les   e   ,  fb.     That  is,  the  fquare  of  ab  is  equal  to  the 


fquares  of  ac,  cb,  together  with  twice  the  redlangle  of  AC, 


CB. 


Carol,  Hence,  if  a  Ime  be  divided  into  two  equal  parts  j 
the  fquare  of  the  whole  imej  will  be  equal  to  four  times  the 
fquare  of  half  the  line, 
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THEOREM  XXXII, 

The  Square  of  the  Difference  of  two  Lines,  is  Icfs  than 
the  Sum  of  their  Squares,  by  I'wice  the  Re6langie  of  tlie 
faid  Lines. 

Let  AC,  Bc,  be  any  two  hues,  and  ab 
their  diffej-ence  :  then  will  the  l^uare  of  ab 
be  lefs  than  the  fquares  of  ac,  bc,  by 
twicw  the  reclangle  of  ac  and   bc.     Or, 

AB^  =:  AC-  4-  BC-  —    2AC    .   BC. 

For,  let  ABDE  be  the  fquare  on  the  dif- 
ference AB,  and  ACFG  the  fquaie  on  the 
line  AC.     Produce  ed  to  h  ;  alfo  produce 
DB  and  HC,    and  drawKi,   making   bi    the   fquare  of  the 
other  Hne  bc. 

Now  it  is  vifibie  that  the  fquare  ad  is  lefs  than  the  two 
fquares  af,  bi,  by  tlic  tvvo  leclangles  ef,  di.  But  gf  is 
equal  to  the  one  lirie  ac,  and  ge  or  fii  is  equal  to  tlie 
other  line  bc  ;  conl^quently  the  rcftangle  ef,  contained 
under  eg  and  gf,  is  equal  to  the  re61:angle  of  ac  and  bc. 

Again,  fh  being  equal  to  ri  or  bc  or  dh,  by  adJing 
the  common  part  hc,  the  whole  bi  will  be  equal  to  the 
whole  FC  or  equal  to  ac  ;  and  confequentlv  the  hgure  di 
is  equal  to  the  re6lLingle  contained  by  ac  and  bc. 

Hence  the  two  iBguies  ef,  di,  are  two  rectangles  of  the 
two  lines  ac,  bc  ;  and  confequently  tlie  fquare  of  ab  is 
lefs   than  the  fquares  of  ac,   bc,   by   twice  the  recSlangle 

AC  .  BC. 


3v  I> 


THEOREM    XXXIII. 

The  Difference  of  the  Squares  of  two  Lines,  is  equal  to 
-the  RedLangrie  under  the  Sum  and  Difference  of  the  fame 

T  •  ^ 

Lines. 

Let  AB,  AC,  be  any  two  unequal  lines  ; 
then  will  the  diiTerence  of  the  fquares  of 
AB,  AC,  be  equal  to  a  re6tangle  under 
their  fum  and  difference.     That  is,  ae"  — 

AC'    =   ab  4-  AC   .   AB   —    AC. 

For,  let  ABDE  be  the  fquare  of  ab,  and 
ACFG  the  fquare  of  ac.  Produce  db 
till  BH  be  equal  to  ac  ;  draw  hi  parallel 
to  AB  or  ED,  and  produce  fc  both  ways 
to  I  and  K. 

llien  the  difference  of  tlic  two  fquares  ad,  af,  is  evi- 
dently 
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Gently  the  two  rectangles  ef,  KB.  But  the  re6l:ing]es  EF, 
Bi,  are  equal,  being  contained  under  equal.  Hnes  ;  for  ek  and 
BH  are  each  equal  to  ac,  and  ge  is  equal  to  CB,-  being  each 
e^nal  to  tlie  difFerence  between  ab  and  AC,  or  their  equals 
A E  and  AG.  Therefore  the  two  ef,  K!?,  aieeqnalto  the' 
two  KB,  BT,  or  to  the  whole  kh  ;  and  confcquendy  KH  •is 
equal  to  the  difference  of  the  fqnares  ad,  at-.  But  kh  is  a 
xe^langle  contained  under  dh  ;  or  the  fum  of  ab  and  ac;' 
and  KD,  or  the  difference  of  ab  and  ac.  Therefore  the 
difference  of  tiie  fnuares  of  ab,  ac,  is  equal  to  the  redanglo 
under  llieir  fum  and  difference.         Q^  ^*  °* 

THEOREM    XXXIV.  , 

In  any  Right-angled  Triangle,  the  Sqnare  of  the  Hypo*' 
t^enufe,  is  equal  to   the  Sum  of  the  Squares   of  the   other 

two  Sides. 

Let  ABC  be  a  right-angled  triangle, 
having  the  right  angle  c  ;  then  will  the 
{Square  of  the  hvpothenufe  ab,  be  equal 
to  the  fum  of  the  Iquares  of  the  i  rher 
two  flues   AC,  CB.     Or  ab~  =  ac^ 

For,  on  ab  defcrile  the  fquare  ae, 
and  on  ac,  cb,  the  fquares  ag,  bh  ; 
then  draw  ck  parallel  to  ad  or  be  j 
and  join  A.i,  bf,  CD,  CE. 

Now,  becaufe  the  line  ac  meets  the  two  cg,  cb,  fo  as  to 
make  two  right  angles,  thefe  two  form  one  ftraight  line  gk 
(corol  1,  th  6).  And  becaufe  the  angle  fac  is  equal  to  the 
sngle  DAB,  being  each  a  right  angle,  or  the  angle  of  a  iquare; 
to  each  of  thefe  equals  add  che  common  angle  bac,  io  will 
the  whole  angle  or  fum  f-'^b,  be  equal  to  the  whole  angle 
CAD.  But  the  line  fa  is  equal  to  the  line  AC,  and  the  hue 
AB  to  the  line  ad,  being  fides  of  the  fame  fquare;  fo  that 
the  two  fides  fa,  ab,  and  their  included  angle  fab,  are  equal 
to  the  two  fides  ca,  ad,  and  the  contained  angle  cad,  each 
to  each  ;  therefoie  the  whole  triangle  afb  is  equal  to  the 
whole  triangle  acd  (th.  1). 

But  the  iquare  ag  is  double  the  triangle  afb,  on  (ho 
fame  bafe  fa,  and  between  the  fame,  parallels  fa,  gb 
(th.  26) ;  in  like  manner,  the  para'lelogram  AK  is  double 
the  triangle  acd,  on  the  fame  bafe  ad,  and  between  the 
fame  parallels  ad,  ck.  And  fmce  the  doubles  of  equal 
things,  arc  equal  (by  ax.  6) ;  therefore  the  fquare  AG  is, equal 
to- the  parallelogram  AK, 

la 
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In  like  manner,  the  other  fquare  bh  is  proved  equal  to 
the  other  parallelogram  bk.  And  confequently  the  two 
fquares  AG  and  bh  together,  equal  to  tl.e  two  parallelogiams 
AK  and  BK  together,  or  to  the  whole  fquare.. ae,  That 
is,  the  fum  of  the  two  fquares  on  the  two  lefs  fides,  is  equal 
to  the  fquare  on  the  greateft  liJe.       Q^  E.  d, 

Corol.  1.  Hence,  ^he  fquare  of  either  of  the  two  lefs  fides, 
is  equal  to  the  difference  of  the  fquares  of  the  Inporhenufe 
.and  the  other  fide  (ax  3)  ;  or,  equal  to  the  re<Slangle  con- 
tained under  the  hum  and  difference  of  the  fan]  hypodienufc 
and  other  fide  (th    33). 

Corol.  a.  Hei.ce  aifo,  if  two  right-angled  triangles  haye 
two  fides  of  the  one  equal  to  two  c(;rjefp6nding  fities  of 
the  other ;  their  third  fides  will^  alfo  be  equal,  and  the 
triangles  identical, 

THEOREM   XXXV. 

In  any  Triangle,  the  Difference  of  the  Squares  of  the 
two  Sides,  is  Kqual  to  the  Difference  of  the  Squares  of  the 
two  Lines,  or  D.ftanccs,  included  between  the  Extremes  of 
the  Bafe  and  the  Perpendicular. 

Let  ABC  be  any  triangle,  having 
CD  pel pendicular  to  ab  ;  then  will 
the  difference  of  the  fquares  of  ac, 
EC,  be  equal  to  the  difference  of  the 
fquares  of  ad,  BD  ;  that  is,  AC"  — 


D  B 


BC'  =  AD     —  BD 


For,  fince  ac"  is  equal  to  ad"  +  cd";?    „^  j,^_  3 

and  BC-  IS  equal  to  ed-  -f  cd   ^       ^  " 

Theref  the  difference  between  AC  '  and  bc" 
is  equal  to  the  difference  between  ad'  4~  cd^ 

and  bd'  +  cd*^ 
or  equal  to  the  difference  between  ad   and  iiD*^ 
bv  taking  away  the  com m. on  fquare  cd~.  CJ^  E,  d« 

Corol.  The  re61:angle  under  the  fum  and  d'ffcrence  of  the 
two  fides  of  any  triangle,  is  equal  to  the  retSiangle  under  the 
fum  and  difference  of  the  dilhnces  between  the  perpendi- 
cular and  the  two  extremes  of  the  bafe,  or  equal  to  the 
re61:angle  under  the  bafe  and  the  difference  or  fum  of  the 
Segments,  according  as  the  perpendicular  fails  Withiii  or 
Widiout  the  triangle. 


That 
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That  Is,     AC    -1-    BC    .    AC    -    BC    ==  AD  +  BD    .  AD   -    Bff 

Or,  '           AC   -i-    BG  .    AC   —    BC   =   AB  .  AD   -T-  BD  in    thc 

2d  fip-ure. 

o .  ,                              


And  AC  -j-  BC   .    AC   -    EC  =:  AB  .   AD  4-  BD  in  the 

1(1  figure. 

THEOREM    XXXVI. 

In  any  Obtufe-angled  Triangle,  tlie  Square  of  the  Side 
fubtending  the  Obtule  Angle,  is  Greater  than  the  bum  of 
the  Squares  of  tlie  otaer  two  Sides,  by  Twice  tlie  Kectanglc 
of  the  Bale  and  the  Diftance  of  the  Perpendicular  fiom  the 
Obtufe  Angle. 

Let  ABC  be  a  triangle,  obtufe  angled  at  b,  and  cD  per- 
pendicular to  AE  ;  then  will  the  Iquare  of  ac  be  greater 
than  the  fquares  of  ab,  bc,  by  twice  the  rectangle  of  ab, 
BD.  That  is,  AC"  =  ab^  +  ec^  -|-  2a b  .  bd.  See  the 
ift  fig.  above,  or  below. 

For,  fince  the  fquare  of  the  whole  line  ad  is  equal  to  the 
fquares  of  the  parts  AB,  bd,  with  twice  the  rc6langle  of 
the  fame  pa^-ts  ab,  bd  (th.  31):  if  to  each  of  thefe  equals 
there  be  added  the  fquare  of  cd,  then  the  fquares  of  ad,  cd, 
will  be  equal  to  the  fquares  of  ab,  bd,  cd,  with  twice  the 
re6langle  of  ab,  bd   (by  ax,  2). 

But  the  fquares  of  ad,  cd,  are  equal  to  the  fquare  of  AC  ; 
and  rhe  fquares  of  bd,  cd,  equal  to  the  fquare  of  bc  (th.  34); 
therefore  the  fquare  of  ac  is  equal  to  the  fquares  of  ab,  bc, 
together  with  twice  the  recflangle  of  ab,  bd.         <^  e.  d.  ' 

THEOREM    XXXVII. 

In  any  Triangle,  the  Square  of  the  Side  fubtending  an 
Acute  Angle,  is  Leis  than  the  Squares  of  tlie  Bafe  and  the 
other  Side,  by  Twice  the  Rectangle  of  the  Bale  and  the 
Difcance  of  the  Perpendicular  from  the  Acute  Angle. 

Let  ABC  be    a  triangle,  havii^.g  r  r 

the  angle  a  acute,  and  cd  perpen-  y 

dicular  to  ab  ;  then  v/ill  the  fquare  /  ^ 

of  bc,  be  leis  than  the  fquares  of        /      I 

ab,    AC,    by    twice   the  rectangle      ^ g~£)    ^ ^iB 

of  AB,    AD.     That  is,   bc''^  ^:  AB^ 
-j-  AC    —  2AB,.  ad. 

For, 
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I'or,  in  fig.  1,  Ac^  is  =  bc^  -f  ab-  +  2AB  .  BD  (th.  36). 
To  each  of  thefe  equals  add  the  fquare  of  AB, 
then  is  ab-  -f  ac'-  =  Bc'^  +  2ab^  -j-  2ab  .  ed   (ax.   2), 

or  =  BC^  -f  2ab  .  ad  (th.  30). 

<^  E.  D* 

Again,  in  fig.  2,  ac"  is  =  ad^  -f-  Dc'^  (th  34). 
And    AB'  =  ad'  4-  DB-  +  2ad  .  db   (th.  31). 
Thcref.  AB*  +  AC-  =  bd'^  +  dc'  -f  2 ad^  +  2 ad  .  db  (ax. 2), 

or  =  BC^-j-2AD'^4-2AD.DB   (th.  34), 
or  —  Bc- +  2ab  .  AD  (th.  30).         q^e.  D. 

THEOREM    XXXVIII. 

In  any  Trlan^^le,  the  Double  of  the  Square  of  a  Line 
drawn  from  the  Vertex  to  the  Middle  of  the  Bafe,  togeihcr 
with  Double  the  Square  of  the  Half  Bafe,  is  E(jual  to  the 
Sum  of  the  Squares  of  the  other  Two  Sides. 

Let  ABC  be  a  triangle,  and  cd  the  line 
drawn  from  the  vertex  to  the  middle   of  C 

the  bafe  ab,  bifcvSllng  it  into  the  two  equal 
parts  ad,  db  ;   tlien  will  the  fum  of  the  / 

fquares  of  ac,  cb,  be  equal  to  twice  the  / 

fum  of  the  fquares  of  cd,  bd  ;  or  ac'-  4-  4- ^^— r.— -r- 

CB''  =  2cD^  +  2DE-. 

For,  let  CE  be  perpendicular  to  the  bafe  ab.  Then, 
flncc  (by  th.  36)  ac-  exceeds  the  fum  of  the  two  fquares 
ad'-  and  cd-  (or  bd'-  and  cd'~)  by  the  double  rectangle 
2 AD  .  DE  (or  2bd  .  de)  ;  and  fince  (by  th.  37)  BC-  is  lefs 
than  the  fame  fum  by  the  faid  double  reftanglc ;  it  is  mani- 
fefl:  that  both  Ac'^  and  BC-  together,  muft  be  equal  to  that 
fum  twice  taken  ;  the  excefs  on  the  one  part  making  up  the 
defedl  on  the  other.         q.  e.  D. 

THEOREM    XXXIX. 

In  an  Ifofceles  Triangle,  the  Square  of  a  Line  drawn 
from  the  Vertex  io  any  Point  in  the  Bafe,  together  with  the 
Redlangle  of  the  Segments  of  the  Bafe,  is  Equal  to  the 
Square  of  one  of  the  Equal  Sides  of  the  Triangle. 

Let    ABC    be  the  ifofceles  triangle,  and  C 

CD  a  line  drawn  from   the  vertex  to  any  /f\ 

point  D  in  the  bafe :  then  will  the  fquare  of  / 

AC  be  equal  to  the  fquare  of  cd  together  /  / 

with  the  re6langle  ot  ad  and  db.     That  (—i^ 

*  9  or  ^^   •^ 


as,  ac^  =  CD~  4-  ad  ,  DB. 


For, 
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For,  let  CE  bifecSt:  the  vertical  angle:  then  tviti  It  air<5 
I>ifet5l  the  bafe  ab  perpendicularly,  making  ae=:±  eb  (cor.  I^ 
h.  3)  . 

But,  in  the  triangle  acd^  obtufe  angled  at  Dj  the  fquare 
4ic~  is  =  cd'  -f-  ad'  -f  2ad  .  de  (th.  36),  C 

or  ='  C  D  • 


-    AD 

or  ==  CD     -f-  AD 

or  =   CD"   -f   AD 
©r  =  CD^  4-  AD 


AD   f  2de  (th.  30), 

AE    -f-  DE, 

BE   -|-  DE, 
DB. 


THEOREM    Xt. 

In"  any  Parallelogram,  the  two  Diagonals  Bife^l  each 
other,  and  the  Sum  of  tlieir  Squares  is  equal  to  the  Sum  of 
the  Squares  of  all  the  leur  Sides  of  the  Parallelogram. 

Let  ABCD   be  a  parallelogram,  whofe  JJL  ^ 

diagonals  interfe(St  each  odicr  m  e  :  then 
■will  AE  be  equal  to  -EC,  and  be  to  ED; 
and  the  fum  of  th :  iquares  of  AC,  bd,  will 
be  equal  to  the  fum  of  the  iquares  of  AB, 
BC,  CD,  da.     That  is, 

AE  =  EC,  and  BE  =  ED, 
and  AC-  +  BD'  =  AB-  -f  Bc^  +  CD^  -j-  DA^ 

For,  the  triangles  aeb,  dec,  are  equiangular,  becaufe 
thtY  have  the  oppofite  angles  at  e  equal  (th.  7),  and  the  two 
lines  AC,  BD,  meeting  the  parallels  ab,  dc,  make  the 
angle  bae  equal  to  the  angle  dce,  and  the  angle  abe  equal 
to  the  angle  cde,  and  the  fide  ab  equal  to  the  fide  dc 
(th  22)  i  tli;erefore  thefe  two  triangles  are  identical, '  and 
have  their  correfponding  fides  equal  Jth.  2),  viz.   ae  =  ec, 

BE   ~  ED. 

Again,  fmce  AC  is  bifefted  in  E,  the  fum  of  the  fquares 
AD^  -i-  DC-  ~  2ae^  -{-  2de"  (th.  38). 

In  like  manner,   ab-  -f  bc^  =:  2ae^  -f-  2b E*  or  2de^. 
Theref.  ab^  +  Bc^  +  cd^  -j.  da- =:4ae'- -f4DE-  (ax.2). 

But,  becaufe  the  fquare  of  a  whole  line  is  eqiial  to  four 
times  the  fquare  of  half  the  Hne  (cor.  th.  31),  that  is,  ac~  = 
4ae%  and  bd"  =  4de=^. 

Theref.  ab*  +  BC'^  +  cd"  -f  DA^  =  Ac'  +  bd^  (ax.  1). 

Q^  E.  D. 
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.  THEOREM  XLI. 

■■•■  / 

Tf  a  "Right  L'ne,  drawn  through  or  from  the  Centre  of  a 
Circle,  Bifedt  a  Chord,  it  will  be  Perpendicular  to  it ;  or  if 
it  be  Perpendicular  to  the  Chord,  it  v/ill  Bife»5l  both  the 
Chord  and  the  Arc  of  the  Chord. 

Let  AB  be  anv  chord  in  a  circle,  and  CD 
a.  line  drawn  from  the  centre  c  to  the 
chord,  'i'lien,  if  the  chord  be  bife6led  in 
the  point  D,  CD  will  be    perpendicular   to 

AB. 

For,  draw  the  two  radii  ca,  cb.  Then 
the  two  triangles  acd,  bcd,  having  ca 
equal  to  CB  {def.  44),  CD  common,  and 
AD  equal  to  db  (by  hyp)  ;  have  all  the  three  fides  of  the 
one,  equal  to  all  the  three  fides  of  the  other,  and  fo  have 
their  angles  alfo  equal  (th.  5).  Hence  then,  the  angle  adc 
being  equal  to  the  angle  bdc,  thefe  angles  are  right  angles, 
and  the  line  cd  is  perpendicular  to  ab  (def.  11). 

Again,  if  CD  be  perpendicular  to  ab,  then  will  the  chord 
iiB  be  bife6ted  at  the  point  D,  or  have  ad  equal  to  db,  and 
the  arc  aeb  in  the  point  E,  or  have  ae  equal  eb. 

For,  having  drawn  ca,  cb,  as  before.  Then,  in  the  tri- 
angle ABC,  becaufe  the  fide  ca  is  equal  to  the  fide  cb,  their 
oppofite  angles  a  and  Bare  alfo  equal  (th.  3).  Hence  then, 
in  the  two  triangles  acd,  bcd,  the  angle  a  is  equal  to  the 
angle  B,  and  the  angles  at  d  are  equal  (def.  1 1 ) ;  therefore 
their  third  angles  are  alfo  equal  (corol.  1,  th.  17).  And  hav- 
ing the  fide  CD  common,  they  have  alfo  the  iide  ad  equal  to 
the  fide  db  (th.  2). 

Alfo,  fince  the  angle  ace  Is  equal  to  the  angle  bce,  the 
arc  AE,  which  meafures  the  former  (def.  57),  is  equal  to  the 
arc  be,  wdiich  mealures  the  latter,  fmce  equal  angles  mud 
have  equal  meafures. 

CsroL  Hence  a  line  bifedling  any  chord  at  right  angles, 
paiTes  through  the  centre  of  the  circle. 

THEOREM    XLIl 

If  More  than  Two  Equal  Right  Lines  can  be  drawm  from 

any  Point  within  a  Circle  tc  the  Circumference,  that  Point 

i)\  ill  be  tlie  Centi"e, 

Let 
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Let  ABC  be  a  circle,  and  d  a  point 
within  it ;  then  If  any  three  lines,  da, 
BB,  DC,  drawn  from  the  j>oint  d  to  the 
circumference,  be  equal  to  each  other, 
the  point  D  will  be  the  centre. 

For,  draw  the  chords  ab,  bc,  which 
let  be  bifedled  in  the  points  e,  f,  and 
join  DE,  DF. 

Then,  the  two  triangles  dae,  dbe, 
have  the  fide  da  equal  to  the  fide  db  by  fuppofitlon,  the 
£Ide,AE  equal  to  the  fide  eb  by  hvpothcfis,  and  the  fide  de 
common  ;  therefore  thefe  two  triangles  are  identical,  a'^nd 
have  the  angles  at  e  equal  to  each  other  (th.  5)  ;  confe- 
quently  de  is  perpendicular  to  the  chord  ab  (def.  11),  and 
therefore  pafTes  through  the  centre  of  the  circle  (corol. 
th.  4!). 

In  like  manner,  it  may  be  fhewn  that  df  pafTes  through 
the  centre.  Confequently  the  point  d  is  the  centre  of  the 
circle,  and  the  three  equal  lines  da,  db,  do,  are  radii. 


THEOREM    XIIII. 

If  two  Circles  touch  one  another  Internally,  the  Centres  of 
the  Circles  and  the  Point  of  Conta6l  will  be  all  in  the 
Same  Right  Line. 

Let  the  two  circles  abc,  ade,  touch 
one  another  internally  in  the  point  a  ;  then 
will  the  point  a  and  the  centres  of  thofe 
circles  be  all  in  the  faine  right  line. 

For,  let  F  be  tht  centre  of  the  circle 
ABC,  through  which  draw  the  diameter 
AFC  Th^,  if  the  centre  of  the  other 
circle  can  be  out  of  this  line  ac,  let  it  be 
fuppofed  in  fome  other  point  as  g  ;  through  which  draw  the 
line  FG  cutting  the  two  circles  in  b  and  d. 

Now,  in  the  triangle  afg,  the  fum  of  the  two  fides  FG, 
Ga,  is  greater  than  the  third  fide  af  (<"h.  10),  or  greater  than 
its  equal  radius  fb.  From  each  of  thefe  take  away  the 
common  part  fg,  and  the  remainder  ga  will  be  greater 
than  the  remainder  gb.  But  the  point  g  being  fuppofed 
the  centre  of  the  inner  circle,  its  two  radii  ga,  gd,  are 
equal  to  one  another ;  confequently  gd  will  alfo  be  greater 
tliaii  GB,    But  ADE  being  the  inner  circle^  gd  is  neceiTarilY 
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lefs  than  gb.  So  that  gd  is  botli  greater  and  lefs  than  gb  ; 
which  is  abfiird.  Ccnfequendy  the  centre  G  cannot  be  out 
•f  the  line  afc.         q^   Ji.  d. 
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If  two  Circles  Touch  one  another   Extern^.llv,  the  Centres 


of  tjie  Circles    and  the  Point  of  Conta^  will 
the  Same  RiMit  Line. 


ill  in 


Let  the  two  circles  abc,  ade,  touch  one 
another  externally  at  the  ]K)int  a;  then  will 
the  point  of  conta6l  a  and  the  centres  of  ths 
two  circles  be  all  in  the  fame  right  line. 

For,  let  F  be  the  centre  of  tlie  circle  abc, 
through  which  draw  the  dian)eter  afc,  and 
produce  it  to  the  otlier  circle  at  E.  Then,  if 
the  centre  of  the  circle  ade  can  be  out  of 
the  line  fe,  let  it,  if  poffible,  be  fuppofed 
in  fome  other  point  g  ;  and  draw  the  lines 
X.G,  FEDG,  cutting  the  two  circles  in  b  and  d. 

Then,  in  the  triangle  afg,  the  fum  of  tlie  two  iides  af, 
AG,  is  greater  than  the  third  fide  fg  (th.  10).  But,  f  and  o 
being  the  centres  of  the  two  circles,  the  two  radii  ga,  gd, 
aie  equal,  as  are  alfo  the  two  radii  af,  fb.  Hence  the  fura 
of  ga,  af,  is  equal  to  the  fura  of  gd,  ef  ;  and  therefore 
tills  latter  fum  alio,  gd,  bf,  is  greater  than  gf,  which  is 
ahfurd.  Confequently  the  centre  a  cannot  ha  out  of  tliQ 
line  FE.         C^  E.  D. 


THEOREM   XLV. 

Any  two  Chords  in  a  Circle,  which  are  Equally  Dlflant 
troin  the  Centre,  are  Equal  to  each  otlier  ;  or  if  thcv  be 
Equal  to  each  other,  they  will  be  Equally  Diftant  from! 
the  Centre. 

Let  ab,  cd,  be  any  two  chords  at  equal 
diflances  from  the  centre  g  ;  then  will 
thefe  two  cliords  ab,  cd,  be  equal  to  each 
otlier. 

For,  draw  the  two  radii  ga,   cc^  and 
the  two  perpendiculars  ge,  gf,  which  are, 
the    equal   diftances   from    the  centre  g. 
Then,  the    two    right-angled   triangles    ca^,  gcf,    havino- 
tlie  fide  GA  equal  the  Ude  gc,  and  the  iiJe  gs  equal  the 
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fide  GF,  and  the  angle  at  e  equal  to  tlie 
•an^le  at  f,  therefore  the  two  triangles 
GAE,  GCF,  are  identical  (th.  2),  and  have 
the  line  ae  efj»jal  the  line  cf.  But  ab  is 
the  double  of  ah,  and  cd  is  the  douMe  of 
CF  (th.  41);  therefore  ab  is  equal  CD 
(by  ax.  6).  q^  e.  d. 

Again,  if  the  chord  ab  be  equal  to  the  chord  cd  ;  then 
will  their  diftances  from  the  centre,  G£,  GF,  alio  be  equal 
to  each  other. 

For,  fnice  ab  is  equal  cd  by  fuppofidon,  the  half  ae  is 
equal  the  half  cf.  Alio  the  radii  ga,  gc,  being  equal,  as 
well  as  the  right  angles  e  and  F,  therefore  the  tin rd  {vies 
are  equal  ^th.  2j,  or  the  diftance  ge  equal  the  diilance  gf. 

Q^E.  D. 

Corol.  Hence,  if  two  right-angled  triangles  having  equal 
hypoth.enufes,  have  two  other  lides  alfo  equal;  then  will  the 
third  fides  be  equal,  and  the  two  triangles  identical,  or  equal  \M 
aii  refpe6ls. 


THEOREM  XLVI. 

♦ 

A  Right  Line  Perpendicular  to  the  Extremity  of  a  Radiusr, 

is  a  Tangent  to  the  Circle. 

Let  the  line  adb  be  peipendicular  to  the 
tadius  CD  of  a  circle  ;  then  fliall  ab  touch         •  A__I}_Ji3 
the  circle  in  the  point  d  only. 

For,  from  any  other  point  e  in  the  line 
AB,  draw  CFE  to  the  centre,  meeting  the 
circle  in  Fr 

'i  liCn,  becaufe  the  angle  d,  of  the  triangle 
ODE,  is  light-angled  at  d,  the  angle  at  e  is  acute  (th.  17. 
cor.  3),  and  confequently  lefs  than  the  angle  d.  But  the 
greater  fide  is  always  oppofite  to  the  greater  angle  (th.  9}  ; 
therefore  the  fide  ce  is  greater  than  the  fide  cd,  or  greater 
than  its  equal  cf.  Hence  the  point  e  is  without  the  circle  ; 
and  the  fame  for  every  other  point  in  the  line  ab.  Confe* 
quently  the  whole  line  is  without  the  circle,  and  meets  it  in 
the  point  d  only. 

CoroL  Hence  it  follows,  that  a  perpendicular  is  the 
fhorttft  line  whicli  can  he  drawn  from  any  point  to  a  given 
line  ;  fmce  the  perpendicular  cd  is  fhorter  than  any  other 
line  which  can  be  drawn  from  the  point  c  to  the  line  ab, 
ihe  fume  as  theorem  2  i . 
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THEOREM   XLVII. 

If  a  ^ig!it  T/me  be  a  Tangent  to  a  Circle,  a  "Radius 
drawn  to  the  Point  of  Concad  will  bts  PerpeaJicular  to 
the  rancreiit. 

Let  the  line  ab  touch  tlie  circumference  of  a  circle  at  the 
point  D  ;  then  will  the  ra.liiis  cD  be  perpendicular  to  the 
tangent  ab.     [See  the  1  aft  figure.] 

For,  the  line  ab  being  wholly  w^ithout  the  circumference 
except  at  the  p  )int  d,  every  other  line,  as  cr,  drawn  troni 
the  centre  c  to  the  line  ab,  mufi:  pafs  out  of  the  circle  to 
arrive  at  this  line.  The  line  cD  is  therefore  the  lliortefl;  that 
can  be  drawn  from  the  point  c  to  the  line  ab,  and  confe(j[uently 
(th.  21)  is  perpendicular  to  that  line. 

Carol.  Hence,  converfelv,  a  line  drawn  perpendicular  to 
a  tangent,  at  the  point  of  contadt,  paifes  throughx  the  centre 
of  the  circle. 

THEOREM   XLVII  I. 

The  Angle  formed  by  a  Tangent  and  Chord  is  Meafured  by 

Half  the  Arc  of  that  Chord. 

Let  AB  be  a  tangent  to  a  circle,  and  cd 
a  chord  drawn  from  the  point  of  contaf^  c  ; 
then  is  the  ande  ecd  meafured  bv  half  the 
arc  CFD,  and  the  angle  acd  mealured  by 
half  the  arc  cgd. 

For,  draw  the  radius  eg  to  the  point  of 
contadt,  and  the  radius  ef  perpendicular  to 
the  chord  at  h. 

T'hen,  the  radius  ef,  being  perpendicular  to  the  choid 
CD,  bifedts  the  arc  cfd  (th.  41).  iherefore  cf  is  half  the 
arc  CFD. 

In  the  trianfrle  ceh,  the  ancrle  h  belnfr-  a  risxht  anorle,  the 
fum  of  the  two  remaining  angles  e  and  c  is  equal  to  a  right 
angle  (corol.  ;:>,  th.  i7),  which  is  equal  to  the  angle  bce, 
becaufe  the  radius  ce  is  perpendicular  to  the  tangent.  Froia 
each  of  thefe  equals  take  away  the  common  part  or  angle  c, 
and  there  remains  the  angle  e  equiil  to  the  angle  ecd. 
But  the  angle  E  is  meafured  by  the  arc  CF  (def.  57),  wliich 
is  the  half  of  cfd  ;  therefore  the  equal  angle  lcd  mufb 
alio  have  the  fams  meafure,  namely,  ii^lf  the  arc  cfd  of 
the  chord  cd. 
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Again,  the  line  f?EF,  being  perpendicular 
to  the  choRl  cf)-  biiec^s  the  aic  cgd 
(th.  41).  Therei'ore  cg  is  half  the  arc 
CGD.  N'lw,  fince  the  Vuiq  ce,  meeting 
FG,  m'c'kes  the  lam  of  the  two  angles  at  £ 
ecjual  to  two  right  angles  (th.  6),  and  the 
line  CD  makes  with  ab  the  fiim  of  the  two 
angle-"  at  c  cqnul  to  two  right  angles ;  if  from  thefe  two 
ecjual  u'ms  there  he  taken  away  the  parts  cr  angles  cek  and 
ECH,  w'lich  have  been  proved  equal,  there  remains  the  angle 
C£G  equal  to  the  angle  ach.  But  the  former  of  thcfe, 
CEG,  heinp-  an  angle  at  the  centre,  is  meafured  bv  the  arc 
CG(def.  57);  confequently  the  equal  angle  acd  mufl  alfo 
h.ave  tiic  iame  meafure  CG^  which  is  half  the  arc  cgd  of  the 
ciiord  CD.  (^  E.  D. 

Corol.  1.  The  fum  of  two  right  angles  is  meafured  by- 
half  the  circumference.  For  the  two  angles  bcd,  acd, 
which  make  up  two  right  angles,  are  meaf-jred  by  the  arcs 
CF,  cG,  which  make  up  half  the  circumference,  eg  being 
a  diameter. 

Corol.  2.  Hence  alfo  one  right  angle  mud  hate  for  it* 
meafure  a  quarter  of  the  circumference,  or  DO  degrees. 


THEOREM    XLIX. 


An  Angle  at  the  Circumference  of  a  Circle,   is  Meafurcoi 
by  Half  the  Arc  that  fubtends  it. 

Let  bac  be  an  angle  at  the  circumference; 
it  has  for  its  mealure,  half  the  arc  bc  which 

fubtends  it. 


'S 


For,    fuppofc    tlie    tangent   de    pafling 
through  the  point  of  conta6i:  A.     Then,  the 
angle  dac  being  m^e-ifured  by  half  the  arc 
ABC,  and  the  angle  dab   by  half  the  arc  ab 
(th.  48);   it  follows,  by  eqiial  fubtradion,  that  the  difterencc, 
or  angle  bac,  mull  be  meafured  by  half  the  arc  bc,  whith 
it  (lands  upon.        (^^  E.  D. 
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THEOREM    L, 


All  Angles  In  tlie  Same  Segment  of  a  Circle,  or  Standing  on 
the  Same  Arc,  are  Kqual  to  eacii  other. 

Let  AC3,  ADB,  be  two  angles  in  the  fame 
fegm.^nt  acdb,  or,  which  is  the  lame  thing, 
ilaiidmg  on  the  fame  arc  aeb  ;  tlien  will  trie 
angle  acb  be  equal  to  the  angle  adb. 

For  each  of  thefe  angles  is  meafured  by- 
half  the  arc  aeb  v  and  thus,  having  equal 
jncaiures,  they  are  equal  to  each  olher  (ax.  1 1 ). 


THEOREM    LI. 

An  Angle  at  the  Centre  of  a  Circle  is  Double  the  Angle  at 
the  Circumference,  when  both  of  them  ftanJ  on  the  .:>am« 
Arc. 

Let  acb  be  an  angle  at  the  centre  c,  and 
ADB  an  angle  at  the  circumfereiice,  both 
landing  on  the  fame  arc  or  fame  chord  ab  : 
then  will  tlie  angle  c  be  double  of  the  angle 
p,  or  the  angle  d  equal  to  half  the  angle  c. 

For  the  angle  at  the  centre  c  is  meafured 
by  the  whole  arc  aeb  (def  57),  and  the  angle  at  the  circum- 
ference D  is   meafured  by  half  the  fame  arc  aeb   (th,  49}  ; 
therefore  the  angle  d  is  only  half  the  angle  c,  or  tne  angle 
C  double  the  angle  D, 


THEOREM    LII. 

An  Angle  in  a  Semicircle,  is  a  Right  Angle. 

If  ABC  or  adc  be  a  Semicircle  ;  then 
anv  angle  adc  in  that  fcmicircle,  is  a 
ri»=^ht  ansfle. 

For,  the  angle  d,  at  the  circumference, 
is  meafured  by  half  the  arc  abc  (th.  4.9), 
that  is,  by  a  quadrant  of  the  circumference. 
But  a  quadrant  is  the  meafure  of  a  right 
angle  (corcl.  4,  th.  6  ;  or  corol,  2,  th.  48). 
angle  a  is  d  right  an^k. 


Therefore  the 
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THEOREM    LIII. 

The  Angle  formed  by  a  Tangent  to  a  Circle  and  a  Chord 
drawn  from  the  Point  of  Contadl,  is  Equal  to  the  Aii'Aq 
in  the  Alternate  Segment. 

If  ab  be  a  tangent,  ac  a  chord,  and  D 
any  angle  in  the  akernate  fegment  adc  ; 
then  will  the  angle  d  be  equal  to  the  angle 
BAC  made  by  the  tano-cnc  and  chord  of  the 
arc  AEC. 

For  the  angle  d,  at   the   circumference, 
is  rneafiired  by  half  the  arc  aec  (th.  49)-; 
and  the  angle  bac,  made  by  the  tiingent  and  chord,   is  aifo 
meafurcd  by  the  fame  half  arc  aec  (ih.  48)  ;  therefore  thef© 
two  angles  are  equal  (ax.  11). 


THEOREM   L 


IV. 


The  Sum  of  any  Two  C)]:porite  Angles  of  a  Quadrangle 
Infcribed  in  a  Circle,  is  Equal  to  '5  wo  Right  Angles. 

Let  abcd  be  any  quadrilateial  infcribed 
in  a  circle ;  then  fhall  the  firm  of  the  two 
oppofue  angles  a  and  c,  or  u  and  D,  be 
equal  to  two  right  angles. 

For  the  angle  a  is  meafured  by  half  the 
arc  DCE,  which  it  (lands  upon,  and  the  angle 
c  by  half  the  arc  dab  (th.  4  9);  therefore 
the  fum  of  the  two  angles  a  and  c  is  meafured  by  half 
the  fum  of  thefe  two  arcs,  that  is,  by  half  the  ciicumference. 
But  half  the  circumference  is  tlie  ireafure  of  two  right 
angles  f'coiol.  4,  th.  6)  ;  therefore  the  fum  of  tlie  two  oppo- 
lite  angles  a  and  c  is  equal  to  two  right  angles,  in  hke 
manner,  it  is  fhewn  that  the  fum  of  tlie  other  two  oppclite 
angles,  d  and  B,  is  equal  to  two  riglit  angles.  .       q^  £.  D, 


THEOREM    LV. 

If  any  Side  of  a  Quadrangle,  Infcribed  in  a  Circle,  be 
producetl,  the  Outward  Angle  will  be  Equal  lo  the  Inward 
Oppofite  Angle. 

If  the  fide  ab,  of  the  quadiilateral 
ApcD,  infer; 'oed  n  a  circle,  be  produced 
to  E  ;  th.e  outward  angle  dae  will  be  equal 
to  the  inward  oppofite  angle  c* 
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For,  the  fum  of  the  two  acliacent  angles  dae  and  dab  is 
etjual  to  two  right  angles  ^th.  6)  \  and  the  lum  of  the  two 
oppofite  angles  c  and  dab  is  alfo  equal  to  two  right  angles 
(th.  5i);  therefore  the  fum  of  the  two  angles  dae  and  dab 
is  equal  to  t)  ?  fum  of  the  two  c  and  dab  (ax.  1).  From 
each  of  thefe  equals  taking  away  the  common  angle  dab, 
there  remains  the  angle  dae  equal  the  angle  c.        (^  E.  d. 


THEOREM     LVI. 

Two  Parallel  Chords  Intercept  Equal  Arcs. 

Let  the  two  chords  ab,  cd,  be  parallel ; 
then  will  the  arcs  ac,  bd,  be  equal ;  or 
AC  =:  ED. 

For,  draw  the  line  bc.  Then,  becaufe 
the  lines  ab,  cd,  are  parallel,  the  alternate 
angles  b  and  c  are  equal  (th.  12).  But  the 
angle  at  the  circumference  b,  is  meafured  by  half  the  arc 
AC  (th.  49);  and  the  other  angle  at  the  circumference  c  is 
meafured  by  half  the  arc  bd  :  the  halves  of  the  arcs  ac, 
bd,  and  confequently  the  arcs  themielves,  arc  therefore 
f^uaU         c^  E.  D. 


THEOREM    LVII, 

If  a  Tangent  and  Chord  be  Parallel  to  each  othep,  they 

Intercept  Equal  Arcs. 

Let  the  tangent  abc  be  parallel  to  the 
chord  DF  ;  then  are  the  arcs  bd,  bf,  equal ; 
that  is,    BD  =  BF. 

For,  draw  the  chord  bd.  Then,  be- 
caufe the  lines  ab,  df,  are  parallel,  the  al- 
ternate angles  d  and  b  are  equal  (th.  12). 
But  the  angle  B,  formed  by  a  tangent  and  a  chord,  is 
meafured  l.y  half  the  arc  bd  (th.  48;  ;  and  the  angle  at  the 
circumference  d  is  mealured  by  half  the  arc  liF  (th.  -i-^)  ; 
^e  arcs  £D,  EF,  are  tbertifore  e^^ual.       q^  e.  d.. 
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THEOREM    LVIII. 

The  Angle  formed,  Within  a  Circle,  by  the  Tnterfedion  of 
two  Chords,-  is  Meafuied  by  UrK  the  8iim  of  the  1  w© 
Arcs  Intercepted  by  thofe  Chords. 

F  FT  the  two  cb.ords  ae,  cr,  interfc£^  at 
the  point  e  :  the  angle  aec,  or  diib,  is 
meafured  by  half  the  iuin  of  two  arcs  ac, 

DS. 

For,  draw  the  ciiord  af  jDa-alkl  to  cd. 
Then,  bccaufe  the  lines  af,  cd,  are  paral- 
lel, and  AB  cuts  them,  the  angles 'ofi  diQ 
feme  {idc  A  and  beb  are  equal  (th.  14h  But  the  angle  at 
the  circumference  A  is  rneafiired  by  half  the  arc  bf,  or  of 
the  fum  01  fd  and  db  (ih.  49)  ;  therefore  the  angle  e  is 
alfo  meafared  by  half  the  fum  of  fd  and  db. 

Again,  becaufe  the  chords  af,  cd^  are  parallel,  the  arcs 
jkc,  FD,  ase  equal  (th.  56)  ;  therefore  the  fum  of  the  two  arcs 
AC,DB,  is  equal  to  the  fum  of  the  two  fd,  de  ;  and  confequently 
the  angle  e,  which  is  meafured  by  naif  the  latter  ium,  is, 
alfo  meafured  by  half  the  former.  (^  e.  d. 


THEOREM     LIX. 


The  Angle  farmed,  V/ithout  a  Circle,  by  two  Secant?,   is 
IVieafured  by  Plalf  the  Difference  of  tlie  intercepted  Arcs, 

Let  the  ancle  e  be  formed  by  two  fe- 
cants  AB  and  cd,  this  ande  is  meafured 
bv  half  the  difference  of  the  two  arcs 
AC,  DB,  Intercepted  by    the  two  fecants. 

Draw  the  chord  af  parallel  to  cD.  Then, 
bccaufe  the  lines  af,  cd,  are  parallel,  and 
AB  cuts  tliem,  the  angles  on  the  fame  fide  a 
and  bed  aie  equal  (tli.  14).     But  the  angle  A,  at  the  circum- 
ference, i&  meafured  by  half  the  arc  bf  (th.  49),  or  of  the 
jdiiiereiice  of    df    and    db  :    therefore  the  equal  angle  E  is 
^Ho  meafured  by  half  the  difference  of  df,  db. 

Again,  becaufe  the  chords  af,   cd,  are  parallel,  the  arcs 
jic>  iDj  are  equal  (th.  56)  ;  therefore  the  difference  of  the 
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two  arcs  AC,  dt^,  Is  equal  to  the  difference  of  the  tw.i  df, 
D3.  Confequently  the  aiigie  f,  which  is  mealured  by  half 
the  latter  diiicrence,  is  alio  nie:.lured  by  half"  the  former. 

(^  E.  3. 


THEOREM  LX. 


The  Angle  formed  bv  two  Tangents,  is  Meafured  by  Half 
the  Ditierence  of  the  two  intercepted  Arcs. 


Let  eb,  ed,  be  two  tangents  to  a  circ]>3 
at  the  points  a,  c  ;  then  the  angle  r  is 
meafured  bv  half  the  difference  of  tiie  two 
arcs  CFA,  CGA. 


For,  draw  the  chord  af  parallel  to  ed. 
Then,   becaufc   the  lines  af,  ed,  are  pa- 
rallel,  and  EB  meets  tliem,   the  angles  on 
the  fame  fide  A  and  £  are  eciual   (th.  14). 
But  the  angle  a,  formed  by  the  chord  af  and  tangent  as, 
is  meafured  by  half  the  arc  af  (th.  4S)  ;  therefore  the  equal 
angle  e  is  alfo  meafured  by  half  the  fame  arc  af,   or  half 
the  dIfFerenee  of  the  arcs  cfa  and  cf,  or  cga  (th.  57). 


Ccrol.  In  like  manner  it  is  proved,  that 
the  anjrle  e,  formed  bv  a  tancrent  ecd  and 
a  fecant  eab,  is  meafured  by  half  the  dif- 
ference of  the  two  intercepted  arcs  ca  and 
cfb. 


THEOREM    LXI. 


If  two  Lines,  meeting  a  Circle  each  in  two  Points,  Cut  one 
another,  either  Within  it  or  Without  it ;  the  ke^langle 
of  the  Parts  of  the  one,  will  be  Kqual  to  the  Revfiangle  of 
the  Parts  of  the  other :  the  Parts  of  each  beino-  meafured 
from  the  point  of  meeting  to  the  two  intcrkdtions  vvich 
the  circumference* 


Let 


3]f 


©EOMETRT. 


Let  the  two  chords  ab,  cd,  meet  each 
>ther  in  e;  the  re6tanrle  of  ae,  eb,  will 


be 
Or,  AE 


equal 


to 

EB 


the    rtd 

CE 


cinLne 


le    of     CE,    ED. 


For,  throne-h  the  point  e  draw  tlic  dia- 
meter FG  ;  alio,  from  the  centre  ii  draw 
the  radius   dh,  and  hi   perpendicular  to 

CD. 

Tlien,  fmce  deh  is  a  triang-Ie,  and  the 
perp.  HI  bifecSls  the  chord  cd  (th.  4l),  the 
line  CE  is  equal  to  the  diflerence  of  the 
fegments  Di,  Ei,  the  fum'  of  them  being 
j)E.  Alfo,  becaufe  h  is  the  centre  of  the 
circle,  and  the  radii  dh,  fh,  git,  are  all  equal,  the  line  E(S 
is  equal  to  the  fum  of  the  fides  dh,  he  ;  and  EF  is  equal  to 
their  difference. 

But  the  re£langle  o£  the  fum  and  difference  of  the  two 
iides  of  a  triangle,  is  equal  to  the  re6tangle  of  the  fum  apd 
diiierence  of  the  fegments  of  the  bafe  (corcl.  th.  35)  ;  there- 
fore the  rc61:angle  of  fe,  eg,  is  equal  to  the  re6langle  of 
of  CE,  ED.  in  the  fame  rranner  it  is  proved  that  the  recl-r 
angle  of  fe,  eg,  is  equal  to  the  redlangle  of  ae,  eb.  Confe- 
quently  the  re6langle  of  ae,  Es,  is  alio  equal  to  the  red;^ 
angle  of  cE,  ed  (ax,  1).         q^  e.  d. 

Corol.  1.  When  one  of  the  lines  in  the 
fecond  cafe,  as  de,  by  revolving  about  the 
point  E,  comes  into  the  pofition  of  the  tan- 
gent EC  or  ED,  the  two  points  c  and  D 
running  into  one;  then  the  re6langle  CE, 
ED,  becomes  the  fqiiare  of  ce,  becaufe  ce 
and  DE  are  then  equal.  Confequently  the 
re61:angle  of  the  parts  of  the  fecant,  ae  .  eb 
is  equal  to  the  iquare  ol  the  tangent  C£^ 

CoToL  '5.  Hence  both  the  tangents  eg,  ef,  drawn  from 
xk\^  fame  point  e,  are  equal  ;  fnice  the  fquaie  of  each  vs  equal 
to  the  fame  rectangle  or  quaniity,  ae  .  eb. 


THEOREM   LXII, 


In  Equiangular   Triangles,    the  Redlangles    of  the   Corrc- 
fponding  or  Like  Sidear,  taken  alternately,  are  Equal. 

Let 


THEOREMS. 


319 


Let  Afic,  DEF,  be  two  equiangular 
triaiioles,  havinc;  rlic  anijie  a  =  the 
angle  d,  the  aiigle  b  —  tYiS.  angle  e, 
and  the  angle  c  =  the  ar.glc  f  ;  alfo 
the  like  lides  ab,  dk,  and  ac,  df, 
being  thoie  oppofitc  the  equal  angle.*^. : 
U^iCn  vvilJ  the  ie61:angle  of  as,  df,  be 
equal  to  the  rectangle  of  AC,  de. 

In  BA  produced  take  ac  equal  to  df  ;  then  through  the 
three  points  b,  c,  g,  conceive  a  circle  bcgh  to  be  delcribed, 
meeting  ca  produced  at  h,  and  join  gh. 

'J'he)i  the  angle  g  is  equal  to  the  angle  c  on  tiiQ  fame  arc 
BH,  and  the  anjiie  i-i  equal  to  the  an^le  k  on  the  fame  arc -co 
(th.  5v))  ;  alio  the  o;>p;)riLe  angles  at  a  are  equal  (th.  7)  : 
therefore  the  triangle  agm  is  equiangular  to  tiie  triangle 
ACB.  and  confeq  ;entlv  to  the  triangie  dfe  aUo.  But  the 
two  like  ri.les  ag,  of,  are  alfo  equal  by  fai.polition  ;  confe- 
qucntly'the  two  triangles  ach,  dfe,  are  identical  (th.  2), 
having  the  two  fides  ag,  ah,  equal  to  the  two  df,  de,  each 
to  each. 

But  the  rc6lang;e  ga  .  ab  is  equal  to  the  re6langlc 
HA  .  AC  (th.  G!):  confequently  the  re6:angle  df  -  ab  is 
equal  the  rectangle  de  .  ac.  q^  e.  d. 


THEOREM   LXIII. 


The  Rectangle  of  the  two  Sides  of  any  Triangle,  is  Ecual 
to  the  Kectande  of  the  Peroendicular  on  the  third  Side 
and  the  Diameter  of  the  Circumicrlbing  Circle. 

Let  CD  be  the  perpenlicular,  and  ce 
the  diameter  of  the  circle  about  the  triangle 
ABC  ;  then  the  redlangle  ac  .  cb  is  ==  the 
redlangie  en  .  ce. 


For,  join  be  :  then  in  the  two  triangles 
Acd,  ECB,  the  angles  A  and  e  are  equal, 
flaiiding  on  the  fame  arc  eg  (di  50)  ;  alfo  the  riglit  angle  ?) 
is  equal  the  angle  b,  wliich  is  alf(j  a  right  angle,  bCiUg  in 
a  femicircle  (th.  52)  :  theiefore  theie  two  tr"angles  have  alio 
their  third  angles  equal,  and  are  equiangular  Hence,  ac, 
CE,  and  CD,  CB,  being  like  lides,  fubtenduig  tiie  eqisd  angles, 
the  rectangle  ,\c  .  cb  of  the  tufl  and  laft  of  th-imj  iS  equai  to 
tlie  redtangle  ce  .  cd  of  the  othei-  two  (ui.  6C). 


THEOREM 


52» 
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THEOREM  LXIY. 


The  Sq^^are  of  a  Line  Bife^tinr^  anv  Aiip^le  of  a  TrianeV, 
anci  tcimaiat'iig  m  the  ()pp(  iite  Side,  together  with  ihc 
kc€idug{e  of .  tue  two  Segments  of  that  Side,  is  Equal  to 
the   Rcftangle   of   the  two'  Sides  inciutliriir    the   Bilc6led 

Lft  CD  bifc6l  the  an^le  c  of  the  trhmf]e 
ABC  ■  tlien  the  i<\imre  of  cd^  -1-  the  ret^langle 
AD> '  DB  is  ~  the  retSlangle  ac  .  cd. 

For,  let  CO  ])e  produced  to  meet  the  cir- 
cuiTifci'bipg  circle  at  E,  and  join  ae. 

'lli^n  the  two  triangles  ace,  ecd,  are 
equiangular  :  for  the  angles  at  c  are  equal 
1>3:  fu  profit  ion,  ami  the  angles  b  and  e  are  equal,  {landing 
Oil  the  fame  arc  ac  (th.  5(');  coniequcntly  tlie  third  angles 
at  A  and  d  are  equal  (corol.  1,  th.  i"):  alfo  ac,  cd,  and 
CE,  CE,  are  like  or  correlponding  fides,  being  op})ohte  ta 
equal  angles :  therefore  the  j  t6langle  ac  .  cb  is  =  the 
ie<6ianple  cd  .  cii  (th.  62).  But  the  rc61anp-le  cd  .  ce  is 
—-  CD  4-  the  sectangle  cD  .  de  (rh.  30)  i  therefore  alfa 
the  re<S]:angle  ac  .  cb  is  =  cd  -f  cd  .  de,  or  equal  cd* 
4"  AD  .  dEj  fince  CD  .  de  is  =  ad  .  db  (th.  61). 

Q_.  E.  D. 
THEOREM   LXV. 

The  Iveiftangle  of  the  two  Diagonals  of  any  Quadrangle 
inicnbed  in  a  Circle,  is  equal  to  the  Sum  of  the  two  Rect- 
angles Of  the  Oppofite  Sides. 

Let  abcd  be  any  quadrilateral  infcribed 
in  a  circle,  and  ac,  bd,  its  two  diagonals  : 
ttiQii  the  re61angde  ac  .  bd  is  =  the  reclaa- 
g'e  AB  .  DC  -f  the  reilangie  ad  .  bc.    ' 

For,  let  CE  be  drawn,  making  the  angle 
BCF.  equal  to  tiiC  angle  dca.  Ihen  the  two 
ttianples  acd,  bce,  are  equiangular  ;  for  the  angles  a  and 
E  are  equal,  ftandiiig  on  tiie  fame  arc  dc  ,  and  the  angles 
VCA,  bce,  are  equal  by  fuppolition  ;  confequcntly  the  tmrd 
angies  adc,  eec,  are  alfo  equal :  alfo,  ac,  bc,  and  ad,  be, 
aie  like  'r  correlponding  luies,  t)eing  oppohte  to  the  equal 
ang.es :  cherefore  the  rcdt.  ac  .  be  is  =  tlie  redtangle  ad  .  bc 
(th^.  62). 

Again, 
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Again,  tlie  two  triangles  abc,  dec,  are  equianguhr:  for 
the  angles  bac,  bdc,  are  equal,  (laiKiing  on  the  ilime  -drc 
BC  ;  and  the  angle  dce  is  equal  the  asiglc  EC  a,  by  adding 
the  common  angle  ace  to  the  two  equal  angles  uca,^ 
BCE;  theretore  the  third  angles  e  and  abc  are  alio  ^qual : 
but  AC,  DC,  and  ab,  de,  are  the  like  hdes  :  therefore  the 
rectangle  ac  .  be  is  =r  the  rc6langle  ab  .  DC  (th.  6-')..    • 

[ience,    by  equal    additions,    tUe   fum    of  the    rectangles 

AC  .  BE    +    AC  .  DE    is   n:   AD  .  BC   -f-   AB  .  DC       B'JC   the  luill 

of  the  rcdtangles  AC  .  be  +  ac  .  de  is  =  the  redlangie  ac  .  pd 
(th.  30) :  therefore  the  rectangle  ac  .  bd  is  equal  the  redl. 
AD  .  BC  4-  the  red:,  ab  .  DC  (ax.  l).         Q^  E.  d« 


OF  RATIOS  AND  PROPORTIONS. 


DEFINITIONS. 

Def.  76.  Ratio  is  the  proportion  or  relation  which  ottc 
magnitude  bears  to  another  magnitude  of  the  fame  kind,  witii 
refpedl  to  quantity. 

A^oie.  The  meafure,  or  quantity,  of  a  ratio,  is  conceived^ 
by  conhdenng  what  part  or  parts  the  leading  quantity,  called 
the  Antecedent,  is  of  the  other,  called  the  Confequent ;  or 
what  part  or  parts  the  number  expreffiiig  the  quantity  of  the 
former,  is  of  tlie  number  denoting  in  like  manner  the  latter. 
So,  the  ratio  ot  a  quantity  exprelFcd  by  the  number  2,  to  2, 
like  quantity  exprciTed  by  tlie  number  6,  is  denoted  by  S 
divided  bv  2,  or  -f  or  3  :  the  number  2  being  3  times  con- 
tained in  d,  or  the  third  part  of  it.  In  like  manner,  the  ratio 
of  the  quantity  3  to  6,  is  meafured  by  ^  or  2  ;  the  ratio  of  4 
to  6  is  J  or  1-i :  that  of  6  to  4  is  4^  or  4  ;   occ. 

77.  Proportion  is  an  equality  of  ratios,     llius, 

73.  Three  quantities  are  faid  to  be  Proportional,  wheii  the 
ratio  of  the  firft  to  the  fecond  is  equal  to  the  ratio  of  ihc 
fecond  to  the  third.  As  of  the  three  quantities  a  (2),  b  (4), 
c  (8) ,  where  4  =  I-  =  2,  both  the  fame  ratio. 

79.  Four  quantities  are  faid  to  be  Proportional,  when  the 
ratio  of  the  firft  to  the  fecond,  is  the  fame  as  the  ratio  of  the 
third  to  the  fourth.  As  of  thejour,  a  (2),  b  (4),  t  (5),  D  (i^), 
■where  t-  =  V  =  ^'  ^°^-^  ^^^^  ^^^'^^  ratio. 


^2  GEOMETRY. 

Note,  To  denote  that  four  quantities.  A,  E,  c,  D,  are  pro- 
portional, they  are  ufuallv  Rated  or  placed  thur^,  a  ;  b  :  :  c  :  d; 
and  read  thus,  as  a  is  to  b  fo  is  c  to  d.  '  Bat  v-  hen  ilir-.^e 
quantities  are  proportional,  the  middle  one  is  repeated,  and 
they  are  written  thus,   a  .  b  :  I  B  :  c. 

80.  Of  three  proportional  quantities,  the  middle  one  is 
faid  to  be  a  Mean  Pj  oportional  between  the  other  two  ;  and 
the  lail,  a  llurd  Proportional  to  tlie  firil  and  i'econd. 

81.  Of  four  proportional  quantities,  the  laPc  is  faid  to  be 
a  Fourtli  Proportional  to  the  other  three,  taken  in  order. 

82.  Quantities  are  iajd  to  be  Continually  Proportional,  OT 
in  Continued  Proportion,  when  the  ratio  is  the  lame  between 
every  two  adjacent  terms,  viz.  when  the  firfr  is  to  the  fecond, 
as  the  fecond  to  the  third,  as  the  third  to  the  fourth,  as  the 
fourth  to  the  6fth,  and  lb  on,  all  in  the  lame  common  ratio. 

As  in  the  quantities  1,  2,  4,  8,  16,  ^c  ;  where  the  com- 
mon ratio  is  equal  to  2. 

83.  Of  any  number  of  quaiitities  A,  B,  c,  D,  the  ratio 
-^f  tne  firft  a,  to  the  lail:  d,    is  faid  to  be  Compounded  of 

the  ratios  of  tlie  firfb  to  the  fecond,  of  the  fecond  to  the 
third,  and  fo  on  the  laft. 

84.  Inveife  ratio  is,  w'hen  the  antecedent  is  made  the 
«onlequeut,  and  tlie  confequent  the  ahcecedent* — T'hu^  if 
1  :  2 : :  3  .  6  ;  then  mveriely,  2  :  1  :  :  6  .  3. 

^b.  Alternate  proportion  is,  when  antecedent  is  compared 
with  antecedent,  and  confequent  with  conlequent  — As,  if 
I  I  2  : :  3  ;  6  ;  then,  by  alternation,  or  permutation,  it  will  be 

1  :  3  : :  2  :  6. 

86.  Compounded  ratio  is,  when  the  fum  of  the  antecedent 
and  confequent  is  compared,  either  with  the  confequent,  or 
with  the  antecedent. — Thus,  if  I  :  2  I  ;  S  ;  6,  then  by  compo- 
iition,  1  -1-  2  :  1  ;  :  3  +  6  :  3,  and  1  4-  2 :  2  :  :  3  -f  6  :  6. 

87.  Divided  ratio,  is  when  the  difference  of  the  antecedent 
and  confequent  is  compared,  either  with  the  antecedent  or 
with  the  confequent. — I'hus,  if  1  .  2  : :  3  !  6,  then,  by  divifion, 

j2  -  1 :  i :  „  6  —  3 ;  3,  and  2  -  1 : 2: : 6  -  3:6. 

Note,  7'he  term  Divided,  or  DiviHon,  here  means  fub- 
ira£ling;,  or  parting;  being  ufed  in  the  fe.ife  oppoied  to  com- 
pounding, or  adding,  in  ^itL  86. 

THEOREM 


THEORExMS.  325 


THEOREM    LXVI. 

Equimultiples  of  any  two  Quantities  are  in  the  Same  Ratio 

as  the  Quantities  themfew'es. 

Let  a  and  b  be  any  two  quantities,  and  7)iA,  7nR,  any 
equimultiples  of  them,  ??i  being  any  number  whatever:  then 
will  WiA   and   ??/B    have    the   fame   ratio   as  a    and   B,  or 

A  :  B  : :  via  :  jus. 

ror  — -  rz     — ,  the  lame  ratio. 
'in  A  A 

Carol.  Hence,  like  parts  of  quantities  have  the  fame  ratio 
as  tlie  wholds ;  becaufe  the  wholes  are  equimultiples  of  the' 
like  parts,  or  a  and  b  are  like  parts  of  via  and  fjiB, 

THEOREM  LXVII. 

if  Four  Quantities,  of  tlie  Same  Kind,  be  Proportionals ; 
they  will  be  in  Proportion  by  Alternation  or  Permutation, 
or  the  Antecedents  will  have  the  Same  Ratio  as  the  Con- 
fequents. 

Let  A  :  B  : :  wa  ;  mn ;  then  will  a  ;  ?7ia  : !  b  :  ??ib. 

VIA  ,    772B  1       T      1       r 

For  =:  ?»,  and  =  ni,  both  the  lame  ratio. 

A  E 

THEOREM   LXVIII. 

If  Four  Quantities  be  Proportional ;  they  will  be  iu  Pro- 
portion by  Inverfion,  or  Liverfely. 

Let  a  :  b  : :  ?/2A  :  vib;  then  will  b  :  A  :  .*  -viB  :  t?iA. 
For =  — ,  both  the  fame  ratio. 

7/iB  B 

THEOREM    LXIX. 

If  Four  Quantities  be  Proportional  ;  they  will  be  in  Pro-* 
portion  by  Compofition  and  Diviiion, 

Let  A  :  b  : :  m\  :  viB  ; 

Then  will  B  ±  a  :  a  : :  niE  ±  inA  :  771  a, 
and  B  Ht  A  ;  B  ; :  7?iB  ±  niA  ;  7723, 

^  mA  A  ,  ?7iB  B 

For.  ; — : —  =  — r— ;  and 


Vm  ±   VIA  5  ±  a'  7/iB  ±  IHA  B    ±    A 

Corol. 
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Coral.  It  appears  from  hence,  that  the  Sum  of  the  Greatell 
and  Lead  of  four  proportional  quantities,  of  the  fame  kind, 
exceeds  the  Sum  of  the  Two  Means.  For,  fince  -  -  -  - 
A  :  A  -f  B  :  .  VIA  :  wa  +  771B,  where  a  is  the  Icail,  aind 

mA  +  inB  the  greateft  ;   then  m  -f-  I  .  a  +  '/ZB,  the  fum  of 

the  gveateft  and  leafl,  exceeds  tn  -{-  I  .  A  -{-  B  the  fum  of 
tdie  two  means. 


THEOREM    LXX- 

If,  of  Four  Proportional  Quantities,  there  be  taken  any 
Equimultiples  whatever  of  the  two  Antecedents,  and  any 
1  cjaimulriples  whatever  f^f  the  two  Confcquents ;  the  quan- 
tifies refulting  will  ilill  be  proportional. 

Let  A  :  B  : :  via  :  mv^  ;  alfo,  let  pA  and  pJiiA  he  any 
cqir'multiples  of  the  two  antecedents,  and  qB  and  (/viB  any 
equimultiples  of  the  two  confequents  i  then  will  -  —  -  - 

pA  :  qB  : :  pmA  :  q7?iB, 

it  or =  —  ,  both  the  lame  ratio. 

pniA        J)  A, 

THEOREIVI  LXXI. 

If  there  be  Four  Proportional  Quantities,  and  the  tw» 
Confequents  be  either  Augmented  or  Diminiflied  by  Quan- 
tities that  have  the  Sfime  Ratio  as  the  refpe6live  Antece- 
dents ;  the  Refults  and  the  Antecedents  will  flill  be  Pio- 
poitionals. 

Let  A  :  B  : :  mx  :  WB,  and  nA  and  muA  any  two  quan- 
tities having  the  fame  ratio  as  the  two  antecedents  ;  then  will 

A  :  B  +  wA  : :  via  :  mB  ±  71mA,  ^ 

_      mB  ±  W??/A        B  -t  ?ZA-    ,     ,    ,     ^ 

|for = ,  bothrthe  lame  ratio. 

7?2A  A 

THEOREM    LXXII. 

If  any  Number  of  Quantities  be  Proportional;  either  of 
the  Antecedents  will  be  to  its  Confequcnt,  as  the  Sum  of  all 
the  Antecedents  is  to  the  Sum  of  all  the  Confequents. 

Let  A  :  B  : :  via  :  ?/2B  : :  wa  :  ?2B,  ^c  \  then  will  —  4. 
A  :  B  : :  A  -j-  mA  ~f-  ^^a  : :  b  -f-  mB  +  ?2b,  6<;c. 

B    +  ??2B    +  nB  B       ,r     r 

For  — ; =:  — ,  the  lame  ratio. 

A  -f  *WA   -f  WA  A 

THEOREM 
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THEOREM   LXXIII. 

if  a.  Whole  Magnitude  be  to  a  Whole,  as  a  Quantity 
taken  from  tlie  Hrf^,  is  to  a  Quantity  taken  from  the  other  i 

'  the  Remainder  will  be  to  the  Remainder,  as  the  whole  to 
the  whole. ' 

Let  a  :  b  : :  —  a  :  —  b  ; 
n  n 

ihen  will  A  :  B  : :  A .—  —  A  :  B  —  b. 

n  n 

m  - 
B BE 

For ^ =  — ,  both  the  fame  ratio, 

m 

A   —  —  A  A 

n 

f  KEOREM   LXXIV. 

\i  Quantities  he  Proportional  ;  their  Square?,  or  Cubes,  ot 
anv  Like  Powers,  or  Roots,  of  them,  will  alfo  be  Pro- 
portional. 

Let  a  :  b  : :  ???A  :  wt:  ;  then  will  a",:  b"  : :  ?7i"A"  :  ?:'iV. 

^  .    m^  b"         B'^    i      1  .    t     r 

For =«=  — ",  both  the  lame  ratio. 

')]fh^         a" 


THEOREM   LXXV. 

if  there  be  two  Sets  of  Proportionals  :  then  the  Products  ot 
Re£langles  of  the  Correiponduig  Terms  will  alfo  be  Pro- 
portional. 

Let  a  :  e  : :  m\  \  niBt 

and  c  :  D  : :  rtc  :  no ; 

then  will  ac  ;  ed  : :  ;;/?7AC  :  mnBT), 

,,       ?>?/?UD         ED     ,      ,      -      ^ 

lor—  -  =  — ,  botn.tlie  lame  ratio* 

ItlilAZ  AC 

tllEOREM  LXXV  I. 

If  Four  Quantities  be  Proportional  ;  the  Red^angle  or  Product 
of  the  two  Extremes,  will  be  Equal  to  the  Re«5langle  or 
Produdt  of  the  two  Means.     And  the  convcrfe. 

Let  a  :  b  : :  niA  ;  uib  ; 
tlien  is  A  X  m-Q  ■=  b  X  ?/za  =  ?;zab,  as  Is  evident. 

Vol.  L  Z  theorem 
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THEOREM    LXXVII. 

If  Three  Quantities  be  Continual  Proportionals  ;  th«  Re(f^- 
angle  or  Produ^l  of  the  two  Extremes,  will  be  equal  to 
the  Square  of  the  Mean.     And  the  converfe. 

Let  a,  mA,  m\\  be  three  proportionals, 

or  A  :  VIA  : :  wa  :  m^A; 

thea  is  A  X  ??^  a  =  m  A~y  as  is  evident. 


THEOREM  LXXVIII. 

If  any  Number  of  Quantities  be  Continual  Proportionals; 
the  Ratio  of  the  Fii  ft  to  the  Third,  will  be  duplicate  or  the 
Square  of  the  Ratio  of  the  Firft  and  Second;  and  the  Ratio 
of  the  Firft  and  Fourth  will  be  triplicate  or  the  cube  of 
that  of  the  Firft  and  Second  ;  and  fo  on. 

Let  a,  7«a,  ?«'^a,  ni'A^  Scc,  be  proportionals ; 


.    WA               ,       m\\          „         .  m'A 
then  IS =  VI ;  but  — -  =  ??r ;  and  

A  A  A 


vr 


ScCf 
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THEOREM  LXXIX. 

Triangles,  and  alfo  Parallelograms,  having  the  Same  Altitude, 
or  that  are  between  the  Same  Parallels,  are  to  one  another 
in  the  fame  Ratio  as  their  Bafes. 

Let  the  two  triangles  adc,  def,  have 
the  fame  altitude,  or  be  betvveen  the  fame 
parallels  ae,  cf  ;  then  is  the  furface  of 
the  triangle  adc  to  the  furface  of  the 
triangle  def,  as  the  bafe  "^^d  is  to  the 
bafe  DE.  Or,  ad  .*  de  : :  the  triangle 
ADC  ;  the  triangle  def. 

For,  let  the  bafe  ad  be  to  the  bafe  de,  as  any  one  num- 
ber ni  (2),  to  any  ether  number  v  (3)  ;  and  divide  the  refpec- 
tive  bafes  into  thofe  parts,  ab,  ed,  dg,  gh,  he,  all 
equal  to  one  another  ;  and  from  the  points  of  divifion  drav^ 
the  lines  EC,  fg,  fh,  to  the  vertices  c  and  f.  Then  will 
thefe  lines  divide  the  triangles  adc,  def,  into  the  fame 
number  of  parts  as  their  bales,  each  equal  to  the  triangle 
ABC,  becaufc  thofc  triangular  parts  have  equal  bafes  and 
altitude  (corol.  2,  th.  2.5)  ;  namely,  the  triangle  abc,  equal 
to  each  of  the  triangles  bdc,  dfg,  gfh,  hfe.  So  that 
di«  triangle  adc  is  to  the  triangle  dfe,  as  the  number  of 

parts 
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|}aris  m  (2)  of  the  fornier,  to  the  number  n  (3)  of  the  latter, 
that  is,  as  the  bafe  ad  to  the  bafe  e>e  [dd.  79).- 

In  like  manner,  the  parallelogram  adkt  is  t.o  the  paralle-i 
logram  defk,  as  the  bafe  ad  is  to  the  bafe  de  ;  each  of 
theie  having  the  fame  ratio  as   tlie  number  of  their  parts 


7n  to  n. 


D, 


^1^ 
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THEOREM    LXXX. 

Triangles  aild  Parallelograms,  having  Equal  Bafes,  are  to 
each  other  as  their  Altitudes. 

Let  ABC,  be f,  be  two  triangles 
liaving  the  equal  bafes  ab,  be,  and 
whofe  altitudes  are  the  perpendiculars 
CG,  FH  ;  then  will  the  triangle  abc  ; 
the  triangle  bef  ; :  cg  ;  fh. 

For,  let  Bjc  be  perpendicular  to  ab 
and  equal  to  cg  ;  in  which  let  there 
be  taken  bl  =  fh  ;  drawino-  ax  and  al. 

Then,  triangles  of  equal  bafes  and  heights  being  equal 
(corol.  2.  th.  25),  the  triangle  abk  is  =  abc,  and  the  tri^ 
angle  abl  =  bef.  But,  confidering  now  abk,  acl,  as 
two  triangles  on  the  bafes  bk,  bl,  and  having  the  fame  alti- 
tude ab,  thefe  will  be  as  their  bafes  (th.  79),  namely,  the 
triangle  abk  ;  the  triangle  abl  ; :  ek  :  bl. 

But  the  triangle  abk  rr  abc,  and  the  triangle  ABL  =  BET, 

alfo  bk  ii:  cg,  and  bl  ==  fh. 
Theref.  the  triangle  abc  :  triangle  bef  : :  cg  ;  fh. 

And  fmce  parallelognims  are  the  doubles  of  thefe  triangles, 
liaving  the  fame  bafes  and  altitudes,  they  will  likewife  have  to 
each  other  the  fame  ratio  as  their  altitudes.         q^  e.  d. 

Corol.  Since,  by  this  theorem,  triangles  and  parallelograms, 
\vhen  their  bales  are  equal,  are  to  eacii  other  as  their  alti- 
tudes ;  and  by  the  foregoing  one,  when  their  altitudes  are 
equal,  they  are  to  each  other  as  their  bafes ;  therefore  uni- 
veri'ally,  when  neither  are  equal,  they  are  to  each  other  In 
the  compound  ratio,  or  as  the  rectangle  or  product  of  theit 
bafes  and  altitudes. 


Za. 
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THEOREM    LXXXI. 


A 
B 
C 
I) 


' 

C 

A- 

'' 

V' 

K    1 

If  Four  Lines  be  Proportional  ;  the  Re6litngle  of  the  E5^'* 
tremes  will  be  Equal  to  the  Ke6langle  of  the  Means. 
Ant],  converfely,  if*  the  Re6^angle  of  the  Exttemes,  of  foiir 
Lines,, be  equal  to  the  Redangle  of  the  Means,  the  Four 
Line?,  takeii  alternately}  will  be  Proportional. 

Let  the  four  lines  a,  b,  c,  d,  be 
proportionaLs,  or  a  b  : :  c  :  p  ; 
then  will  the  reftanrle  of  a  and  d  be 
equal  to  the  reiflangle  of  e  and  c  • 
or  the  redlangle  a  .  D  =i  2  .  c. 

For,  lei  the  four  lines  be  placed, 
with  their  four  extremities  mectinnr 
in  a  coHHTion  point,  forming  at  the 

point  four  right  angles  ;  and  draw  lines  parallel  to  them  tol 
complete  the  reclmgles  p,  q,  r,  w^licre  p  is  the  re6langlc 
of  A  and  D,  (^  the  rectangle  of  b  and  c,  and  r  the  redl- 
angle  of  b  and  d. 

Then  the  rcvftangles  p  end  p^,  being  between  the  fame 
parallels,  are  to  each  other  as  their  bales  a  and  b  (th.  19)  ; 
and  the  rectangles  q  and  r,  being  between  the  lame  pa- 
rallels, are  to  each  other  as  their  bafes  c  and  d.  Bat  the 
ratio  of  a  to  b  is  the  liime  as  the  ratio  of  c  to  d  by  hypo- 
thefis  ;  tlierefore  the  ratio  of  p  to  r,  is  the  fame  as  the  ratio 
of  0^  to  R  ;  and  confequcntly  the  re6tangles  ?  and  Q^are 
equal. 


.41 


q.  E. 


D. 


Again,    if   the  rediangle  of    a  and  d,    be    equal    to  the 
re^angle  of  b  and  c  j  tliefe  lines  will  be  proportional,  or 


B 


D. 


For,  the  rc6langles  being  placed  the  fame  as  before:  ther», 
becaufe  parallelograms  between  the  fame  parallels,  are  to  one 
another  as  their  bales,  the  redtangle  p  ;  r  : ;  a  :  b,  and 
Q^:  R  : :  c  :  D.  But  as  p  and  Q^are  equal,  by  fuppolition, 
t],iey  have  the  farne  ratio  to  r,  that  is,  the  ratio  of  A  to  b  is 
equal  to  the  ratio  cf  c  to  d,  or  a  :  b  : :  c  ;  d.       q^  e.  d. 

Cvroi.  I.  When  the  two  means,  namelv,  the  fccond  arid 
.third  terms,  are  equal,  their  vediangle  becomes  a  fquare  of 
the  fecond  term,  which  iupplies  the  place  of  both  the  lecond 
and  third.  And  hence  it  follows,  that  when  tliree  lines  are 
proportioimis,  tJie  re6iangle  of  the  two  extremes  is  equal  to- 

the 
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the  fqnare  of  the  mean  ;  and,  con- cfelv,  if  the  rectangle  of 
the  extremes  be  equal  to  the  fquare  of  the  mean,  tl'e  three 
hues  are  proportionals. 

Ccrol.  2,  Since  it  appears,  by  the  rules  of  proportion  in 
Arithmetic  and  Algebra,  that  when  four  qu-ntities  are  pro- 
portional, the  produ6V  of  the  extremes  is  equal  ro  the  prodncft 
of  'he  two  means ;  and,  by  this  theorem,  t'ie  re6l?jig!e  of 
the  extremes  is  equal  to  the  re6tangle  of  the  two  means ;  it 
follows,  that  the  area  or  fpace  of  a  redlangle  is  reprefented  or 
exprefTed  by  the  prodn61:  of  its  length  and  breadth  multi- 
plied together.  7\nd,  in  general,  a  .rt^clangle  :n  geometry- 
is  fimilar  to  the  product  of  the  mxafures  of  its  two  dirnen- 
fions  of  leng'h  and  breadth,  or  bafe  and  height.  Alio,  a 
fquare  is  fimilar  to,  or  reprefented  by,  the  meaiure  of  its  fide 
multiplied  by  itfelf.  So  that,  what  is  lliewn  of  fuch  pro- 
duels,  is  to  be  underflood  of  the  iquares  and  redtangles. 

Corol.  3.  Since  the  fame  reafoning,  as  in  this  theoreroi 
holds  for  any  parallelograms  wljatever.  as  well  as  for  the 
redlangles,  the  lame  pioperty  belongs  to  all  kinds  of  para.le- 
logranis,  having  equal  angles,  and  alfo  to  triangle^,  wluch 
are  the  halves  of  j:arallelograms  ;  namely,  that  if  the  fides 
about  the  equal  angles  of  parallelograms,  or  triangles,  be  re- 
ciprocally proportional,  the  parallelograms  or  triangles  will 
be  equal ;  and,  convevfely,  if  the  parallelograms  or  triangles 
be  equal,  their  fides  about  the  equal  angles  will  be  recipro- 
caliy  proportional. 

Corol.  4.  Parallelograms,  or  triangles,  having  an  angle  in 
each  equal,  are  in  proportion  to  each  other  ?is  tiie  rectangles 
of  the  fides  which  are  about  theie  equal  angles. 


THEOREM   LXXXII. 

If  a  Line    be  drawn   in  a  Triangle  Parallel  to   one  of  its 
fides,   it  will  cut  the  -two  othei  oides  Proportionaily. 

Let  de  be  parallel  to  the  fide  Bcof  the 
triangle  ABC;  then  will  ad.  db  .  :a£    lc. 

For,  draw  be  and  cd.  Then  the  tri-. 
angles  dbf,  dce,  are  equal  to  each  other, 
became  they  have  the  iame  bafe  de,  and 
^re  between  the  fame  parallel:;  de,  bc 
(th.  25  ).  Butthe  two  triangles  AD E,  bd::, 
on  the  bafes  aDj  db,  hi^ve  tiie  faine  c^lti- 

tudc: 
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tude ;  and  the  two  triangles  ade,  cde, 
en  the  bales  ae,  ec,  have  alfo  the  fame 
ahitude  ;  and  becaufe  triaiip-les  of  the  fame 
altitude  are  to  each  other  as  their  bafes, 
therefore 

the  triangle  ade  :  bbe  H  ad  :  db, 
and  triangle  ade  :  cde  ; ;  ae  :  EC 

Eut  BDE  is  —  CDE  ;  and  equals  miifl:  have  to  equals  the 
fame  ratio ;  therefore  ad  :  db  : :  ae  :  EC.       <^e.d. 

CoroL  Hence,  alfo,  the  whole  lines  ab,  ac,  are  propor- 
tional to  their  correfponding  proportional  fegraents  (corol. 
tl\,  66), 


VIZ 


AB 


AC 


AD    :    AE, 


and  AB  :  AC  ::  BD  :  ce. 


THEOREM  LXXXIII. 


A  Right  Line  which  Bife6ls  any  Angle  of  a  Triangle,  divides 
the  Side  oppofite  to  the  Biiedled  Angle  into  Two  $cg* 
ments,  which  are  Proportional  to  the  two  other  Adjacent 

Sides. 


1^ 


Let  the  angle  acb,  of  the  triangle  abc, 
be  biiecSted  by  the  line  CD,  making  the 
angle  r  equal  to  the  angle  s :  then  will  the 
feament  ad  fe  to  the  feo-ment  db,  as  the 
£ide  AC  is  to  the  fide  cb.     Or,     -     -     -  - 

AD  :  DB  : :  ac  .  cb. 

For,  let  BE  be  parallel  to  cd,  meeting 
AC  produced  at  e.  Ihcn,  bccaufe  the  line  BC  cuts  the  two 
paraileis  CD,  be,  it  makes  the  angle  cbe  equal  to  the  alter- 
nate  angle  5  ;th.  12),  and  therefore  alfo  equal  to  the  angle 
r,  which  is  equal  to  s  by  the  fuppofition.  Again,  bccaufe 
the  line  ae  cuts  the  two  parallels  dc,  be,  it  makes  the 
angle  £  equal  to  the  angle  r  on  the  fame  fide  of  it  (th..l4). 
Hence,  in  the  triangle  bce,  the  angles  e  and  E,  being  each 
equal  to  the  angle  ?',  are  equal  to  each  other,  and  confe- 
c[uently  their  oppofite  fides  cb,  ce,  are  alfo  equal  {th.  3),. 

But  now,  in  the  triangle  abe,  the  line  cd,  being  drawn 
parallel  to  the  fide  be,  cuts  the  two  otlier  fides  ab,  ae,  pro- 
portionally ^th.  82),  making  ad  to  db,  as  is  ac  to  C£  or  to 
its  equal  cB.       Q^  E.  D« 
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THEOREM    LXXXIV. 

Equianfgular  Triangles  are  Similar,  or  have  their  Like  Sides 

Proportional. 

Let  ABC,  DEF,  be  two  equiangular  tri- 
angles, having  the  angle  a  equal  to  the 
angle  d,  ♦he  angle  b  to  the  angle  e,  and 
cciifequently  the  angle  c  to  the  angle  f  ; 
then  will  AB  :  AC  I  ;  de  :  uf. 

For,  make  dg  ~  ab,  and  dh  =  AC, 
and  join  gh.  Then  the  tvo  crianglls 
ABC,  DGH,  having  the  two  fides  ab,  ac, 
equal  to  the  two  dg,  dh,  and  the  con- 
tained angles  ^  and  d  alio  equal,  are  iden- 
tical, or  equal  in  ail  relpecl-.  (th.  1),  namely, 
the  angles  b  and  c  are  equal  to  the  ang'e.-,  G  and  H.  But  the 
angles  b  and  c  are  equal  to  the  angles  £  and  f  by  the  hvpo- 
thelis ;  therefore  alfo  the  angles  g  and  h  are  equal  to  the 
angles  e  and  f  (ax.  1),  and  confequently  the  Ime  GH  is  pa- 
rallel to  the  flue  £F  (cor.  1,  th.  14). 

Hence  then,  in  the  triangle  def,  the  line  gh,  being  pa- 
rallel to  the  fide  ef,  divides  the  two  other  fides  propor- 
tionally, making  dg  dh  .  de  :  df  (cor.  th.  8 J).  But 
DG  and  DH  are  equa^l  to  ab  and  AC  ;  therefore  alio  -  •  - 


Ct  Ji: 


AB  :   AC 


DE 


DF-  q^  E.  D, 


THEOREM  LXXXV. 


Triangles  v/hich  have  their  Sicks  Proportional,  are  EquU 

angular. 


In    the 

AB  :  DE  : : 


two  triangles  abc,    def,   if 


AC        DF 


BC  :  ef  ;  tjie  two 


triangles  will  have  their  correfpouding  aa-* 
gles  equal. 

For,  if  the  triangle  abc  be  not  equian-. 
guiar  with  the  triangle  def,  luppole  fome 
other  ti angle,  as  di-:g,  to  be  equiauguiur- 
with  ABC-  But  this  is  impolffble .  tor  if 
the  two  triangles  abc,  deg,  were  equi- 
angular, thcii  fides  would  be  propoitioaal 
(th.  84).  So  that,  aq  being  to  de  as  ac 
to  dg,  and  ab  to  de  as  bc  to  eg,  it  follows  that  DG  and 
^g,  being  fourth  proportionals  to  ih.e  fame  tlxree  (quantities, 

as 


.  / 
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as  well  as  the  two  df,  ef,  the  fon-ner  re,  re,  would  ba 
equal  to  the  latter,  df,  -ef.  ^  hus  then,  the  two  triangles 
DKF,  DEG,  having  their  three  fides  eq^aal,  would  be  identical 
(tli.  5 J }  which  is  abfurd,  iince  their  angles  are  unequal. 


THEOREM  LXXXVI. 


Triangles,  which  have  an  Angle  in  the  one  Fqual  to  an  Angle 
in  tne  other,  and  the  Sides  about  thefe  angles  Proportional, 


are  Equiangular. 


Let  ABC,  EEF,  be  two  triangks,  having 
the  ang^e  a  ~  the  angle  d,  and  the  fides 
AB,  AC,  proportional  to  the  fides  de,  df  : 
then  will  the  triangle  abc  be  equiangular 
with  the  triangle  def. 

For,  make  dg  =  ab,  and  dh  =  AC, 
and  join  gh. 


Then, 


.J  tile  two  triangles  abc,  dgh, 
having  :wo  fides  eqval,  and  the  conta'ued 
angles  a  and  d  equal,  are  identical  and 
equiangular  (th.  l),  having  the  angles  o 
and  H  equal  to  the  angles  3  and  c.  -But,  fince  the  fide^ 
.i)G,  PH,  are  proportional  to  the  fides  de,  df,  the  hne  gh  is 
parallel  to  ef  (th.  82) ;  hence  the  angles  e  and  f  are  equal  to 
the  angles  g  and  h  (th.  14),  and  conicquently  to  their  equals 
B  and  c.       Q^  E.  po 
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In  a  Riglit- Angled  Triangle,  a  Perpendicular  from  the  R'ght 
Angle,  is  a  Mean  Proportional  between  the  Segments  of 
the  Hvpothnufe  ;  and  each  of  the  Sides,  about  the  Right 
Angle,  is  a  Mean  Proportional  between  the  Adjacent  Seg- 
ment and  the  liypothenufe. 

Let  abc  be  a  risrht-anded'trianp-le, and 
CD  a  perpen  bcular  from  the  right  angle 
D  to  the  hvpothenufc  ab  ;   then  will 

CD  be  a  mean  proportional  between  ad  and  db  ; 

AC  a  pT'in  proportional  between  ab  and  ad  ; 

BC  a  mean  proportional  between  ab  and  ed. 

Or,  ad  :  CD  : :  CD  :  de  i  and  AB  :  iic  : :  bc 

AG  :  Ar>. 


AB  :  AC  ; : 


:§D  ;    anil 
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For,  the  two  triangles  abc,  adc,  having  the  ri^ht  an^ies 
at  c  and  D  equal,  and  the  angle  a  common,  have  thtir  tiiir4 
angles  equal,  and  a-e  equiangtilar  (cor.  1,  th.  11).  In  like 
manner,  the  t-.vo  tr  angles  3C,  ed  ,  hiving  the  r:?-]il 
angles  at  c  and  d  equal,  and  t  le  angife  q  coiniTion,  Ixxvc 
their  third  angles  equai.  and  are  equian;rnUr. 

Hence  then,  all  the  three  triangles  abc,  adc,  "sdc, 
being  •  equiangclar,  wdl  have  tlieir  Lke  fides  propoicioaal 
(th.  84)  i 

viz.  AD  :  CD  : :  CD  :  DB ; 

and  AB  :  AC  ::  AC  :  AD; 

and  AB  :  BC  : :  EC  :  bd.  q.  e.  ^. 

Corel.  Becnufe  the  angle  in  a  femicircle  is  a  nght  qutIc 
(th.  52),  it  toilo .vs,  that  if,  from  any  po  nt  c  in  tie  peii- 
phcry  of  the  femicircle,  a  perpentiicular  be  dia^vn  to  th« 
diameter  ab  ;  and  the  two  chords  ca,  cb,  be  dravvn  ro. 
trie  extremities  of  the  diameter:  then  are  ac,  bc,  cd,  the 
mean  proportionals  as  in  this  theorem,  or  (by  th.  77),  -  -  ^ 
CD-  Z=  AD  .  DB;    AC-  =  AB  .  AD  ;  and  EC'  ZZ  AB  .  liD. 


THEOREM   L XXXV II  J. 


Equiangular  or  Similar  Triangles,  are  to  each  other  as  the 

ijquares  of  their  Like  Sides, 

Let  AiJC,  DEF,  be  two  equi- 
angular triangles,  ab  and  de 
being  two  ht.mologous  or  like 
fides:  then  wdl  the  tiiangle  abc 
be  to  the  triangle  dki-",  as  the 
fquare  of  AB  jS  to  trie  Iquarc  of 
DE,  or  as  AB    to  D£  . 

For,    let  AL   and    dn    be    the 
fquaies  on  ab  an:!  DE  ;  alio  drav^/  their  diagonals  bk,   em, 
aiid  the  perpendiculars  cg,  fh,  of  t-ic  two  triangles. 

Then,  "  fince  equiangular  triangles  have  their  I'kc  fides 
proportional  {th.  Si-),  m  the  tvv.o  eqViimgular  triangles  abc, 
DEF,  the  fi.le  ac  :  df'::  ab  :  DE  ;  auvl  in  tlie  two  acg, 
DFH,  tlie  fiJe  AC  :  DF  :*  CG  :  FH  ;  tlieieiorc,  by  equaiitvv 

i:G  :  FH  : :  ab  :  de,  or  cg  :  ab  : :  fh  :  de. 

But  becaufe  triangles  on  equal  bafes  are  to  each  other  as 
their  altitudes,  the  triangles  abc,  Abk,  on  the  lame  bafs 
A2,  are  to  each  other,   as  their  altitudes  cc,  ak,  or  ab  ; 

aiid 
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and  ^he  triangles  d!:F,  dem,  on  the  fame  lafe  ds,  are  as  theiV 
altitudes  fh,  dim,  or  de  i 

that  is,  triangle  alc  :  tr'angle  abk  : :  cg  :  ^b, 
and  triande  dif  :  ir:anrle  dem  . :  fh  :  de. 

But  it  has  been  ihewn  that  cg  :  ab  : :  fh  :  de  ; 
theref.  of  equality  a  abq  .  ^  ABK  ! :  A  def  :  A  r)FM, 
or  aUemateiv,  as   A  ABC  :  A  def  : :  A  abk  :  A  dem. 
But  the  fquares  AL,  DN,  being  the  double  of  the  triangles 
ABK,  DEM,  have  the  fame  ratio  v/ith  them  ; 

therefore  the  A  abc  :  A  Di»F  : :  iquare  al  :  fquarc  dn. 


THEOREM    L  XXXIX. 

All  Similar  Figures  are  in  Proportion  to  each  other,  as  the 

Squares  of  their  Like  Sides, 

Let  abcde,  fghik,  be 
any  two  fimilar  figures,  the 
like  fides  being  ab,  fg,  and 
EC,  GFi,  and  io  on  in  tiie  fame 
order :  then  will  the  figure 
ABCDEbetothefigure  FGHIK, 
as  the  fquaie  of  ab  to  the 
fauare  of  fg,  or  as  ab  to  fg^. 

Lor,  draw  be,  bd,  gk,  gi,  dividing  the  figures  intoi 
an  equal  number  pf  triangles,  by  lines  fiom  two  ec^ual  angles. 
B  and  G. 

1  he  two  figures  being  fimilar  (by  fuppof ),  they  are  equU. 
angular,  and  have  their  like  fides  propi  rtional  (det-  67). 

Ihen,  fince  the  angle  A  is  =  the  angle  f,  and  the  fides 
AE,  AE,  proportional  to  the  fides  fg,  fk,  the  triangles 
ABE.  fgk,  are  equiangular  (th.  86).  In  like  manner,  the 
two  triangle.'-  bcd,  ghi,  havmg  the  angle  c  —  the  angle 
H,  ana  the  {iAcf  bc,  id,  pre  portional  to  tlie  fides  gh,  hi,, 
are  alio  equiangular.  Alio,  if  from  the  equal  angles  aed, 
FKi,  tl:eie  be  taken  the  equal  angles  aeb,  fkg,  there 
•will  remain  the  equals  bed,  gki;  and  if  from  the  eqi>al; 
angles  cde,  hik,  be  taken  away  the  equals  cde,  fug,. 
there  will  remain  the  equals  bde,  gik  -,  fo  that  the  two, 
triangles  bde,  cik,  hav  ng  two  angle.-  equal,  are  alfo  equi-r 
angular.  Hence  each  trian:  le  of  the  one  figure,  is  equian- 
gular with  each  con eipor.ding  triangle  of  the  other. 

But  cquianguha  nlang'e  nre  fimilar,  and  are  proportional 
to  the  fquares  of  tiieir  like  iides  (th.  8Sj« 

Tb.ei'efore 
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lierefore  the  A 

ABE 

:  A 

FCK  : :  AB^ :  fg\ 

and  A 

BCD 

:  A 

GKI  : :  Bc'^ :  cn'-y 

and  A 

BDE 

:  A 

GiK  : :  de'  :  ikK 

But  as  the  two  poly  gens  are  fimllar,  their  like  fides  are 
proportiorial,  and  coiilequently  their  Iquares  a! (o  proportional  j 
{o  that  all  the  ratios  ab  to  fg'-,  and  bc'-  to  gh  -,  and  de-  ta 
IK'',  are  equal  among  themfelves,  and  confequently  the  cor^ 
refponding  triangles  alfo,  abf  to  fgk,  and  bcd  to  ghi^ 
and  EDE  to  GIK,  have  all  the  fame  ratio,  viz.  that  of  ae'-  cq 
FG':  snd  hence  all  the  antecedents,  or  the  figure  abcde* 
have  to  all  the  confecucnts,  or  the  iVure  fghik,  ftill  thts 
fan:je  ratio,  viz.  that  of  ab''  to  fg-  (th.  72).         o.  £.  jq,. 
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Similar  Polygons  Infcrlbed  In  Circles,  have  their  Like  Sides, 
and  alfo  their  Whole  Perimeters,  in  the  Same  Ratio  as  the 
Diameters  of  the  Circles  in  which  they  are  infcnbed,  , 

Let  abcde,  fgkik, 
be  two  fimiiar  figures, 
mfcribed  in  the  circle 
whofc  diameters  are  al 
and  FM;then  will  each 
fide  ab,  "EC,  6cc,  of  the 
one  figure,  be  to  the  like 
fide  GF,  GH,   5cc,   of  the 

other  figure,  or  the  whole  perimeter  ab  -f  bc,  &c,  of  th^ 
one  figure,  to  the  whole  perimeter  fg  -\-  gh,  occ,  of  tlie 
other  figure,  as  the  diameter  al  to  the  diameter  fm. 

For,  draw  the  two  correfponding  diagonals  AC,  fh,  as 
alfo  the  lines  bl,  gm.  Then,  hnce  the  polygons  are  fi.nilar, 
they  are  equiangular,  and  their  like  fides  have  the  fame  ratio 
(def.  67);  therefore  the  two  triangles  abc,  fgh,  have  the 
angle  B  =  the  angle  G,  and  the  ficies  A  p.,  bc,  proportional 
to  the  two  fides  fg,  gk,  and  confequently  tliefe  two  triangles 
are  equiangular  (th.  8Gj,  and  have  the  angle  acb  zz  fug. 
But  the  angle  acb  =  alb,  ftanding  on  the  fime  arc  ab  ; 
and  the  angle  fhg  =  fmc;,  ftanding  on  the  fame  arc  fg  ; 
therefore  the  angle  alb  =  fmg  (a.x.  1).  And  fmce  the 
angle  abl=:  fgm,  being  both  right  angles,  becaufe  in  a 
femicircle  ;  therefore  the  two  triangles  abl,  fgm,  having 
^\vo  angles  equal,   are  equiangular  :  and  confequently  t'neir 

like 
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like  Tides  ars  proportional  (th.  84)  ;  hence  ab  :  fg  : ;  the 
ciiameter  al  :  the  diameter  fm. 

In  like  mani^sr.  each  fide  BC,  CD,  &c,  has  to  each  fule 
<5H,  HI,  ^^C,  the  fame  ratio  of  AL  to  FM  ;  and  confeqocorly 
me  fums  of  them  arc  ftill  \n  the  fame  ratio  ;  viz,  ab  +  bc  + 
CD,  &c  :  FG  -f  GH  -f-  HI,  &c  1 1  t;he  diam.  ai,  :  the  diam, 
r^  (th.  12).  Q^  E.  p, 


THEOREM     XCT. 

Similar  Polygons  Irifcribed  in  Circles,  are  in  Proportion  to. 
each  other'  as  the  Squares  of  the  Diametei^s  of  thofe 
Circles. 

Let  abode,  fgtiik, 
})C  two  fimilar  figures,  in- 
icribed  in  the  circles 
"whofe  diameters  are  al 
and  FM  ;  then  tlie  furface 
of  the  polygon  abcde 
will  he  to  the  furface  c^ 
the  polygon  fghjk,  as  al^  to  fm". 

For,  the  figures,  being  fimilar,  are  to  each  other  as  the 
fquares  of  their  like  ildes,  AB  to  fg"  (th.  83).  But,  by 
the  lafl  theorem,  the  fides  ab,  fg,  are  as  the  diameters  al,. 
FM  ;  and  therefore  tlie  fqtjares  of  the  lides  ab~  to  fg',  as. 
the  iquares  of  the  diameters  al^  to  fm^  (th.  74).  "^Confe- 
qn^ntly  the  polygons  abcde,  fghik,  are  aUo  to  each 
otneE  as  the  iquares  of  the  diameters  al'-  to  fm~   (ax.  ) ). 

THEOREM    XCII. 

The  Circumferences  of  Circles  are  in  Proportion  to   each, 

other  as  their  Diameters. 

Let  d,  d^  denote  the  diameters  of  two  circles,  and  c,  c,. 
their  circumferences  ; 

then  will  D  I  d  [ :  c  :  c^  or  d  '  c  : :  d  '  c, 

,  For  (by  theor.  90),  fimilar  polygons  infcribed  in  circles 
have  their  perimeters  in  the  fame  lutio  as  the  diameters  of 
thofe  circles. 

Now,  as  this  property  belongs  to  all  polygons,  whatever 
the  number  of  the  fides  may  be  ;  conceive  t  e  number  of  the 
fides  to  be  indcfin:teiy  gicat,  and  the  length  of  each  inde- 
finitely  fmall,  till  they  coincidG  with  the  ciycu:|iifereiice  of' 

tli^ 
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the  circle,  and  be  equal  to  It,  Indefinitely  near.  Then  tJic 
perimeter  of  the  polygon  of  an  intinlte  number  of  fides,  is 
the  iame  thing  as  the  circumference  of  the  circle.  Hence 
it  appear^  that  the  circumferences  of  the  circles,  being  tlie 
fame  as  the  perimeters  of  fuch  polygons,  are  to  each  other  in 
^)e  fame  proportion  as  the  diameters  of  the  circles,     q.  e.  c« 

THEOREM  XCIIl. 

The  Areas  or  Spaces  of  Circles,  are  to  each  other  as  ths 
Squares  of  their  Diameters,  or  of  their  Radii. 

Let  a,  Uy  be  the  areas  or  fpacps  fyf  two  circles,  and  d,  d, 
tlieir  dlair.eters  j  then  a.  :  a  : ;  D"*'."  d\ 

For  (by  theorem  91)  fimllar  polygons  Infcribed  In  circles 
are  to  each  other  as  the  fquares  of  the  diameters  of  the 
circles. 

Hence,  conceiving  the  number  of  the  fides  of  the  poly- 
gons to  be  increaied  more  and  more,  or  the  length  of  the 
iides  to  become  Jefs  and  lefs,  tlie  polygon  approacfies  nearer 
and  nrarer  to  the  circle,  till  at  length,  by  an  Infinite  ap- 
proach, they  coincide  and  become  in  eAh^  equal  ;  and  then 
it  follows,  that  the  fpaces  of  the  circles,  which  are  the  fame 
as  of  the  polvgons,  will  be  to  each  other  as  the  fquares  of  tlie 
diameters  of  the  circles.        Q\  e.  d. 

Carol.  The  fpaces  of  circles  are  alfo  to  each  other  as  tlic 
fqtiares  of  the  circumferences  ;  fince  the  circumferences  arc 
in.  the  fame  ratio  as  the  diameters,  (by  theorem  92). 


THEOREM   XCIV. 

Every  Circle  Is  Equal  to  the  Redlangle  of  Its  Radius  and  a 
Right  Line  equal  to  Half  itb  Circumference. 

Conceive  a  regular  polygon  to  be 
infcribed  in  the  circle  ;  and  radii  drawn  to 
all  the  angular  points,  dividing  It  into  as 
many  equ«il  triangles  as  the  poivgon  has 
lide.,  one  of  which  is  adc,  of  which  the 
altitude  is  the  perpendicular  cd  from  the  ^^>~B^'ly 

centre  to  the  bafe  ab.  " 

Then  the  trlai^le  abc,  being  equal  to 
hsk'a  redbngleof  equal  bafe  and  altitude  {t]\,  2-6),  is  equal 
to  half  di€  re&n^Ie  of  ihe  bale  A3  and  altitude  cd,  or 
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equal  ti  the  rectangle  of  the  altitude  CD 
and  half  the  b^-ife  ab  ;  confequently  the 
whole  polygon,  or  all  the  triangles  added 
together  which  compofe  it,  is  equal  to  the 
recStangle  of  the  common  altitude  cd,  and 
the  halves  of  all  the  fides,  or  the  half  of 
the  perimeter  of  tlie  polygon. 

Now,  conceive  the  number  of  fides  of  the  polygon  to  he 
indefiniteiy  increafed  ;  then  will  its  perimeter  coincide  with 
the  circumFerence  of  the  circle,  and  confsquentlv  the  altf- 
tude  CD  will  become  equal  to  the  radius,  and  the  wlioIeT 
polygon  equal  to  the  circle,  Confequently  the  fpace  or  tli^ 
circle,  or  of  the  polygon  m"  that  fhate^  is  equal  to  the  re(St^ 
angle  of  the  radius  and  half  the  circumference,         c^  e.  ©« 
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0$  PLANES  AND  SOLIBS, 

DEFINITIONS. 

Def.  S8.  The  Common  Sedlion  of"  two  Plants,  is  thsi 
line  in  which  they  meet,  to  cut  each  other. 

89.  A  Right  Line  is  Perpendicular  to  a  Plane,  when  it  is 
perpendicular  to  every  right  line  in  that  plane  which  meets 
it. 

90.  One  Plane  is  Perpendicular  to  Another,  when  e\erf 
right  line  in  the  one,  which  is  perpendicular  to  the  line  of 
their  comjnon  fc6lion,  is  perpendicular  to  the  other. 

91.  The  Inclination  of  one  Plane  to  another,  or  the  angle 
they  form  between  them,  is  the  angle  contained  by  tv/o 
right  lines,  drawn  from  any  point  in  the  common  feftion, 
and  at  right  angles  to  the  fame,  one  of  thefe  lines  in  each 
plane. 

92.  Parallel  Planes,  are  fuch  as  being  produced  ever  {o 
far  both  ways  will  never  meet,  or  which  are  every  wdiere  at 
an  equal  perpendicular  dlftance. 

93.  A  Solid  Angle,  is  that  which  is  made  by  three  or 
more  plane  angles  meeting  each  other  in  the  fame  point. 

^4.  SimilaJ* 
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S-J-.  Similar  Solids,  contained  by  plane  figures,  are  fuch  as 
have  all  the.r  iblid  angles  equal,  each  to  e.ich,  and  arc  bound- 
ed by  the  lame  number  of  iimilar  planes,  alike  placed. 

95.  A  Prifm,  is  a  foiid  whofe  ends  are  parallel,  equal,  and 
like  plane  figures,  and  its  fides,  connedlaig  thofe  ends,  are 
"paraJleL'giams. 

96.  A  Prifm  takes  particular  names  according  to  the  figure 
of  its  bafe  or  ends,  whether  triangular,  Iquare,  redlangular, 
pentagonal,  hexagonal,  &:c. 

97.  An  Upright  Prifm,  is  that  which  has  the  planes  o£ 
the  fides  perpendicular  to  the  planes  of  the  ends  or  bafe. 

98.  A  Parallelopiped,  or  Parallelopipedon,  is 
a  prifm   bounded  by  fix  paiallelograms,  every 
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a  priim    oounaea  oy  nx  paiaiieiograms,  every         k         -k 

oppofite  two  of  which  are  equal,  alike,  and  pa-         U 1 

jallel.  ^^ ^ 

99.  A  Re6tangular  Parallelopipedon,  is  that  whofe  bound- 
ing planes  are  all  rectangles,  which  are  perpendicular  to  each 
other. 

100.  A  Cube,  is  afquare  prifm,  being  bounded 
by  fix  equal  fquare  fides  or  faces,  and  are  perpen- 
Uicuiar  to  each  other. 

101.  A  Cylinder' is  a  round  prifm,  having  cir- 
cles for  its  ends ;  and  is  conceived  to  be  formed  . 
by  the  rotation  of  a  right  line  about  the  circum- 
ferences of  two  equal  and  parallel  circles,  always 
parallel  to  the  axis. 

102.  The  Axis  of  a  Cylinder,  is  the  right  line 

joining  the  centres  of  the  two  parallel  circles,  about  which 
the  figure  is  defcribed. 

103.  A  Pyramid,  is  a  fclid,  whofe  bafe  is  any 
right-lined  plane  figure,  and  its  fides  triangles, 
having  all  their  vertices  meeting  together  in  a 
point  above  the  bafe,  called  the  Vertex  of  the 
pyramid. 

104.  A  pyramid,  like  the  prifm,  takes  particular  tiames 
from  the  figure  of  the  bafe. 

105.  A  Cone,  is  a  round  pyramid,  having  a  cir- 
cular bafe,  and  is  conceived  to  be  generated  by 
the  rotation  of  a  right  line  about  the  circum- 
ference of  a  circle,  one  end  of  which  is  iixed  at 
»  poict  above  the  plane  of  that  circle. 

log.  The 
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iOG.  T!ie  Axis  of  a  cone,  is  the  right  line  jommg  (he, 
TCrfex,  or  fi.sieJ  point,  and  the  ctnti'Q  o{  the  circle  about 
which  the  ficiure  is  delcrjhaiL 

107.  Simiilar  Cones  and  Cylinders,  are  fuch'  as  have  their 
altitudes  and  the  diameters  oF  the  r  bafes  proportionah 

108.  A  Sphere,  is  a  lohd  hounded  bv  rne  convex  furfacey 
Tpj^'htich  is  every  where  equaliy  difiant  from  a  certa  n  point 
within,  called  the  Centre.  It  is  conceived  to  be  generated 
by  the  rotation  of  a  iemicircls  about  its  diameter,,  whica  re- 
mains fixed. 

109.  The  Axis  of  a  Sphere,  is  th.e  right  line  about  which 
die  femicircle  revolves  ;  and  the  centre  is  the  fame  as  that 
of  the  revolving  femicircle.  ^ 

110.  The  Diameter  of  a  Sphere,  Is  any  right  line  pafTing 
through  the  centre,  and  terminated  bot;h  ways  by  thefuiface. 

Ill;  The  Altitude  of  a  Solid,  is  the  perpendicular  drawn 
from  the  vertex  to  the  oppofite  fide  or  bafe. 


An 
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A  Perpendicular  is  the  Shortefl  Line  which  can  be  drawn 

from  any  Point  to  a  Plane* 

Let  a B  be  perpendicular  to  the  plane 
EE  ;  then  any  other  line,  i\&  AC,  drawii 
from  the  fame  point  a  to  the  plane,  will- 
be  longer  than  the  line  AB. 

In  the  plane  draw  the  line  bc,  joining 
the  points  b,  c. 

Then,  becaufe  the  line  ab  is  perpendi- 
cular to  the  plane  de,  the  angle  b  is  a  right  angle  (def.  90) y 
and  confequently   greater   than  the  angle   c  ;    therefore  the- 
line  AB,  oppofite  to  the  lefs  angle,  is  leis  than  any  other  line:^ 
AC  oppofite  the  greater  angle,  (th.  21).         (^  E.  D. 


THEOREM  XCVr. 

A  Perpendicular  Meafures  the  Diflance  of  any  Point  from  a 

Plane. 

The  diflaiice  of  one  point  from  another  is  meafured  by  a 
right  line  joining  them,  becaufe  this  is  the  Ihortcft  line  whicH 
can  be  drawn  from  one  point  to  another.  So,  alfo,  the 
diftance  from  a  point  to  a  line,  is  meifuTed  by  a  per])endi- 
cularj   becauie  this  line  is  the  Hiortcft  which  can;  be  drawn 

from 
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from  the  point  to  the  line.  In  like  manner,  the  dlftance 
from  a  point  to  a  plane,  muft  be  meafured  by  a  perpendicular 
d^a\^^l  from  that  point  to  the  plane,  becaufe  this  is  the 
ihortefl  line  which  can  be  drawn  from  the  point  to  the  plane. 
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The  Common  Sedion  of  Two  Planes,  is  a  Right  Line, 


A- 


r 


\ 


L 


Let  acbda,  aebfa,  be  two  planes 
Cutting  each  other,  and  A,  b,  two  points 
in  which  the  two  planes  meet ;  drawing 
the  line  ab,  this  line  will  be  the  common 
incerfe6tIon  of  the  two  planes. 

For,  becaufe  the  right  line  A3  touches 
the  two  plaaes  in  the  points  A  and  B,  it 
touches  them  in  all  other  points  (def.  20)  : 
this  line  is  therefore  common  to  the  two  planes.     That  is, 
the  common  interlection  of  the  two  planes  is  a  right  line. 

C^  E.  D. 
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THEOREM    XCVIII, 

If  a  Line  he  Perpendicular  to  two  other  Lines,  at  their 
Common  Point  of  Meeting  ;  it  will  be  Perpendicular  tp 
the  Plane  of  thofe  Lines. 

Let  the  line  ab  make  right  angles  with 
the  lines  ac,  ad  ;  it  will  be  perpendicular 
to  the  plane  cde  which  pafTes  through 
thefe  lines. 

If  the  line  ab  were  not  perpendicular  to       F'^^^«^^) 
the  plane  cde,  another  plane  might  pafs         V^"  ^^^^ 
"through  the  point  A,  to  which  the  line  ab  ^ 

would  be  perpendicular.  But  this  is  im- 
pofEble ;  for,  fmce  the  angles  bac,  bad,  are  right  angles, 
this  other  plane  muft  pafs  through  the  points  c,  d.  Hence, 
this  plane  paffing  through  the  two  points  a,  c,  of  the  line 
AC,  and  through  the  two  points  a,  d,  of  the  line  ad,  it  will 
pafs  through  both  thefe  two  lines,  and  therefore  tJ^  the  fansie 
^lane  with  the  former,     ^  £,  D% 
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THEOREM  XCIX. 

If  Two  Lines  be  Perpendicular  to  the  Same  Plane,  they  will. 

be  Parallel  to  each  other. 

Let  the  two  Imes  ab,  cd,  be  both  of 
them  perpendicular  to  the  fame  plane  ebdf  ; 
then  will  ab  be  parallel  to  CD. 


E 


B 


For,  join  B,  D,  bv  the  line  bd  In  the 
plane.     Tfien,   becaufe  the  lines  ab,  cd, 
are  perpendicular  to  the  plane  ef,  they  are 
both  perpendicular  to  the  line  bd   (def,  SO)   In  that  plane* 
And  becauie    ab    and  cd   are   both    perpendicular  to  the 
fame  line  bd,  they  are  parallel  to  each  other  (corol.  th.  13). 

<^.    E.  D. 

Coi^oL  If  two  lines  be  parallel,  and  if  one  of  them  be 
perpendicular  to  any  plane,  the  other  will  alfo  be  perpendi* 
cular  to  the  fame  plane. 


THEOREM    C. 

If  ISwo  Planes  Cut  each  other  at  Right  Angles,  and  a  Line, 
be   drawn  in  one   of  the  PJanes  Perpendicular    to  their 
Common  IntcrfetSlion,    it  will  be   Perpendicular  to  the. 
other'  Plane. 

Let  the  two  planes  acbd,  aebf,  cut 
each  other  at  right  angles  ;  and  the  line 
CG  perpendicular  to  their  common  ie£tion 
AB  ;  then  will  CG  be  alio  perpendicular  to 
the  other  plane  aeef. 

For,  draw  eg  perpendicular  to  ab. 
Tlien,  becaufe  the  two  lines  «c,  ge,  are 
perpendicular  to  the  common  interfe61:ian 
AB,  the  angle  cge  is  the  angle  of  inclination  of  the  twdt. 
planes  (def.  92).  But  fince  the  two  planes  cut  each  other 
perpendicularly,  the  angle  of  inclination  cge  is  a  right 
anrle.  And  fince  the  line  cg  is  perpendicular  to  the  twa 
lines  gAj'ge,  in  the  plane  aebf,  it  is  therefore  perpendi* 
^ular  to  that  plane  (th.  ^6),        Q^  E.  s>. 


fiPKSOltBI^ 


THEOUEM'*, 


,a4« 


THEOREM    CI. 

Jf  one  Plane  Meet  another  Plane ;  It  will  malce  Angle* 
with  that  other  Plane,  which  are  together  Equal  to  Twp 
Right  Angles. 

Let  the  plane  acbd  meet  the  plane  aebf  ;  thefe  planes 
make  with  each  other  two  angles  whdfe  fum  is  equal  to  twp 
right  angles. 

For,  through  any  point  G,  in  tne  common  fe6tion  ab, 
draw  CD,  ef,  perpendicular  to  AB.  Then,  the  line  cO 
makes  with  ef  two  angles  together  equal  to  two  right  angles. 
But  rhefe  two  angles  are  (by  def.  92)  the  angles  of  InGliria* 
tion  of  the  two  planes.  Therefore  the  two  planes  make 
angles  with  each  other,  which  are  together  equal  to  twp 
right  angles. 

CoroL  In  like  manner,  it  may  be  demondrated,  that  planes 
which  interfecl,  have  their  vertical  or  oppofite  angles  equal ; 
alfo,  that  parallel  planes  have  their  alternate  angles  equal; 
and  fo  on,  as  in  parallel  lines. 


THEOREM  CII. 

If  Two  Planes  be  Parallel  to  each  other ;  a  Line  which  1^ 
Perpendicular  to  one  of  the  Pknes,  vnll  alfo  be  PerpendU 
tular  to  the  other. 

Let  the  two  plane*  cD,  ef,  be  parallel, 
and  let  the  line  ab  be  perpendicular  to  the 
plane  cd  ;  then  fhall  it  alfo  be  perpendicu- 
lar to  the  other  plane  ef. 

For,  from  any  point  G,  in  the  plane  ef, 
draw  GH  perpendicular  to  the  plane  CD,  and 
draw  AH,  BG. 

Then,  becaufe  BA,  GH,  are  both  perpendicular  to  the 
plane  cd,  the  angles  a  and  h  are  both  right  angles.  And 
becaufe  the  planes  cd,  ef,  are  parallel,  the  perpendiculars 
BA,  GH,  are  equal  (def.  93).  Hence  it  follows  that  the 
lines  BG,  AH,  are  parallel  (def.  9).  And  the  line  ab  being 
perpendicular  to  the  line  ah,  is  alfo  perpendicular  to  tlis 
parallel  line  bg  (cor.  th.  12). 

In  like  manner,  it  is  proved,  that  the  line  AB  is  pcrpeii- 
4icul^  to  ^l  other  lines  which  can  be  drawn  froQi  the  point  3 

A  a  2  ill 


314 


GECMETRt. 


in  the  plane  ff.     Therefore  the  line  ab  Is  perpendicular  t# 
the  whole  plane  ef  (dcf.  90).       q^  E.  D,  _ 


D 


tHEOREM  CIII. 

If  Two  Lines  he  Parallel   to  a  Third  Line,  though   not  la 
the  fame  Plane  with  it ;  they  will  be  Parallel  to  each  other. 

Let  the  lines  ab,  Cd,  be  each  of  them 
parallel  to  the  third  line  eFj  though  not  in 
the  fame  plane  with  it ;  then  will  ab  be  pa* 
rallel  to  cd. 

For,  from  any  point  g  in  the  line  ef,  let 
GH,  Gi,  be  each  perpendicular  to  ef,  in  the         H 
planes  eb,  ed,  of  the  propofed  parallels. 

Then,  fnice  the  line  ef  is  perpendicular  A 

to  the  two  lines  gh,  gi,  it  is  perpendicular 
to  the  pianc  ghi  of  thofe  lines  (th.  98).  And  becaufe  ef 
is  perpendicular  to  the  plane  ghi,  its  parallel  ab  is  alfo  per- 
pendicular to  that  plane  (th  99,  cor.)  For  the  fame  reafon, . 
the  line  cd  is  perpendicular  to  the  fame  plane  ghi.  Hence, 
becaufe  the  two  lines  ab,  cd,  are  perpendicular  to  the 
fame  plane,  thefe  two  Hnes  are  parallel  (th.  99).     <^E.  D. 
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THEOREM   Crv." 

If  T^vo  Lines  that  meet  each  other,  be  Parallel  to  Tw» 
other  Lines  that  meet  each  other,  though  not  in  the  fame 
Plane  with  them ;  the  Angles  contained  by  thofe  Lines 
will  be  etjual. 

Let  the  two  lines  ab,  bc,  be  parallel  to 
the  two  lines  de,  ef  ;  then  will  the  angle  5? 

ABC  be  equal  to  the  angle  def. 

For,  make  the  lines  ab,'bc,  de,  ef,  all 
eqi^al  to  each  other;  and  join  ac,  df,  ad, 
BE,  cf. 

Then,  the  lines  ad,  be,  joining  the  equal         -D^ 
and  parallel  lines  ab,   de,  are  equal  and 
parallel  (th.  24).     For  the  fame  reafon,  cf,  be,  are  equal 
;ind   parallel.      Therefore   ad,   cf,   are   equal   and   parallel 
(th.  15),  and  confcquently  alfo  ac,  df   (th.  24).     Hence, 
ike  two  triangles  abc,  DiiF,  having  all  their  fides  equal, 
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•ach  to  each,  have  their  ^n^le?  alfo  equal,  and  confequently 
the  angle  abc  rr  the  angle  Dtt\         q^  e.  d. 
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THEOREM    CV. 

The  Sections  made  by  a  Plane  cutting  two  other  Parallel 
Planes,  are  alfo  Parallel  to  each  other. 

Let  the  two  parallel  phnes  ab,  cd,  bs 
%m  by  the  third  plane  f.fhg.  In  the  I'nes 
EF,  GH  ,  thefe  two  fedions  ef,  gh,  will 
be  parallel. 

Suppofe  EG,  FH,  be  drawn  parallel  to 
each  other  in  the  plane  efhg;  alio  let 
£1,  FK,  be  perpendicular  to  the  plane  c»j 
and  let  iG,  kh,  be  joined. 

Then  EG,  fh,  being  parallels,  and  ET,  FK,  being  both 
perpendicular  to  the  plane  cd,  are^llb  parallel  to  each  other 
(th.  99)'y  confequcntly  the  angle  hfk  is  equal  to  tne  ans^Ie 
GE'  (th.  104}  But  the  angle  fkh  is  a-io  equal  the  angle 
FIG,  being  both  right  angles ;  therefore  the  two  triangle*-  are 
equiangular  (cor.  1,  th  i7);  and  the  fides  FK,  R/,  being 
the  equal  diftances  between  the  paralle''  planer  (def  93),  it 
follows  that  the  fides  fh,  eg,  ate  alio  equal  (th  2).  l>ut 
thefe  two  lines  are  parailei  (by  iuppof },  as  wvll  as  equal ; 
conlequendy  the  two  tines  ef,  gh,  joinuig  tliofe  equal  pa- 
rallels, are  alfo  parallel  (th.  24).     (^  i..  d. 
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THEOREM     CVI. 

If  a  Prifm  be  cut  by  a  Plane  Parallel  to  its  Bafe,  the  SecHiion 
will  be  Equal  and  Like  to  ^i\Q  Bafe. 

Let  AG  be  any  prifm,  and   iL  a  plane  tt^ .^ 

parallel  to  the  bafe  AC  ;  then  will  the  plane 
IL  be  equal  and  like  to  the  h^fe  ac,  or  .he 
two  planes  will  have  all  their  fi Jes  and  all 
their  angles  equal. 

For,  the  two  planes  ac,  il,  being  paral- 
jcl,  by  hypothefit; ;  and  two  p.-rallel  nkn^?, 
cut  by  a  th:rd  plane,  having  paral  el  f  ctions 
(th.  i05);  therefore  IK  is  parallel  to  ab,  and  KL  to  BC,3nd 
LM  to  CD,  and  im   to  ad.     But  ai  and   ;iK   are  pajands 
(bydef.  :?6);  confequently  AK   is  a  parallelogram  ;  and  the 
oppofite  fides  ab,  ik,  are  equal  (th.  '^Z).     In  like  manner^ 
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It  Is  {hewn  that  kl  is  =:  Bc,  and  lm  =  CD, 

and  IM  =  AD,  or  the  two  planes  AC,  il,  are 

mutually  equilateral.     But  thefe  two  planes, 

having  their  correfponding  fides  parallel,  have 

the   angles  contained    by    them  alfo   equal 

(th.  104),  namely,  the  angle  A  =  the  angle  i, 

the  angle  B  =  the  angle  K,  the  angle  c  =  the 

angle  l,  and  the  angle  d  =  the  angle  M.  So 

that  the  two  planes    AC,   il,  have  all   their  correfpondingf 

iides  and  angles  equal,  ©r  are  equal  and  like.       Q^  E.  d, 

THEOREM    CVII. 

X£  a  Cylinder  be  ciit  by  a  Plane  Parallel  to  its   Bafe,  thd 
Se6lion  will  be  a  Circle,  Equal  to  the  Bafe. 

Let  af  be  a  cylinder,  and  ghi  any 
fe6tion  parallel  to  the  bafe  abc  ;  then  will 
GHI  be  a  circle,  equal  to  abc. 

For,  let  the  planes  ke,  kf,  pafs  through 
the  axis  of  the  cylinder  mk,  and  meet  the 
fe6tion  GHI  in  the  three  points  h,  i,  L; 
tnd  join  the  points  as  in  the  figure. 

Then,    fmce   kl,   ci,   are   parallel     (by 
def.  102);  and  the  plane  Ki,  meeting  the 
two  parallel  planes   abc,  ghi,   makes  the  two  fe6lions  KC, 
lii,  parallel  (th.  105);  the  figure  klic  is  therefore  a  paralle- 
logram, and  confequently  has  the  oppofite  fides  Li,  Kc,  equal, 
where  kc  is  a  radius  of  the  circular  bafe. 

In  like  manner,  it  is  fl^ievvn  that  lh  is  equal  to  the  radlu* 
KB ;  and  that  any  other  lines,  drawn  from  the  point  L  to 
th(^circumferen>ce  of  the  fe6lion  ghi,  are  all  equal  to  radii 
of  the  bafe;  confequently  ghi  is  a  circle,  and  equal  to  abc, 

(^  E.  D, 

THEOREM  CVIII. 

All  Prifins  and  Cylinders,  of  Equal  Bafes  and  Altitudes,  are 

Equal  to  each  other. 

Let  AC,  DF,  be  two 


prifms,  and  a  cylinder, 
tipon  equal  bales  ab, 
1)E,  and  having  equal 
a.ltitudes  BC  and  ef; 
then  will  the  folids  AC, 
py,  be  equal. 

Icr,    let   ?q^  Rs,  be 

any 
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any  two  fe^lions  parallel  ro  the  bafes,  and  equldiilant  fiom 
them.  Then,  by  the  lafl:  two  theorems,  tae  lect  on  pq^ 
is  equal  to  the  bafe  ab,  and  the  I'e^l  on  ks  equal  the  bale 
DE.  But  the  bafc^  ab,  de,  are  erual,  by  ihe  hvpo.hefis  ; 
therefoie  the  fe6lions  pQj  rs,  arc  eqva^  alio.  In  like  manner, 
it  may  be  Ihewn,  that  any  other  co:refpondmg  f'^cflions  are 
equal  to  one  another. 

Since  then  every  le6lion  in  the  prlfm  AC,  is  equal  to  its 
corrcfpon  Jing  ie(5t'on  m  the  prifm  or  cylinder  df,  the  prilms 
and  cylinder  themfelves,  which  are  com;[.H)fed  of  an  equal 
number  or  all  thoie  ledtions,  muit  ulfo  be  equal.         Q^  E.  d, 

Corel,  Every  prifm,  or  cvhnder,  is  equal  to  a  rectangular 
parallelopipedon,  of  an  equal  bale  and  altitude. 


THEOREM  CIX. 

Rectangular  Parallelo})ipedons,   of  Equal  Altitudes,  have  to 
each  other  the  fame  Proportion  as  their  Bafes. 

Let  AC,  EG,  be  two  re6lan- 

gular  parallelopipedons,  haViUg    a    11  ^*? C 

the  equal  altitudes  ad,  eh  ; 
then  will  the  foiid  ac  be  to  the 
fohd  EG,  as  the  bafe  A B  is  to 
the  bafe  ef. 
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For,  let  the  proportion  of  the 
baie  AB  to  the  bale  ef,  be  that 
of  any  one  number  vi  (3)  to  any 

other  number  n  (2j.  And  cunceive  ab  to  be  divided  into  m 
equal  parts,  or  re6langles,  ai,  lk,  mb  (bv  dividing  an  into' 
that  number  of  equal  parts,  and  drawing  il,  km,  parallel 
to  bn).  And  let  >:f  be  divided,  in  like  manner,  mro  //  equal 
parts,  or  reiSlangies,  eo,  pf  :  all  •.  i  thefe  parts  of  both 
bafes  being  mutuallv  equil  among  thcmfelves.  And  ttirough 
the  lines  of  divifion  let  the  plane  fedtions  lr,  ms,  pv,  pafs 
parallel  to  aq^  et. 


re 


Then,  the  parallelopipedons  ar,  ls,  mc,  ev.  :'^ 
all  equal,  having  equal  bafes  and  altitudes.  Therefore  ihe 
fohd  AC  is  to  the  folid  eg,  as  the  number  oi  parts  in  the 
former  to  the  number  of  equal  parts  in  the  latter ;  or  as  the 
number  of  parts  in  ab  to  tne  number  cf  eqr.al  parts  in  ef, 
tliat  is,  as  the  bafe  aB  to  the  bafe  ef.         c^  e.  d      ► 

Carol.  From  this  theorem,  and  the  corollary  tc;  the  lafl,  it 
appears,  tuat  all  piiiius  and  cylinders  of  equal  aititu Jes,  are 

to 
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to  each  other  as  their  bafes ;  every  prifm  and  cylinder  Belng^ 
equal  to  a  redbangular  parallelopipedon  of  an  equal  bafe  and 
altitude. 


THEOREM  ex. 


Rectangular  Parallelopipedons,  of  Equal  Bafes,  are  in  Pr<i» 
\  portion  to  each  other  as  their  Altitudes. 
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Let  ab,  Cd,  be  two  rectan- 
gular parallelopipedons  flanding 
on  the  equal  bafes  ae,  cf  ; 
then  will  the  folid  a  b  be  to  the 
folid  CD,  as  the  altitude  eb  is  to 
the  altitude  fd. 

B'or,  let  AG  be  a  reClangular 
parallelopipedon  on  the  bafe  ae, 
and  its  altitude  eg  equal  to  the  altitude  fd  of  the  folid  cd. 

Then  ag  and  cd  are  equal,  being  prilms  of  equal  bafes 
and  altitudes.  But  if  hb,  hg,  be  confidered  as  bafes,  the 
folids  AB,  AG,  of  equal  altitude  ah,  will  be  to  each  other 
las  thofe  bafes  hb,  hg.  But  thefe  bafes  hb,  hg,  being 
parallelograms  of  equal  altitude  he,  are  to  each  other  as 
their  bafes  eb,  eg  ;  therefore  the  two  prifms  ab,  ag,  are 
to  each  other  as  the  lines  eb,  ^g.  But  ag  is  equal  to 
CD,  and  EG  equal  to  fd  ;  confequcntly  the  prifms  ab,  cd, 
are  to  each  other  as  their  altitudes  eb,  fd;  that  is,  -  *  • 

AB  :  CD  : :  eb  :  fd.       q^  e.  d. 

Corol.  1 .  From  this  theorem,  and  the  corollary  to  theorem 
108,  it  appears,  that  all  prifms  and  cylinders,  of  equal  bafes, 
are  to  one  another  as  their  altitudes. 

Corol.  2.  Becaufe,  by  corollary  1,  prifms  and  cylinders  are 
as  their  altitudes,  when  their  bafes  are  equal.  And,  by  the 
corollary  to  the  laft  theorem,  they  are  as  their  bafes,  when 
their  altitudes  are  equal  Therefore,  univerfally,  when  nei- 
ther are  equal,  they  are  to  one  another  as  the  produ6l  of  their 
bafes  and  altitudes.  And  hence  alfo  thefe  produCls  are  the 
proper  numeral  meafures  of  their  quantities  or  magnitudes. 

THEOREM   CXI. 

Similar  Prifms  and  Cylinders  are  to  each  other  as  thf 
Cubes  of  their  Altitudes,  or  of  any  other  Like  Linear  Di- 
fAcnfions. 

Let  abcd,  efgh,  be  two  fimilar  prifms ;  then  will  the  prifm 
tn  be  to  the  prifm  gh,  as  ab^  to  iir^  or  ad^  to  eh'-'. 
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For  (he  folids  are  to  each  other  as 
the  producl  of  their  bafes  and  alti- 
tudes (til.  110,  cor.  2),  that  is,  as 
AC  .  AD  to  EG  .  EH.  But  the  bafes, 
being  iimilar  planes,  are  to  each 
other  as  the  fquaies  of  their  hke 
fides,  that  is,  ac  to  eg  as  ab'  to 
BF^ ;  therefore  the  foiid  CD  is  to 
thefolid  GH  as  ab-.  ad  to  ef'.  eh. 

But  BD  and  FH,  being  fimiiar  planes,  have  their  like  fides 
proportional,  that  is,  ab  :  ef  .* :  AD  ;  eh,  -  -  -  _  - 
or  AE - ;  EF^ : :  AD' : :  eh-  :  therefore  ab^  .  ad  :  ef"  .  eh  ; :  ab^  .*  ff, 
or  ::  ad^  :  eh'^  ;  confeq.   the  fohd  CD  :  folid  gh  ::  ab^  ; 

£F^ : :  AD^ :  ehK      q^  e.  d. 


THEOREM    CXII. 

Jn  a  Pyramid,  a  Se61:ion  Parallel  to  the  Bafe  is  rimilar  to  the 
Bafe  ;  and  theie  two  planes  are  to  each  other  as  the  Squares 
of  their  Diftance  from  the  Vertex. 

Let  abcd  be  a  pyramid,  and  efg  a  fee- 
tion  parallel  to  the  bafe  bcd,  aifo  aih  a 
line  perpendicular  to  the  two  planes  at  h  and 
I :  then  will  bd,  eg,  be  two  hmilar  planes, 
and  the  plane  bd  will  be  to  the  plane  eg  a$ 
AH-  to  AI". 

For,  join  ch,  ft.  Then,  becaufe  a  plane 
cutting  two  parallel  planes,  makes  paraliei 
'feftions  (th.  105),  therefore  the  plane  abc, 
meeting  the  two  parallel  planes  ed,  eg,  makes  the  fecblons 
CO,  EF,  parallel :  In  like  manner,  the  plane  acd  makes 
the  fed^ions  cd,  fg,  parallel.  Again,  becaufe  two  pair  of 
parallel  lines  makes  equal  angles  (th.  104),  the  two  ef,  fg, 
which  are  parallel  to  bc,  cd,  make  tiie  angle  efg  equal 
the  angle  bcd.  And,  in  like  manner,  it  is  ihewn,  that 
each  angle  in  the  plane  eg  is  equal  to  each  angle  in  tl^c 
plane  bd,  and  conlequently  thofe  two  planes  are  equian- 
gular. 

Again,  the  three  lines  ab,  ac,  ad,  making  with  the 
parahels  bc,  ef,  and  cd,  fg,  equal  angles  (th.  14),  and 
the  angles  at  a  being  common,  the  two  triangles  abc,  a£F, 
are  equiangular,  as  alfo  the  two  triangles  acd,  afg,  and 
have  therefore  their  like  fides  proportional,  naiHiily,    -     -     - 
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AC  :  AF  : :  EC  !  EF  : :  CD  :  fg.    And,  in 

like  manner,  It  may  be  iliewn,  that  all  the 
line  in  the  plane  tG  are  proportional  to  all 
the  correfponding  ones  in  the  bafe  bd. 
Hence  thefe  two  planes,  having  their  anp-!es 
^fequal  and  their  fides  proportional,  are 
£miiar,  by  def.  6S. 

But,  fimilar  planes  being  to  each  other  as  the  fquares  of 
their  like  fides,  the  plane  bd  :  eg  : :  bc-  :  ef^  or  : ,  Ac^ : 
AF%  by  what  is  (hewn  above.  Alfc,  the  two  triangles 
AHC,  AiF,  having  the  angles  H  and  i  right  ones  (th.  9S), 
and  the  angle  a  common,  are.  equiangular,  and  have  there- 
fore their  like  fides  proportional,  namely,  ac  :  af  :  .*  ah  at, 
or  AC'^  :  af"  ::  ah'  :  a?-.  C- nfequently  the  two  plai.es 
BD,  EG,  w!,:ch  aie  as  the  former  iqnares  ac%  Af",  will 
be  alfo  as  tiie  latter  fquares  ah',  ai',   that  is,     -     -     -     - 

$D  :  EG  : :  ah-  :  ai%  <^  e.  d. 


THEOREM  CXIII. 

in  a  Cone,  any  Sc61:ion  Parallel  to  the  Bafe  is  a  Circle  ;  and 
this  Se6lion  is  to  the  Bafe  as  the  Squares  of  tlieir  Diftances 
from  the  Vertex. 

Let  abcd  be  a  cone,  and  ghi  a  fe£lion 
parallel  to  the  bafe  bcd  ;  then  will  ghi 
be  a  circle,  and  bcd,  ghi,  will  be  to  each 
other  as  the  fquares  of  their  diilances  from 
the  vertex. 

For,  draw  Alf  perpendicular  to  the 
tw^o  parallel  planes  ;  and  let  the  planes 
ACE,  ADE,  pafs  through  tlie  axis  of  the 
tone  AKE,  meeting  theiediion  in  the  tliree 
points  H,  I,  K. 

Then,  fince  the  fe6lion  ghi  is  parallel  to  the  bafe  bcd, 
and  the  planes  ck,  dk,  meet  them,  hk  is  parallel  to  ce, 
and  IK  to  DE  (th.  105).  And  becaufe  the  triangles  formed 
by  thefe  lines  are  equiangular,  kh  :  eg  : :  ak  :  ae  ; :  ki  :  ed. 
But  EC  is  equal  to  ed,  being  radii  of  the  fam.e  circle ;  there- 
fore KI  is  aUo  equal  to  kh.  And  the  fame  may  be  ihewn  of 
any  other  lines  drawn  from  the  point  k  to  the  perimeter  of 
the  fe^lion  ghi,-  which  is  therefore  a  circle  (def.  44). 

Again,  by  fimilar  triangles,  al  :  af  : :  ak  :  ae  or 
• :  Ki  :  ED,  hence  al'^  :  af^  : :  Kr  :  ed'  ;  but  ki^  :  ED"  : : 
circle  ghi  :  circle  bcd  (th.  93);  therefore  Ah^  I  af^  ;: 
circle  ghi  :  circle  bcd.        (^  e.  d. 
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THEOREM  CXIV. 

All  Pyramids,  and  Cones,  of  Equal  Bafes  and  Altitudes,  arc 

Equal  to  one  another. 

Let     ABC,     DEF,  A 

"be  any  pyramids  and 
cone,  of  equal  bafes 
Bc,  EF,  and  equal 
altitudes  ag,  dh  : 
then  will  the  pyra- 
rnids  and  cone  abc 
and  DEF^  be  equal. 

For,  parallel  to  the 
bafes,    and  at   equal   diftanc.es  an,  do,  from  the  vertices 
fuppofc  the  planes  IK,  lm,  to  be  drawn. 

Then,  by  the  two  preceding  theorems,    -     -     -     -     •     ^ 
Do^  DH^  ::  LM  :  ef,  and 

an-  ag^  : :  IK  :  bc. 

But  fmce  AN'^,  AG^,  are  equal  to  do^,  dh^, 
therefore  iK  ;  bc  :;  lm  :  ef.     But  bc  is  equal  to  EF, 
by  hypothefis;  therefore  IK  is  alfo  equal  to  lm. 

In  the  fame  manner  it  is  fhewn,  that  any  other  fe£i:ions,  at 
equal  diflance  from  tlje  vertex,  are  equal  to  each  other. 

Since  then,  every  feciion  in  the  cone,  is  equal  to  the  cor- 
ref])onding  fe6lion  in  the  pyramids,  and  the  heights  are  equal, 
the  folids  abc,  def,  compofed  of  all  thofe  feclions,  mulf  be 
equal  alfo.  (^  E.  D. 


THEOREM  CXV. 


Every  Pyramid  of  a  Triangular  Bafe,  is  the  Tliird  Part  of  a 
Prifm  of  the  Same  Bafe  and  Altitude. 


Let 


and 


abcdef  be  a  priim,  and  bdef  a 
pyramid,  on  the  fame  triangular  bafe  def  : 
then  wnll  the  pyramid  bdef  be  a  third  part 
.of  the  prifm  abcdef. 


For,  in  the  planes  of  the  three  fides  of  the 
prifm,    draw    the    diagonals    bf,    bd,    cd. 
Then  the  two  planes  bdf,  ecd,  divide  the 
whole  prifm  into  the  three  pyramids  bdef,  dabc,  DBCF, 
which  are  proved  to  be  all  equal  to  one  another,  as  follows. 

Since  the  oppofite  ends  of  the  prifm  are  equal  to  each  other, 
the  pyramid  whofe  bafe  is  abc  and  vertex  d,  is  equal  to  the 


pyramid 
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pyramid  'whofe  bafe  is  def  and  vertex  B 
(th.  114),  being  pyramids  of  equal  bafe 
ind  altitude. 
-  But  tlie  latter  pyramid,  vvhnfe  bafe  is 
DEP  and  vertex  b,  is  tLe  fame  folid  as  the 
pyramid  whofe  bafe  is  B£F  and  vertex  d, 
and  this    is   equal    to    the    third    pyramid  _ 

whofe  bafe  is  bcf  and  vertex  d,  being  py- 
ramids of  the  fame  altitude  and  equal  bales 

BEF,  BCF. 

Confequently  all  the  three  pyramids,  which  compofe  the 
prilm,  are  equal  to  each  other,  and  each  pyramid  is  the 
third  part  of  the  prifm,  or  the  pi  ifm  is  triple  of  the  pyra- 
mid. Q^  E.  D. 

\ 

CoyvL  1.  Every  pyramid,  whatever  Its  figure  may  be,  is 
the  third  part  of  a  pnfm  of  the  fame  bale  and  altitude  ; 
fince  the  bale  of  the  prifm,  whatever  be  its  figure,  may  be 
divided  into  triangles,  and  tiie  whoie  folid  into  triangulaJr 
priuns  and  pyramids.  , 

CoroL  2.  Any  cone  is  the  third  part  of  a  cylinder,  or  of  a 
prifm,  of  equal  bafe  and  altitude  ;  fmce  it  has  been  proved 
that  a  cylinder  is  equal  to  a  prilm,  and  a  cone  equal  to  a 
pyramid,  of  equal  bale  and  altitude. 

Scholium.  Whatever  has  been  demonflrated  of  the  piopor-* 
tlonality  of  prifms,  or  cylinders,  holds  equally  true  of  pyra- 
mids, or  cones  ;  the  former  being  always  tripie  the  latter ; 
viz.  that  fimilar  pyramids  or  cones,  are  as  the  cubes  of  their 
like  linear  fides,  or  diameters,  cr  altitudes,  &;c.  And  the 
fame  for  all  limilar  folids  whatever,  viz.  that  they  are  in  pro- 
portion to  each  ether,  as  the  cubes  of  their  like  linear  dimen- 
^ons,  fince  they  are  compofed  of  pyramids  every  way  fimilar. 


THEOREM  CXVI. 
If  a  Sphere  be  cut  by  a  Plane,  the  Se61:ion  will  be  a  Circlja^ 

Let  the  fphere  aebf  be  cut  by  the 
plane  adb  ;  then  will  the  fe6lion  adb 
be  a  circle. 

Draw  the  chord  ab,  or  diameter  of 
the  fe£lion  ;  perpendicular  to  which,  or 
to  the  fedlion  adb,  draw  tlie  axis  of  the 
fphere  ecgf,  through  the  centre  c, 
xvhich  will  bife6l  the  chord  ab  in  the 
point  G  (th.  41).     Alio,  join  ca,  cb  ; 
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and  draw  cd,  cd,  to  any  point  d   In  the  perimeter  of  the 
fe6lion  adb. 

Then,  becaufe  CG  is  perpendicular  to  the  plane  ^db,  It 
Is  perpendicular  both  to  ga  and  gd  (ilet  90).  So  that' 
CGA,  CGD  arc  two  right-angl'jd  triangles,  having  the' 
perpendicular  co  common,  and  the  two  hypot'.enules  ca, 
CD,  equal,  being  both  radii  of  the  fphce  ;  therefore  the 
third  fides  ga,  gd,  are  alfo  equal  (cor,  2,  th.  34).  In  like 
iTjanu'-T,  it  is  fhewn,  that  anv  other  line  drawn  from  the 
centre  G  to  the  circumference  of  the  fe6tion  adb,  is  equal  to 
GA  or  GB  i  confequently  that  fc6tion   is  a  circle. 

Corol.  1 .  The  centre  of  every  fedlion  of  a  fphere  Is  always 
in  a  diameter  of  the  fphere, 

Corol.  2.  The  fe6tion  through  the  centre,  is  a  circle  having 
the  fame  centre  and  diameter  as  the  fphere,  and  is  called  a 
great  circle  of  the  fphere ;  the  otiier  plane  fe6lions  being  little 
circles, 

THEOREM   CXVII. 

Every  Sphere  is  Two-Thirds  of  Its  Circumfcrlblng  Cylinder, 

Let  abcd  be  a  cylinder,  circum- 
Icribing  the  fphere  efgh  ;  then  will 
the  fpaere  efgh  be  two-thirds  of  the 
cylinder  abcd. 

For,  let  the  plane  AC  be  a  fecSlion  of 
the  fphere  and  cylinder  through  the 
centre  i.  Join  Ai,  bi.  Alfo,  let  fih 
be  parallel  to  ad  or  bc,  and  eig  and 
KL  parallel  to  ab  or  DC  the  bafe  of 
the  cylinder,  the  latter  line  kl  meeting  bi  in  M,  and  the 
circular  fetation  of  the  fphere  in  n. 

Then,  if  the  whole  plane  hfec  be  conceived  to  revolve 
about  the  line  hf  as  an  axis,  the  fquare  fg  wdll  defcribe  a 
cylinder  ag,  the  quadrant  ifg  will  defcribe  a  hemifphere 
EFG,  and  the  triangle  ifb  will  defcnbe  a  cone  iab.  Aifo, 
in  the  rotation,  the  three  lines  or  parts  kl,  kn,  k.v,  as 
radii,  will  deicribe  correfponding  circular  fedtions  of  tiiofe 
foiids,  namely,  kl  a  fe^lion  of  the  cylinder,  kn  a  fedl.on  of 
the  iphere,  and  km  a  feclion  of  the  cone. 

Now,  FB  being  equal  to  Fi  or  ig,  and  kl  parallel  to 
JFB,  by  fmiilar  triangles  ik  is  equal  to  km  (th.  82).  And 
iince,  in  the  right-angled  triangle  ikn,  in-  is  equal  to  iK^ 
-f  Itfci'  (th.  34}  i  ana  i^ecauie  kl  is  equal  to  the  radius  ig 
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©i"  IN,  and  km  ==  IK,  therefore  kl'  is 
equal  to  km-  +  kn%  or  the  fquare  of 
the  longeft  radius,  of  the  faid  circular 
fe6tions,  is  equal  to  the  fum  of  the 
fquares  of  the  two  others.  And  he- 
caufe  circles  are  to  each  other  as  the 
fquares  of  their  diameters,  or  of  their 
radii,  therefore  the  circle  defcribed  by 
KL  is  equal  to  both  the  circles  de- 
fcribed by  KM  and  kn,  or  the  fe6lion  of  the  cylinder  is 
equal  to  the  correfponding  fedlions  of  the  fphere  and  cone. 
^nd  as  this  is  always  the  cafe  in  every  parallel  pofition  of 
KL,  it  follows,  that  the  cylinder  eb,  which  is  compofed  of 
ail  the  former  fefbions,  is  equal  to  the  hcmi fphere  efg  and 
,^one  lAB,  Avhich  are  compofed  of  all  the  latter  ie61;ions. 

But  the  cone  iab  is  a  third  part  of  the  cylinder  eb 
(cor.  2,  th.  115);  confequently  the  hcmlfphere  efg  is  equal 
to  the  remaining  two-thirds  ;  or  the  whole  fphere  efgh 
equal  to  two-thirds  of  tlie  whole  cylinder  abcd.         q^  e.  d. 

"CoroL  1.  A  cone,  hemifphere,  and  cylinder,  of  the  fame 
l)afe  and  altitude,  are  to  each  other  as  the  numbers  1,  2,  3. 

Cord.  2,  All  fpheres  are  to  each  other  as  the  cif.bes  of  their 
diameters  j  all  thefe  being  like  parts  of  their  circumfcribing 
cylinders. 

Carol,  3.  From  the  foregoing  demonftration  it  alfo  ap- 
pears, that  the  fpherical  zone  or  fruftrum  egnp,  is  equal 
to  the  diiFerence  between  the  cylinder  eglo  and  the  cone 
JMQ,  all  of  the  fame  common  height  iK.  And  that  the 
fpherical  fegraent  pfn,  is  equal  to  the  difFerence  between 
the  cylinder  ablo  and  the  conic  fruHrum  AQftiB,  all  of  tUc 
,;|^imi£  coinmon  altitude  FK^ 
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PROBLEMS. 


PROBLEM    I. 

To  Bifedji  r.inc  AB;  that  is,  to  divide  It  into  two  Equal 

Parts. 

From  the  two  centres  a  and  b,  with 
any  equal  radii,  hfcnhe  arcs  of  circles,  in- 
terie6ting  each  otlier  in  c  and  D  ;  and 
draw  the  line  CD,  which  will  bife6t  the 
given  line  ab  in  the  point  e.  ^ 

For,  draw  the  radii   AC,  BC,    ad,  bd. 
Then,  becaufe  all  theie  four  radii  are  eq-ial, 
and  the  fide  cd  common,  the  two  t- iangles 
ACD,  BCD,  are  mutually  equilateral:  confequently  they  ar* 
alfo  mutually  equ'angular  (th.  5),   and  have  the  angle  ace 
equal  to  the  angle  bce. 

Hence,  the  two  triangles  ace,  bce,  having  the  two  fides 
AC,  CE,  equal  to  the  two  fides  BC,  ce,  and  thQS  contained 
angles  equal,  are  identical  (th.  1),  and  therefore  have  the 
&de  AE  equal  to  EB.         q^e.  d. 


¥ 


PROBLEM   IT. 

To  Bife£t  an  Angle  bac. 

From  the  centre  a,  wnth  any  radius,  de- 
fcribe  an  arc,  cutting  off  the  eqtial  lines  , 
AD,  ae  ;  and  from  tiie  two  centres  d,  E, 
with  the  fame  radius,  dcfcribe  arcs  interleft- 
ing  in  f;  then  draw  af,  which  will  biiedt 
the  angle  a  as  required. 

For,  join  DP,  EF.      Then   the  two  tri- 
angles   ADF,    AEF,    having   the   lwo    fides 
jfiUf  DF,  equal  to  the  two  -lE,  f  i-    ^^ being  equal  radii),  and 
the  fide  af  common   are  mutually  equilateral ;  confequently 
they   are  a-io  mutually  equianj;ular  ^th.  5),  and  have  th« 
angle  BAF  equal  to  tiie  angle  caf. 

,    SrI'oliumi    li*  the  feoie  mftaner  is  a  given  arc  of  »i  circle 
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PROBLEM   III. 
At  a  Given  Point  c,  In  a  Line  ab,  to  Eieck  a  Perpendlqular.. 

^From  the  given  point-  c,  with  any  radius, 
cut  ofFany  equal  parts  CD,  CE,  of  the  given 
line ;  and,  from  the  two  centres  d  and  E, 
with  any  one  radius,  defcribe  arcs  interfe(5ling 
ill  F  ;  then  join  cf,  which  will  be  perpendi- 
cular as  required. 

For,  draw  the  two  equal  radii  df,  ef.  Then  the  twa 
triangles  cdf,  cef,  having  the  two  fides  CD,  df,  equal  tCK 
the  two  CE,  EF,  and  cf  common,  are  mutually  equilateral  ; 
confequently  they  are  alfo  mutually  equiangular  fth.  5),  and 
have  the  two  adjacent  angles  at  c  equal  to  each  other ;  tliere- 
fore  the  line  cf  is  perpendicular  to  ab  (def.  1  i). 

Otherwife, 

When  the  Given  Point  c  is  near  the  End  of  the  Line* 

From  any  point  d,  afTumed  above  the 
line,  as  a  centre,  through  the  given  point 
c  defcribe  a  circle,  cutting  the  given  line 
at  E  ;  and  through  E  and  the  centre  d, 
draw  the  diameter  edf  ;  then  join  cf, 
which  will  be  the  perpendicular  required. 

For  the  angle  at  c,  being  an  angle  in  a  femicircle,  is  a 
pght  angle,  and  therefore  the  line  ct  is  a  perpendicular 
(by  def.  15). 


PROBLEM    IV. 

jfrom  a  Given  Poinj;  a,   to  let  fall  a  Perpendicular  on  ^ 

Line  BC. 

From  the  given  point  a  as  a  centre,  with 
any  convenient  radius,  defcribe  an  arc,  cut- 
ting the  given  line  at  the  two  points  d  and 
Ej  and  from  the  two  centres  d,  e,  with 
.^ny  radius,  defcribe  two  arcs,  interfedling 
at  F ;  thea  draw  agf,  which  will  be  per- 
pendicular to  BC  as  required. 

For,  draw  the  equal  radii  AD,  AE,.  and 
DF,  EF.     Then  the  two  triangles  adf,  aef,  having  the  two 
Sdes  AD,  DF,  e^^nal  to  the  two  ae,  ef,  and  af  common,  are. 
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mutually  equilateral ;  confeqrently  they  are  alfo  mutually 
equiangular  (th.  5),  and  have  the  angle  dag  equal  the  angle 
EAG.  Hence  then,  the  two  triangles  adg,  aeg,  having 
the  two  fides  ad,  ag,  equal  to  the  two  ae,  ag,  and  their 
included  angles  equal,  are  therefore  equiangular  (th.  I),  and 
have  the  angles  at  g  equal  ^  confequently  AG  is  perpendicular 
to  BC  (def.  II). 

Otherwife, 

When  the  Given  Point  is  nearly  Oppofite  the  end  of  the 

Line. 

From  any  point  d,  in  the  given  line 

BC,   as  a  centre,   defcribe    the  arc   of  a  A 

circle  through  the  given  point  a,  cutting  .'•'''  1\ 

BC  in  E  ;  and  from  the  centre  e,  with  the         i^    ^1 .J-J-q 

radius  E A,  defcribe   another  arc,  cuttingr  -^^    -.    ^'.  7^ 

the  former  in  f  ;  then  draw  agf,  which  ■•<£ 

will  be  perpendicular  to  be  BC  as  required.  Jf^ 


For,  draw  the  equal  radii  da,  df,  and  ea,  ef.  Then 
the  two  triangles  dae,  dfe,  wdl  be  mutually  equilateral  ; 
confequently  they  are  alfo  mu.iially  equiangular  (th.  5),  and 
have  the  angles  at  d  equal.  Hence,  the  two  triangles  dag, 
DFG,  having  the  two  fides  da,  dg,  equal  to  the  two  df, 
DG,  and  the  included  angles  at  d  equal,  have  alfo  the  angles 
at  G  equal  (th.  1) ;  confequently  thofe  angles  at  g  are  right 
angles,  and  the  line  ag  is  perpendicular  to  dg. 


PROBLEM    V. 

At  a  Given  Point  a,  in  a  Line  ab,  to  make  an  Angle  Equal 

to  a  Given  Angle  c. 

From  the  centres  a  and  c,  with  any  one 
radius,  defcribe  the  arcs  de,  fg.  Then, 
with  centre  r,  and  radius  de,  defcribe  an 
arc  cutting  fg  in  g.  Through  g  draw 
the  line  ag,  and  it  will  form  the  angle  re« 
quired. 

For,  conceive  the  equal  lines  or  radii, 
DE,  fg,  to  be  drawn.  Then  tiie  two  triangles  cde,  atg, 
being  mutually  equilateral,  are  mutually  equiangular  (tli.  5), 
«nd  have  the  angle  at  A  equal  to  the  angl^'  c. 
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PROBLEM  VI. 


Through  a  Given  Point  a,  to  draw  a  Liac   Parallel  to.  z 

Given  Line  bc. 

From  the  given  point  a  draw  the  line  ad      y  ,v 
.  to  any  point  in  the  g^iven  line  bc.     Then 
draw  the  line  eaf  malting  the  angle  at   a 
equal   to  the   angle   at  d  {by  proh.  5)  ;   fo       15  D  C 

fhall  EF  be  parallel  to  bc  as  required. 

For,  the  angle  d  being  equal  to  the  alternate  angle  A,  the 
lines  BC,  £F,  are  parallel,  by  th.  13. 

PROBLEM    VII. 

To  Divide  a  Line  ab  into  any  propofcd  Number  of  Equal 

Parts. 

Draw  any  other  line  ac,  forming  any 
ingle  with  the  given  line  ab  ;  on  which 
fet  oiFas  many  of  any  equal  parts,  ad,  de, 
.  EF,  FC,  as  the  Ifnc  ab  is  to  be  divided  into. 
Join  BC  ;  parallel  to  which  draw  the  other 
lines  FC,  eh,  di  :  then  thefe  will  divide 
AB  in  the  manner  as  required. — For  thofe  parallel  lines  di*- 
vide  both  the  iides  ab,  ac,  proportionally,  by  th.  82. 


PROBLEM  VIII, 
To  find  a  Third  Proportional  to  Two  Lines  ab,  ac. 

Place  the  two  given  lines  ab,  ac, 
forming  any  angle  at  a  ;  and  in  AB  take  a- 


alfo   AD  equal  to  ac.     Join  bc,  and  A C 

draw  DE  parallel  to  It;  fo  will  AE  be  r  ^ 

the  third  proportional  fought.  ^-'^\\ 

For,  becaufe  of  the  parallels  EC,  de,  A.^^- -^r"^ 

the  two  lines  ab,   ac,  are  cut  pi^opor- 


tionally    (th.   82) ;    fo   that    AB  :   AC  : :   AD  or  AC  :  AE 
therefore  ae  is  the  third  proportional  to  ab,  ac« 


PROBLEM   IX.  ., 


To  find  a  Fourth  Proportional  to  tlirec  Lines  ab,.;AC,  ad. 

Place   two  of  the   given   lines    ab,  ac,  making  arty 
angle  at  a;  aifo  place  ad  on  ab.     Join  BC ;    and  parallel 


Xo 
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fH  it  draw  DE  :  fo  fliall  ae  be  the  founh 
proportional  as  required. 

For,  becaufe  of  the  parallels  BC,  de, 
the  two  flies  ae,  ac,  are  cut  propor- 
tionally  (th.  82)  ;  fo  that     -     -     -  •   - 

4B  :  AC  : ;  ad  :  ae. 


PROBLEM    X. 
To  find  a  Mean  Proportional  between  Two  Lines  ab,  bc. 

B 


Place  ab,  bc,  joined  in  one  flraight 
line  AC,  which  bife6l  in  the  point  o. 
Then,  with  the  centre  o,  asd  radius  OA 
or  oc,  defcribe  the  femicirclc  adc  ;  to 
meet  which  ere6i:  the  perpendicular  bd, 
and  it  will  be  the  mean  proportional 
fought,  between  ab  and  BC  (by  cor.  th.  87). 


A 

I)  —  C 


T> 
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PROBLEM    XI. 

To  find  the  Centre  of  a  Circle, 

Draw  any  chord  ab;  zmd  bife6t  it  per- 
pendicularly with  the  line  CD,  which  will  be 
a  diameter  (th.  4J,  con).  Therefore  gd 
bifedled  in  o,  will  give  the  centre,  as  re- 
quired. 

PROBLEM  XII. 


To  defcribe  the  Circumference  of  a  Circle  throu^rh  Three 

Points  A,  B,  c. 

From  the  middle  point  b  draw  chords 
BA,  BC,  to  the  two  other  points,  and  hi- 
fedl:  thefe  chords  perpendicularly  by  lines 
xneeting  in  o,  which  will  bc  the  centre. 
^'Then  from  the  centre  o,  at  the  diftance 
of  any  one  of  the  points,  as  oA,  defcribe 
a  circle,  and  it  will  pafs  through  the  two 
other  points  b,  c,  as  required. 

For,  the  two  right-angled  triangles  oad,  OBD,  having  the 
fides^  AD,  db,  equal  (by  conftr.),  and  oD  common,  with 
the  included  right  angles  at  d  equal,  haVe  their  third  {Idcs 

B  b  a  oX 
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OA,  OB,  alfo  equal  (th.  1).  And,  in  like  manner,  it  is 
fhewn  that  oc  is  equal  to  ob  or  oa.  So  that  all  the  three 
OA,  OB,  oc,  being  equal,  will  be  radii  of  the  fame  circle. 


PROBLEM    XIII. 

To  draw  a  Tangent  to  a  Circle,  through  a  Given  Point  a. 

When  the  given  point  A  is  in  the  cir- 
cumference of  the  circle  :  Join  A  and  the 
centre  ©  ;  perpendicular  to  which  draw 
BAG,  and  it  will  be  the  tangent,  by  th.  46. 

But  when  the  given  point  a  is  out  of 
the  circle:  Draw  ao  to  the  centre  o; 
on  which  as  a  diameter  defcribe  a  femi- 
circle,  cutting  the  given  circumference  in 
D;  through  which  draw  badc,  which 
will  be  the  tangent  as  required. 

For,  join  do.  Then  the  angle  ado, 
in  a  femicircle,  is  a  right  angle,  and  con- 
fequently  ad  is  perpendicular  to  the  ra- 
dius DO,  or  is  a  tangent  to  the  circle  (th.  46). 


vA^ 


PROBLEM    XIV. 

On  a  Given  Line  ab  to  defcribe  a  Segment  of  a  Circle,  that 
may  Contain  a  Given  Angle  c. 

At  the  ends  of  the  given  line  make 
angles  DAB,  DBA,  each  equal  to  the 
given  angle  c.  Then  draw  ae,  be, 
perpendicular  to  ad,  bd  ;  and  with  the 
centre  e,  and  radius  ea  or  eb,  defcribe 
a  circle,  fo  fliall  afb  be  the  fegment 
required,  as  any  angle  F  made  in  it  will 
be  equal  to  the  given  angle  c. 

For,  the  two  lines  ad,   bd,   being 
perpendicular  to  the  radii  ea,  eb  (by  conftr.),  are  tangents 
to  the  circle  (th.  46)  ;  and  the  angle  a  or  b,  which  is  equal 
to  the  given  angle  c  by  conftrudlion,  is  equal  to  the  angle 
r  in  the  alternate  fegmcHt  afb  (th,  53). 
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PROBLEM     XV. 

To  Cutoff  a  Segment  from  a  Circle,  that  fhall  Contain  a 

Given  Angle  c. 

Draw  any  tangent  ab  to  the  given 
circle  ;  and  a  chord  ad  to  make  the 
angle  dab  equal  to  the  given  angle  c  ; 
then  DEA  will  be  the  fegment  required, 
any  angle  e  made  in  it  being  equal  to 
the  given  angle  c.  , 

For  the  angle  a,  made  by  the  tangent 
and  chord,  which  is  equal  to  the  given  angle  c  by  conllruc- 
tion,  is  alio  equal  to  any  angle  E  in  the  alternate  fcgment 
(th.  53). 

PROBLEM    XVI. 

To  make  an  Equilateral  Triangle  on  a  Given  Line  ab. 

From  the  centres  a  and  e,  with  the 
diftance  ab,  dcfcribe  arcs,  interlc6iing  in  c. 
Draw  AC,  EC,  and  abc  will  be  the  equi- 
lateral triangle. 

For  the  equal  radii  ac,  eg,  are,  each  of 
them,  equal  to  ab. 

PROBLEM    XVII. 

To  make  a  Triangle  with  Three  Given  Lines  ab,  ac,  bg. 

With  the  centre  a,  and  diftance  ac, 
defcrlbe  an  arc.  With  the  centre  b,  and 
diflance  bc,  delcribe  another  arc,  cutting 
the  former  in  c.  Draw  \c,  bc,  and 
ABC  will  be  the  triangle  reiiulred. 

For  the  radii,  or  fides  of  the  trianp-le, 
AC,  EC,  are  equal  to  the  given  lines  ac, 
BG,  by  conflruflion. 


A 


A- 


C 


-C 


PROBLEM   XVIII. 
To  make  a  Square  on  a  Given  Line  ab. 

Raise  ad,  r,c,  each  perpendicular  and 
equal  to  ab;  and  join  DC  ;  io  ihali  abcd 
be  the  fquare  fought. 

For  all  the  three  fides  ab,  ad,  bc,  are 
equal,  by  the  conftru<!ition,  and  dc  is  equal 
and  parallel  to  ab  (by  th,  24}  ^  fo  that  all  tlie 

four 
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four  fides  are  equal,  and  the  oppofite  ones  are  parallel. 
Again,  the  angle  a  or  b,  of  the  parallelogram,  being  a  right 
angle,  the  angles  are  all  right  ones  (cor.  1,  th.  22).  Hence, 
then,  the  figure,  having  ail  its  fides  equal,  and  ail  its  anglei> 
right,  is  a  fquare  ^def.  31-). 


PROBLEM   XIX. 

To  make  a  I^eftangle,  or  a  Parallelogram,  of  a  Given 
Length  and  Breadth,  ab,  bc. 

Erect  ad,  bc,  perpendicular  to  ab,  and  j) q 

each  equal  to  bc  ;  then  join  dc,  and  it  is            [ 
done.  I 

I'he  demonflration  Is  the  fame  as  the  lail  ^ 

problem. 


And  in  the  fame  manner  is  defcribed  anv  oblique  paralle- 
logram, only  dra-vving  ad  and  3C  to  make  the  given  obiiqua 
angle  with  ab,  inllead  of  perpendicular  to  it. 


TROBLEM    XX. 

To  Infcribe  a  Circle  in  a  Given  Triangle  ABC 

Bisect  the  angles  at  a  and  b,  with  the 
two  lines  ad,  cd.  From  the  interfec- 
ti-on  D,  which  will  be  ♦'he  centre  of  the 
circle,  draw  the  perpendiculars  de,  df, 
^i)G,  and  they  will  be  the  radii  of  the  cir- 
cle required. 

For,  fince  the  angle  dae  is  equal  to 
the  angle   dag,   and  the  angles  at  e,  g, 
right  angles  (bvconftr.),  the  two   triangles  ade,  adg,  arc 
equiangular  ;  and,  having  alio  the  fide  ad  common,  they  are 
identical,  and  have  the  fides  de,  dk,  equal  (th.  2}      In  like 
manner  it  Is'  iliewn,  that  df  Is  equal  to  de  or  d>;. 

Therefore,  If  with  the  centre  d,  and  diftaiice  de,  a 
circle  be  defcribed,  it  will  pais  through  all  the  three  points 
E,  F,  G,  in  which  points  alfo  It  will  touch  the  three  fides  of 
the  triangle  (th.  46),  bccaufe  the  radii  de,  df,  dg,  are  per- 
pendicular to  them. 
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PROBLEM  XXI. 

To  Defcrlbe  a  Circle  about  a  Given  Triangle  ABC. 

Bisect  any  two  fides  with  two  of  the 
perpendiculars' DE,  df,  dg,  and  d  will  be 
the  centre. 

For,  join  da,  db,  dc.  Then  the  two 
righr-angled  triangles  dae,  dbe,  have  the 
two  fides  DE,  EA,  equal  to  the  two  de, 
EB,  and  the  included  angles  at  e  equal : 
thofe  two  triangles  are  therefore  identical 
(th.  1),  and  have  the  fide  da  equal  to  DB. 
it  is  ihewn,  that  DC  is  aUb  equal  to  da  or  db.  So  that  all 
the  three  da,  db,  dc,  being  equal,  they  are  radii  of  a  circle 
j)afling  through  a,  B,  and  c. 


In  like  manner 


PROBLEM  XXII. 

To  Infcribe  an  Equilateral  Triangle  in  a  Given  Circle. 

Through  the  centre  c  draw  any  dia- 
meter ab.  From  the  point  B  as  a  centre, 
with  the  radius  BC  of  the  given  circle, 
defcribe  an  arc  dge.  join  ad,  ae,  de, 
and  ADE-is  the  equilateral  triangle  fought. 

For,  join  db,  dc,  eb,  ec.  1'hen  dcb 
is  an  equilateral  triangle,  having  each 
fide  equal  to  the  radius  of  the  given  cir- 
cle. In  like  manner,  ece  is  an  equilateral  triangle.  But 
the  angle  ade  is  equal  to  the  angle  abe  or  cbl,  ftanding 
on  the  fame  arc  ae  ;  alfo  the  angle  aed  is  equal  to  the 
angle  cbd,  on  the  fame  arc  ad  ;  hence  the  triangle  dae  has 
two  of  its  angles,  ade,  aed,  equal  to  the  angles  of  an 
equilateral  triangle,  and  therefore  the  third  angle  at  a  is  alfo 
equal  to  the  fame  ;  fo  that  triangle  is  equiangular,  and  there- 
fore equilateral. 


PROBLEM  XXIII. 

To  Infcribe  a  Square  in  a  Given  Cii'cle, 

Draw  two  diameters    ac,   bd,   croinng   at   right   angles 
in  the  centre  e.     Tien  join  the  four  extremities  a,  B,  c,  d, 

with 
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with   right  lines,   and  thefe  will  form 
the  infcrihed  fquare  abcd. 

For  the  tour  right-angled  triangles 
AEB,  BEC,  CED,  DEA,  aio identical,  be- 
caufe  thev  have  the  iides  e  a,  eb,  fc,  ed, 
all  equal,  being  radii  of  the  circle,  and  the 
four  inclu  led  angles  at  e  all  equal,  be- 
ing right  angles,  b  ;  the  conftru6lion.  Therefore  all  tiieir 
third  fides  ab,  cc,  cd,  da,  are  equal  to  one  another,  and  the 
figure  ABCD  is  equilateral.  Alfo,  all  its  four  angles  a,  e,  c,  d, 
are  right  ones,  being  angles  in  a  femicircle.  Confequently 
the  figure  is  a  fquare. 


the^'. 


PROBLEM  XXIV. 


To  Defcrlbe  a  Square  about  a  Given  Circle. 


/ 


\ 


\ 


K 


I 


C 


1)        H 


Draw  two  diameters  ac,  ed,  croffing 
at  right  angles  in  the  centre  e.  Then 
through  the  four  extremities  of  them 
draw  FG,  IH,  parallel  to  ac,  and  ft,  gh, 
parallel  to  bd,  and  they  will  form  the 
fquare  fghi. 

For,  the  oppofite  fides  of  parallelo- 
grams being  equal,  FG  and  IH  are  each 
equal  to  the  diameter  ac,  and  fi  and  gh  each  equal  to  the 
diameter  bd  ;  fo  that  the  figure  is  equilateral.  Again,  be- 
caufe  the  oppofite  angles  of  parallelograms  are  equal,  all  the 
four  angles  f,  g,  h,  i,  are  right  angles,  being  equal  to  the 
oppofite  angles  at  £.  So  that  the  figure  fghi,  having  its 
fides  equal,  and  its  angles  right  ones,  is  a  fquare,  and  its  Tides 
touch  the  circle  at  the  four  puincs  A,  b,  c,  d,  being  perpendi- 
cular to  the  radii  drawn  to  thofe  points. 


PROBLEM     XXV. 

To  Infcribe  a  Circle  in  a  Given  Square. 

iBiSECT  the  two  fides  fg,  ft,  in  the  points  A  and  b 
(lafi:  i^g.  1.  Then  through  thefe  two  points  draw  ac  parallel 
tc  FG  or  IF.,  and  bd  parallel  to  fi  or  gh.  Then  the  point 
of  mierfe(Sl:ion  f  will  be  the  centre,  and  the  four  lines  ea,  eb, 
EC,  tD,  la  lii  of  the  infcribed  circle. 

For,  becaule  tlie  four  parallelograms  ef,  eg,  ek,  Ei,  have 
their  oppofite  fides  and  angles  equal,  therefore  all  the  four 

lines, 
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lines  EA,  EB,  EC,  ED,  are  equal,  being  each  equal  to  half  a 
fide  of  the  fqiiare.  So  that  a  circle  delcribed  from  the  centre 
E,  with  the  diftanre  EA,  will  pafs  through  all  the  points 
A,  B,  c,  D,  and  w'll  be  infcribed  in  the  fqiiare,  ^r  vill  touch 
its  four  fides  in  thofe  points,  becaufe  the  angles  there  are 
right  ones. 

PROBLEM  XXVI. 

To  Defcrlbe    a    Circle    about    a    Given    Square, 
(fee  fig.  Prob.xxiii.). 

Draw  the  diagonals  AC,  bd,  and  their  interfeflion  B 
will  be  the  centre. 

For  the  diagonals  of  a  fquare  bife6l  each  other  fth.  40), 
making  ea,  eb,  ec,  ed,  all  equal,  and  confequently  theic 
are  radii  of  a  circle  paffing  through  the  four  points  a,  b,  c,  d. 

PROBLEM    XXVII. 
To  Cut  a  Given  Line  in  Extreme  and  Mean  Ration 

Let  ae  be  the  given  line  to  be  divided 
in  extreme  and  mean  ratio,  that  is,  fo  as 
that  the  whole  line  may  be  to  the  greater 
part,  as  the  greater  part  is  to  the  leis  part. 

Draw  BC  perpendicular  to  ab,  and  equal 
to  half  AB.  Join  AC  ;  and  with  centre  c 
and  diftance  cb,  defcribe  the  circle  bd  ; 
then  with  centre  a  and  diftance  ad,  de- 
scribe the  arc  De  ;  fo  fliall  ab  be  divided  in 
E   in  extreme  and   mean   ratio,  or  io  that 

ab  :  AE  : :  ae  :  eb. 

For,  produce  AC  to  the  circumference  at  f.  Then,  adf 
being  a  lecant,  and  ab  a  tangent,  becaufe  b  is  a  right  angle: 
tlierefore  the  redlangle  a f  .  a o  is  equal  to  a b'  {cor.  i ,  th.  61); 
confequently  the  means  and  extremes  of  thefe  are  proportional 
(th.7'7),  or  ab  ;  af  or  ad  -f  df  :  ad  ab.  But  ae 
is  equal  to  ad  by  conflruclion,  and  ab  =  2bc  =  df  ; 
thereiore,  ab  :  ae  -\-  ab  :;  ae  :  ab; 

^nd  by  divifion,  ab  ;  ae  ,* :  ae    :    eb. 
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PROBLEM   XXVIII. 

To  Infcrlbe  an  Kofceles  Triangle  in  a  Given  Circle,  that  fhall 
have  each  of  the  Angles  at  the  Bafe  Double  the  Angle  at 
the  Vertex. 

Draw  any  diameter  ab  of  the  given 
circle;  and  divide  the  radius  cb,  in  the 
point  D,  in  extreme  and  mean  ratio,  by  the 
lafl:  problem.  From  the  point  B  apply  the 
chords  BE,  BF,  each  equal  to  the  greater 
part  CD.  Then  jom  A£,  af,  ef  j  and  A£F 
will  be  the  triangle  required. 

For,  the  chords  be,  bf,  being  equal, 
their  arcs  are  equal  :  therefore  the  lupplemental  arcs  and 
chords  AE,  AF,  are  alio,  equal;  confequently  the  uiangle  aef 
is  iloiceies,  and  has  the  angle  £  equal  to  the  angle  f  ;  alfo 
the  angles  at  G  are  rijrht  anp;les. 

Draw  CF  and  df.  Then,  bc  :  CD  ::  cd  :  bd,  or 
EC  :  bf  : :  bf  :  bd  by  conflr.  And  ba  :  bf  ; :  bf  :  CG 
(by  th.  87).  But  bc  =  ^ba  ;  -therefore  eg  =  |bd  =  gd  ; 
therefore  the  two  triangles  gbf,  gdf,  are  identical  (th.  IJ, 
and  each  equiangular  to  abf  and  agf  (th.  87).  Therefore 
their  doubles,  bfd,  afe,  are  ifofceles  and  equiangular,  as 
'well  as  the  triangle  bcf;  having  the  two  fides  bc,  cf,  equal, 
and  the  an^^le  b  common  with  the  trianpje  bfd.  But  cd 
is  =  df  or  BF  ;  therefore  the  angle  c  —  the  angle  dfc 
(th.  4) ;  confequently  the  angle  BDF,  which  is  equal  to  the 
fum  of  fhefe  two  equal  angles  (th.  ]6),  is  double  oi  one  of 
them  c  ;  or  rhe  equal  angle  b  or  cfb  double  the  angle  c. 
So  that  cbf  is  an  ifofceles  triaiigle,  having  each  of  its  two 
equal  angles  double  of  the  third  angle  c  Confequently  the 
iriai'ii^le  aef  (which  it  has  been  fliewn  is  equiangular  to  the 
triangle  cbf)  has  alfo  each  of  its  angles  at  the  bafe  double 
the  anp-lc  a  at  the  vertex. 


PROBLEM    XXIX. 


Regular  Pentagon  in  a  (^iven  Circle. 

A 


To  Infcrlbe  a 

Inscribe  the  ifcfceles  triangle  aec 
having  each  of  the  angles  aec,  acb, 
double  the  angle  bac  (prob.  28).  Then 
bifect  the  two  arcs  adb,  alc,  in  thq 
points  D,  E  ;  and  draw  the  chords  ad,  db, 
AE,  £c,  fo  fliall  ADBCE  be  the  infcribed 
cquiiateral  pentagon  required. 


For, 
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YoTy  becaufe  equal  angles  ftand  on  equal  arcs,  and  double 
ano-lcb  on  double  arcs,  aifo  the  angles  abc,  acb,  beirig  each 
doiible  the  angle  bag,  therefore  tlie  arcs  adb,  aec,  fubtending 
the  two  former  angles,  are  each  double  the  arc  bc  fubtcndnig 
the  latter  And  fmce  the  two  former  arcs  are  bifecleJ  in  D 
and  E,  it  follows  that  all  the  five  arcs  ad,  db,  bc,  ce,  ea, 
are  equal  to  each  other,  and  confcquently  the  coords  ahb 
which  fubteud  them,  or  the  live  fides  of  the  pentagon,  are  all 
equal. 

JS'^ofc.  In  the  conftiuifbion,  the  points  d  and  e  arc  mofl: 
cafily  foxmd,  hv  applying  bd  and  ce  each  equal  to  bc. 

PROBLEM   XXX. 

To  Infcribe  a  Reo-ular  Hexao[on  in  a  Circle. 

Apply  the  radius  of  the  giveri  circle  ao, 
xis  a  chord,  quite  round  the  circumference, 
and    it   will    make    the    regular  hexagon 

A-BCDEF. 

For,  draw  the  radii  ao,  RO,  co,  do,  eo, 
JO.  Then  the  triangle  abo  being  equi- 
lateral (by  confli .),  its  three  angles  are  all 
equal  (cor.  2,  th.  3),  and  any  one  of  th-m, 
as  AOB,  is  one-third  of-tvvo  riglit  angles  (th.  17),  or  one- 
fixth  of  four  right  angles.  But  vac  wliole  circumference  is 
the  meafure  of  four  right^'angles  (cor.  4,  th  6].  Therefore 
the  arc  ab  is  one-fix  th  of  the  circumference  of  tlie  circle, 
and  conicquently  its  chord  ab  one  lide  of  an  equilateral 
hexagon  inicnbed  iii  the  circle.  And  the  lame  of  tlie  otUcr 
chords. 

Coi'ol.  The  fule  of  a  regular  hexagon  is  equal  to  the  radius 
of  the  circumfcribing  circle,  or  to  the  chord  of  one-nxth 
part  ot  the  circumference. 


PROBLExM    XXXI. 
To  Defcribe  a  Rep-ular  Penta'^on  or  Hcxasion  about  a  Circle. 

o  o  o 

Ik  the  given  circle  infcribe  a  regular  ^ 

jjolygon  of  the  fame  name  or  number 
of  fides,  as  a-cde,  by  one  of  tlie 
foregMug  problems.  Then  to  all  t]i,c 
angular  points  of  it  draw  tangents  (by 
prob.  13},  and  tliefc  will  form  the  ci/- 
xujiilcribing  polygon  required. 

For 
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For,  all  the  chords,  or  fides  of 
the  inicribing  £gure,  ab,  bc,  &;c, 
being  equal,  and  all  the  radii  OA,  oB, 
^:c,  being  equal,  all  the  vcr^ic  al  angles 
about  the  point  o  are  eqjiiil.  But 
the  angles  OnF,  oaf,  gag,  obg, 
made  by  the  fan  rents  and  radii,  are 
right  angles  ;  tbererore  oef  +  oaf 
=  two  right  angles,  and  oag  + 
OBG    =    two   right  angles ;    confe- 

qucntly,  alfo,  age  -f  af£  rz  two  right  angles,  and 
AGE  4"  AGB  =  two  right  angles  (cor.  2,  th,  18).  Hence, 
then,  the  angles  age  -'-  afe  being  zz  age  -f  age,  of 
whkh  AOi?.  is  —  AGE  ;  confequently  the  remaining  angles  F 
and  G  are  alfo  equal.  In  the  fame  manner  it  is  fnewn,  that 
ail  ihe  aaglcs  F,  G,  H,  i,  K,  are  equal. 

Again,  the  tangents  from  the  fame  point  fe,  fa,  are  equal, 
as  alio  the  tangents  ag,  gb  (th,  61,  cor.  2)  ;  and  the  angles 
F  and  g  of  the  ilcfceies  iuvm^cs  afe,  agb,  are  equal,  as 
well  as  their  oppcfite  fides  ae,  ab  ;  coniequentiy  thole  two 
triangles  are  identical  (th.  ijj  and  have  their  other  £des 
HF,  FA,  AG,  GB,  all  equal,  and  fg  equal  to  the  double  of 
any  one  of  them.  In  like  n^anner  it  is  fhewn  that  all  the 
other  fides  Gil,  Hi,  IK,  kf,  are  equal  to  fg,  or  double  of  the 
tangents  cb,  bh,  &:c. 

Hence,  then,  the  circumfcribed  figure  is  both  equilateral 
and  equiangular,  which  was  to  be  fhewn. 

CoroL  The  infcribcd  circle  touches  the  middles  of  the  fides 
of  the  polygon. 


PROBLEM   XXXII. 
To  Infcribe  a  Circle  in  a  Regular  Polygon. 

Bisect  any  two  fides  of  the  polygon 
by  the  perpendiculars  go^  fg,  and  their 
interl'eilion  o  will  be  the  centre  of  the 
iniL-rihed  circle,  and  og  or  of  will  be 
the  radi-^s. 

For  the  perpendiculars  to  the  tangents 
AF,  AG,  pafs   through   the  centie   (cor. 
th..,  47)  ;  and  the  inlcrihed  circle  touches 
the  middle  points  f,  g,  by  the  lafl  corollary.     Alfo,  the  two 
fi-^^  :."•:  AG,  AG,  of  thc  right-anglcd  trianfrle  aog,   bcirig  equal 
t      :     two  fides  AF,  AG,  of  the  right-angled  triangle  aof,  the 
tiiua  fidQS  OF,  OG,  v/ili  alfo  be  equal  (cor.  th.  45 J.    TliCiefore 

thc 
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-the  circle  defcribed  with  the  centre  o  and  radius  OG,  will  pafs 
through  F,  and  will  toucii  the  fides  in  the  points  g  and  f. 
And  the  Tame  for  all  the  other  fiJes  of  the  figure. 

PROBLEM  XXXIII. 

To  Defcribe  a  Circle  about  a  Regular  Polygon. 
Bisect  any  two  of  the  angles,  c  and  d,  a 


Ali 


C 


"^Mth  the  lines  co,  do  ;-  then  their  inter-  -<^^  ^^^ 

fe<flion  o   will  be  the  centre  of  the  cir-  -^'^  ^•"'" 

cumfcribing  circle ;  and  oc,  or  od,  will 
be  the  radius.  ^  *^' 

For,  draw  cb,  oa,  oe,  &cc,  to  the 
angular  points  of  the  given  polygon. 
Then  the  triangle  ocd  is  ifofcelcs,  having  the  angles  at 
and  D  equal,  being  the  hrdves  of  the  ecjual  angles  of  the 
poiygon  BCD,  CDE  ;  therefore  their  oppuiite  fides  co,  do, 
are  equal  (th.  4).  But  the  two  triangles  ocd,  ocb,  imving 
the  two  fides  oc,  CD,  equal  to  the  two  oc,  cb,  and  the  in- 
cluded angles  ocd,  ocb,  alio  equal,  will  be  identical  (th.  1), 
and  have  their  third  fides  eo,  od,  equal.  In  like  manner  it 
is  fhewn,  that  all  the  .lines  oa,  ob,  oc,  od,  or,  are  equal. 
Confequently  a  circle  defcribcd  with  the  centre  o  and  radius 
OA,  will  pais  through  ail  the  ether  angular  points,  e,  g,  d, 
&c,  and  will  circumfcribe  the  polygon. 

PROBLEM    XXXIV. 

To  make  a  Square  Equal  to  the  Sum  of  two  Given  Squares. 

Let  AB  and  ac  be  tlic  fides  of  the 
two  given  fquares.     Draw  two  indefinite  j^; 

lines   AP,  AQ^  at  right  angles  to  each  A — — "IS      f" 

other;  in  which  place  the  lides  ab,  ac.  A— -C      y-  j^ 

of  the  given  fquares;  join  bc  ;  then  a  A :!>     j^  r 

fquare  dcfcribed  on  bc  will  be  equal  to  y  /     \ 

■the  fum  of  the  two  fquares  defcribed  on  p     2i~TJ    j\. 
AB  and  AC  (th.  34). 

Scholium:  In  the  fame  manner,  a  fquare  may  be  made 
equal  to  the  fum  of  three  or  more  given  fquares.  For,  if 
AB,  AC,  AD,  be  taken  as  the  fides  of  the  given  fquares, 
then,  making  ae  =::  bc,  ad  r:  ad,  and  drawing  DE,  it 
is  evident  that  the  fquare  on  de  will  be  equal  to  the  fum 
of  the  three  fquares  on  a b,  AC,  ad.  And  fo  on  for 
more  fquares.  < 
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PROBLEM    XXXV. 

To  make  a  Square  Equal  to  the  DifFereuce  of  two  Gken 

Squares, 

Let  ab  and  AC,  taken  In  the  fame 
llraight  line,  be  equal  to  the  fides  of  the 
two  given  fquares. — From  the  centre  A, 
with  the  diftance  ab,  deicribe  a  circle  ;  and 
make  CD  perpendicular  to  ab,  meeting  the 
circumference  in  D  :  fo  ihall  a  fquare  defcribed  on  cd  he 
equal  to  ad''  —  AC-,  or  ab'-  —  ac'-',  as  required  (cor.  th.  34). 
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PROBLEM  XXXVr. 

To  make  a  Triangle  Equal  to  a  Given  Quadrilateral  ABCOi 

Draw  the  diagonal  ac,  and  parallel 
to  it  DE,  meeting  ba  produced  at  e,  and 
join  CE  :  then  will  the  triangle  ceb  be 
equal  to  the  given  quadrilateral  abcd. 

For,  the  two  triangles  ACE,  acd,  bc- 
■in^r  on  the  fame  bale  ac,  and  between 
the  fame  parallels  ac,  de,    are  equal  (th.  25);    therefore, 
if  ABC  be  added  to  each,  it  will  make  bce   equal  to  abci> 
(ax.  2). 

PROBLEM  XXXV  U: 

To  make  a  Triaagle  Equal  to  a  Given  Pentagon  abcde^ 

Draw  da  and  db,  and  alfo  ef> 
CG,  parallel  to  them,  meeting  ab  pro- 
duced at  F  and  g  ;  then  draw  df  and 
DG  ;  fo  /ball  the  triangle  dfg  be  equal 
to  the  given  pcntaggn  abode. 

For  the  triangle  DFa  r=  dea,  and 
the  triangle  dgb  zz  dcb  (th.  25)  ; 
therefore,  by  adding  dab  to  the  equals, 

the  fums  are  equal  (ax*.  2),  that  is,  dab  +  daf  +  DEG 
rz  DAB  +  DAE  -f-  DBC,  or  the  triangle  dfg  zz  to  the 
pentagon  aecde* 
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PROBLEM    XXXVIII. 

To  make  a  Recl:angle  Equal  to  a  Given  Triangle  abc. 

Bisect  the  bale  ab  in  d;  then  raiie 
DE  and  BF  perpendicular  to  ab,  and 
meeting  cf,  parallel  to  ab,  at  e  and  f  : 
fo  fhall  DF  be  the  rectangle  equal  to  the 
given  triangle  aec  (by  cor.  2,  th.  26). 
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PROBLEM  XXXIX. 
To  make  a  Square  Equal  to  a  Given  Re<5langle  abcd. 

Produce  one  fide  ab,  till  be  be 
equal  to  the  other  fide  eg.  Oh  ae  as 
a  diameter  dclcribe  a  circle,  meeting 
BC  produced  at  f  :  then  will  bf  be  the 
fide  of  the  fquare  bfgh,  equal  to  the 
given  rectangle  bd,  as  required,  as  ap- 
pears by  cor.  th.  87,  and  th.  77. 
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HEN  It  is  propofed  to  refolve  a  geometrical  problem 
algebraically,  or  by  algebra,  it  is  proper,  in  the  firll  place, 
to  draw  a  figure  that  ihall  reprelent  the  feveral  parts  or  con- 
ditions of  the  problem,  and  to  fuppofe  that  figure  to  be  the 
true  one.  Then,  having  confidered  attentively  the  nature  of 
the  problem,  the  figure  is  next  to  be  prepared  for  a  folution, 
if  neccffary,  by  producing  or  drawing  fuch  lines  in  it  as  ap- 
j)ear  moft  conducive  to  that  end.  This  done,  the  ufual  fym- 
bols  or  letters,  for  known  and  unknown  cjuantities,  are  em- 
ployed to  denote  the  given  parts  of  the  figure,  or  as  many  of 
them  as  necefiarv,  as  alfo  fuch  unknown  line  or  lines  as  may 
be  eafiefl  found,  whether  required  or  not.  Then  proceed  to 
the  operation,  by  obierving  the  relations  that  the  feveral  parts 
of  the  figure  have  to  each  other ;  from  which,  and  the  pro- 
per theorems  in  the  foregoing  elements  of  geometry,  make 
out  as  many  equations  independent  of  each  other,  as  there 
are  unknown  quantities  employed  in  them :  the  refolutioii 
cf  which  equations,  in  the  fame  manner  as  in  arithmetical 
problems,  will  determine  the  unknown  quantities,  and  refolve 
the  problem  propofed. 

As  no  general  rule  can  be  given  for  drawing  the  lines,  and 
feletSting  the  fitted  quantities  to  fubftitute  for,  fo  as  always 
to  bring  cut  the  mofi:  fimple  conciufions,  becaufe  different 
problems  require  different  modes  of  folution  ;  the  befc  way  to 
gain  experience  in  this  matter,  is  to  try  the  folution  of  the  fame 
problem  in  different  ways,  and  then  apply  that  which  fuc- 
cecds  heft,  to  other  cafes  of  the  fame  kind,  when  they  after- 
wards occur.  The  following  particular  diredlions,  however, 
may  be  of  fome  uie  in  this  matter. 

1 /?,  In  preparing  the  figure,  by  drawing  lines,  let  them  be 

either  parallel  or  perpendicular  to  other  lines  in  the  figure,  or 

fo  as  to  form  fimilar  triangles.     And  if  an  angle  be  given,  it 

will  be  proper  to  let  the  perpendicular  be  oppofite  to  that 

,. angle,  and  to  fall  from  one  end  of  a  given  liae,  if  poffible. 
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2d,  In  feledling  the  quantities  proper  to  fubRItute  for, 
thofc  are  to  be  chofen,  whether  required  or  not,  which  lie 
nearfcft  the  known  or  given  parts  of  the  hgure,  and  by*  means 
of  which  the  next  adjacent  parts  may  be  cxprefled  by  addi- 
tion and  fubtra6lion  only,  without  the  intervention  of  furds. 

3df  When  two  lines  or  quantities  are  alike  related  to  other 
parts  of  the  figure  or  problem,  the  bed  way  is,  not  to  make 
ufe  of  either  of  them  feparately,  but  to  fubftitate  for  their 
fum,  6r  dift'erence,  or  re6langle,  or  the  fum  of  their  alternate 
quotients,  or  for  fome  line  or  lines,  in  the  figure,  to  which 
they  have  both  trie  fame  relation. 

4/A,  When  the  area,  or  the  perimeter,  of  a  figure,  is  given, 
or  fiich  parts  of  it  as  have  only  a  remote  relation  to  the 
parts  required ;  it  is  fometimes  of  ufe  to  affume  another 
figure  llmilar  to  the  propofed  one,  having  one  fide  equal  to 
unity,  or  fome  other  known  quantity.  For,  from  hence  the 
other  parts  of  the  figure  may  be  found,  by  the  known  pro- 
portions of  die  like  fides,  or  parts,  and  io  an  equation  be 
obtained. 

For  examples  of  this  matter  take  the  following  problems* 


PROBLEM    !• 

In  a  Eight-angled  Triangle,  having  given  the  Bafe  (3)^ 
and  the  Sum  of  the  Hypothenuje  and  Perpendicular  (9); 
tojind  both  thefe  two  Sides, 

Let  ABC  reprefent  the  propofed  triangle, 
right-angled  at  B.  Put  the  bafe  ab  =  3  •=z  by 
and  the  fum  AC  -f  BC  of  the  hypothenufe 
and  perpendicular  =  9  iz  5;  alfo,  let  .r  de- 
note the  perpendicular  bc  ;  hence  it  follows 
that  the  hypotlienufe   AC  will  be  cxprefled 

But  AC^  =  ab"  -f  BC^  (by  theor.  34,  Geom.);  that  is, 
(5  -  xf  =  Z»^  -f  x\  or  s'  -  isx  +  x'  =  h'~  +  x\  or  s'  -  h" 

o  ^  ^'  -  t>'  ,  ^''   +   ^' 

:=  2sx;  hence .r  = =  4  =  BC,  and  s^  x — - 

2s  2s 

^  5  =  AC,  the  perpendicular  and  hypothenufe  as  required. 
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PROBLEM   II. 

In  a  Righl-augled  Triangle,  having  given  the  Hi/potheniife 
(5)  ,-  and  the  Sum  of  the  Bafe  and  Perpendicular  (7)  j 

tojind,  both  thcje  two  Sides. 

Le.t  ABC  reprefent  the  piopofed  triangle,  right-angled 
at  B.  put  the  given  hypothenufe  Ac  n:  5  :=.  a,  and  the 
fum  AB  -{-  BC  of  the  bale  and  perpendicular  :=i  1  =:  6';  alib, 
let  X  denote  tlie  bafe  ab  ;  hence  it  follows  that  the  perpen- 
dicular BC  will  be  exprefled  by  s  —  x. 

But  ac^  zz  ab'  4-  BC"  by  the  nature  of  right-angled 
triangles  ;  that  is,  a'  =  x^  -j-  (s  ~  x)'  ==:  x^  -\-  S'  —•  'Isx 
+  X-,  or  2.r  —  '2$x  ~  d'  ~  s',  or  x^  —  sx  =  \a'  —  \s' i 
hence,   by  completing  the  fquare,   Sec,  is  found  x  =z  \s  — 

|v/2a-  —  s'  =  3  —  AB;  and  s  —  x  :=:  ^s  -i-  \'/2a\  —  s~ 
:=:  4  =  BC ;  the  bafe  and  perpendicular  rec^uircd. 

Otherwije. 

Let  2^  denote  the  dIfFerencc  of  the  bafe  and  perpendicular, 
the  fum  being  denoted  by  s,  as  above.  Then,  becaufe  that^ 
m  any  two  quantities,  half  their  difference  added  to  half 
the  fum  gives  the  greater  quantity,  and  the  fame  fub- 
tradled  gives  the  lefs  quantity  (by  Ex.  2,  Alg.  pag.  239), 
it  follows  that  \s  +  kz  and  hs—  \z  will  denote  the  two  legs, 
or  the  perpendicular  and  bafe.  Ilence  then  a'  =  (\s  -f-  ^.s)- 
-f   (4.9  —  \z)'  —   \s-  -i-  2^';  or  z'  =  2d'  —  s',  and  z  = 

^2a~  —•  S-.     Then  the  half  of  this   being  added^^nd  fub- 
tradted  with  {s,  the  half  fum,  gives  -------« 

_;..?  +  1,2  =  is  -\-  W^ar  -  s^,  and 

^s  —  Iz  —  Is  —  -jV^a'^  —  s'f  the  fame  as  before, 

PROBLEM   III. 

In  a  Rectangle^  having  gi^^en  the  Diago7ial  (10),  and  the 
Perimeter,  or  Sum  cj  all  the  Four  Sides  (23)  ;  to  find 
each  of  the  Sides  Jeveralli/ , 

Let  a  BCD  be  the  propofed  re6langle  ; 

and  put  the  diagonal  ac  =  10  =:  c/,  and 

half  the  perimeter  ab   -j-   bc   or  ad   -{- 

DC  zz  14  n:  fl;  alfo  put  one  iide  ab  =  x\ 

then  the  other  Iide  BC^-*.v^ill  be  denoted  by 

a  —  X,     Hence,  by  right-angled  triangles 

It 
AC" 
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At^  =  AB^  +  BC^  that  is,  cP  -x^  +  («  -  xf  =  2x\-^ 
2ax  +  d~ :  confeq.  x^  —  ax  =  \cP  —  \d'^  and  by  completing 

the  fquare,  Sec,  x  =  \a  -\-  -^  2d'  —  a'  =  8  =  ab,  and 

a  —  X  zz:  ~a  —  iv2d^  —  a-  zi  6  =z  bc,  the  two  fides  ; 
and  the  fame  for  the  other  two  ad,  dc. 

Or,  by  iubflltuting  for  tlie  fum  and  difference  of  the  two 
fides,  AB,  Bc,  this  problem  may  be  ref9lved,  like  the  latter 
method  of  the  foregoing  one,  by  a  fimple  quadratic,  and  con- 
fequently  without  completing  the  fquare. 

PROBLEM  IV. 

Having  given  the  Bafe  and  Perpendicular  oj^ any  Triangle; 
to  Jind  the  Side  of  a  Square  Tnfcribtd  in  the  fame* 

Let  ABC  reprefent  the  given  triangle, 
and  EFGH  its  infcribed  fquare.  Put  the 
bafe  AB  =  ^,  the  perpendicular  cd  ~  a, 
and  the  fide  of  the  fquare  gf  or  gh  =: 
Di  =.  X .,  then  will  ci  =  CD  -—  di  =  ' 
a  —  X, 

Then,  becaufe   the  like  lines   in  the 
fimilar  triangles  abc,  gfc,  are  propor- 
tional,   (by   theor.  84,   Geom.),   ab  :  cd  .* :  CF  :  ci,   that 
hy  b  \  a  w  X  \  a  —  x.     Hence  ab  —  bx  =  ax,  or 

ab  =  ax  -f-  bXf  and  confequently  x  =  .^ r  =  gf  or  GH 

tlie  fide  of  the  infcribed  fquare ;  which  therefore  is  of  the 
fame  magnitude,  whatever  the  fpecies  or  the  angles  of  the 
triangles  may  be. 

PROBLEM  V. 

In  an  Equilateral  Tria?2gle,  having  given  the  lengths  of 
the  three  Perpendiculars,  drawn  from  a  certain  Point 
within,  on  the  three  Sides ;  to  determine  the  Sides, 

Let  A3C  reprefent  the  equilateral  tri- 
angle, and  DE,  DF,  DG,  the  given  per- 
pendiculars from  the  point  d.  Draw  the 
lines  DA,  DB,  DC,  to  the  three  angular 
points  ;  and  let  fall  the  perpendicular  ch 
on  the  bafe  ab.  Put  the  three  given  per- 
pendiculars DE  =  </,  DF  =  b,  DG  =  C, 
and  put  jc  =  AH  or  bh,  half  the  fide  of 
the  equilateral  triangle.  Then  is  AC  or  bc  rz  2x,  and  by 
right-angled  triangles  the  perpendicular  CH  =  y^ac-  —  ah'- 
=  y/4:x'  —  X'  =  y/3x"  =  -VS. 

C  c  2  Now, 
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No^v,  fince  the  area  or  fpace  of  a  re£l:arigl6  is  cxprelTe'il 
by  the  picx]u6t:  of  the  bafe  and  height  (cor.  2,  th.81,  Geom.), 
and  that  a  triangle  is  equal  to  half  a  rc£langle  of  equal  bale 
and  height  (cor.  1,  th.  26),-  it  follows  that, 

the  whole  triangle  abc  is  s-  |ab  x  cn=xx  x»/Z  =x'^v'3, 
the  triangle  abd  =r  ^ab  x  dg  =  .r  X  r  =  cx^ 
the  triangle  bcd  =  |bc  x   de  =  r  X  a  =  ax^ 
the  triangle  acd  =  ^ac  X  v>T=iXX   b  =z  hx. 

But  tlie  three  laft  triangles  make  up,  or  arc  equal  to,  the 
whole  former  or  great  triangle  ; 
tliat  is,  x\/ 3  n:  ax  -{-  hx  -f  ex  ;   hence 
then        xVS  "=1  a    -{-  b    -j-  c,    and 

X  rz ^ ,  half  the  £i<\c  of  the  triangle  fought. 

Alfo,  fnice  tlic  whole  perpendicular  CH  is  =  xt^/Z,  it  is 
therefore  =  a  -\-  b  -\-  c.  That  is,  the  whole  perpendicular 
CH,  is  juil  equal  to  the  fum  of  all  the  three  fmaller  perpen- 
diculars DE  -j-  DF  -j-  DG  taken  together,  wherever  the  point 
D  is  fituatcd. 

PROBLEM    VI. 

\v  a  Hight-anglcd  Triangle,  having  given  the  Bafe  (3), 
and  the  Difference  between  the  Hypothenufe  and  Perpendi-* 
eular  ( 1 ) ;  to  find  both  thefe  two  Sides. 

PROBLEM    VI 5. 

In  a  Right-angled  Triangle,  having  given  theHypothenufe 
(5),  and  tlie  Diftcrence  between  the  J^afe  and  Perpendicular 
( ] )  ;  to  determine  both  thcfc  two  Sides. 

PROBLEM    VIII. 

Having  given  the  Area,  or  Meafure  of  the  Space,  of 
a  Ke6Langle,  infcyibed  in  a  given  Triangle  ;  to  determinc- 
tlie  Sides  of  the  Rectangle. 

PROBLEM    IX. 

In  a  Triangle,  having  given  the  Ratio  of  the  two  Sides, 
together  with  both  the  Segments  of  the  Bafe,  made  by  a 
Perpendicular  from  the  Vertical  Angle  j  to  determine  the 
Side?,  of  the  Triangle. 

PROBLEM  :X, 

In  a  Triangle,  having  given  the  Bafe,  the  Sum  of*  the 
other  two  Sides,  and  the  Length  of  a  Line  drawn  from  the 
Vei;tical  Angle  to  the  Middle  of  the  Bafe  ;  to  find  the  fides  of 

thft  Triangle. 
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PROBLEM    XI, 


If?    a  Triangle,  having  given   the  two  SkhSy  abouf   the 
Vertical  Angle,  with  the  Line  bikCt'wg  rhart  Afigle,  and  tcr 
luinating  in  the  Bafe  ;  to  find  the  Baie. 

PROBLEM    XII. 

7'o  determine  the  Radii  of  three  Kqiial  Circles,  <?efcTihed 
in  a  given  Circle,  to  touch  each  other  aad  alio  the  Circum- 
ference of  the  given  Circle, 

PROBLEM  XT  1 1; 

In  a  Right-angled  Triangle,  hav]?ig  given  the  Pcnrnct?r  or 
Sum  of  all  the  Sides,  and  tiie  Perpendiwular  ]ci  fall  from  the 
Right  Angle  on  the  llypothcnufe;  to  determine  the 'i'ri- 
angle,  that  is,  its  Sides. 

PROBLEM    XIV. 

To  determine  a  Right-angled  Triangle;  having  given  the 
Perimeter,  and  the  Radius  of  its  Infcrib^d  Circle, 

PROBLEM    XV. 

To  determine  a  Right-angled  Triangle  j  having  given  the 
Lengths  of  two  Lines  drawn  from  the  acute  Anglet;,  to  the 
Middle  of  the  oppofite  Sides. 

PROBLEM    XVI. 

To  determine  a  Right-angled  Triangle  ;  having  givtrn  the 
Hvpothenufe,  and  the  DIfFcrence  of  tvvo  Lines  drawn  from 
the  two  acute  Angles  to  the  Centre  of  the  Iniciibed  Citcls. 

PROBLEM     XVII. 

To   determine   a  Triangle;   having   given   the  Bafe,  the 

Perpendicular,  and  the  Ratio  of  the  two  Sides, 

PROBLEM    XVII  I. 

To  determine  a  Right-angled  Triangle  ;  having  given  the 
l^ypolhenule,  and  the  Side  of  the  inicnbcd  S<;^uarc. 
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PROBLEM  XIX. 


To  determine  a  Triangle  ;  having  given  the  Bafe,  the  Per-i 
pendicular,  and  the  Difference  of  the  two  other  Sides. 


PROBLEM  XX. 

To  determine  a  Triangle  ;  having  given  the  Bafe,  the  Perr 
pendicular,  and  the  Re6tangle  or  Produdl  of  the  two  Sides. 

PROBLEMXXI. 

To  determine  a  Triangle  ;  having  given  the  Lengths  of 
three  Lines  drawn  from  the  three  Angles,  to  the  Middle  of 
the  oppofite  Sides. 

PROBLEM    XXII. 

In  a  Triangle,  having  given  all  the  three  Sides  ;  to  £nd 
the  Radius  of  the  Infcribed  Circle. 

PROBLEM    XXIII. 

To  determine  a  Right-angled  Tiiangle  ;  having  given  the 
Side  of  the  Infcribed  Square,  and  the  Radius  of  the  Infcribed 
Circle. 

PROBLEM  XXIV. 

To  determine  a  Triangle,  and  the  Radius  of  the  Infcribed 
Circle ;  having  given  the  Lengths  of  three  Lines  drawn 
from  the  three  Angles,  to  the  Centre  of  that  Circle. 

\, 
PROBLEM  XXV. 

To  determine  a  Right-angled  Triangle  ;  having  given  the 
Hypothejiufe,  and  the  Radius  of  the  Infcribed  Circle. 

PROBLEM    XXVI. 

To  determine  a  Triangle ;  having  given  the  Bafe,  the 
Line  bifeding  the  Vertical  Angle,  and  the  Diameter  of  the 
Circurafcribing  Circle, 
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^240  380211 

241  2017 

242  3815 

243  5606 

244  7390 

245  9166 
[246  390935 

247  2697 

248  4452 
2  4-9   619*^ 


5996 
8137 
0268 

2389 
4499 
6599 
8689 
0769 
2839 
4899 
6950 
8991 
1022 
3044 
5057 
7060 
9054 
1039 


04810693 
2600  2812 


835l!S564f8778 
0906 
3023 

471014920 

6809j7018 

8898  9106 

0977  1184 

304613252 

5105,5310 

7155;7359 

9194|9398 

1225 1427 

32-16  3447 

5257i545S 


2817  3014 
4785  4981 


6744 


6939 


2331 
4491 
6639 


2547 
4706 


2764 
4921 


6854  7068 


S99i 
1118 
3234 


9204 
1330 
3445 
5bb\ 


5130  5340 

722717436:7646 

9314l9522j9730 

139l|l598  1805 

3458  3665  3871 

5516  572l|5926 

7767j7972 

9805  0008 

1832  2034 

385014051 

b^b^\'^-iQ>b^ 


8694  8889 
06360829 
2568  2761 


4493 
6408 


4685 
6599 


7563 

9601 

1630 

3649 

b<ob^ 
7260,7459|7659|785Sj8058 
92531945 1  9650'9849j0O47 
1237J1435  1632'l830|2028 
321 2  3409  3606  3802j3999 
5178;5374!5570|5766  5962 
7135j7330|7525|7'720|7915  8110 
9083;92'78  9472|9666 

14101603 

3339  3532 

5260  5452 


9 

2980 

5136 

7282 

9417 

1542 

3656 

5760 

7854 

9938 

2012 

4077 

6131 

8176 

0211 

2236' 

4253 

6260 

8257 

02461 

2225 

4196 

6157 


8316'8506 
0215|0404 


1917 

3v800 

5675 

7542 

9401 

1253 

3096 

4932 

6759 

8580 

0392 

2197 

3995 

5785 

7568. 

9343 

1112 

2873 

4627 

637'i 


2105 

3988 

5862 

7729 

9587 

1437 

3280 

5115 

6942 

8761 

0573 

2377 

4174 

5964 

7746 

9520 

1288 

3048 

4802 

6548 


1023 
2954 


1216 
3147 

487615068 


6790 
■8-696 


0593-0783 


2294 
4176 
6049 
7915 

9772 
1622 
3464 
5298 
7124 
8943 
0754 
2557 
4353 
6142 
7923 
9698 
1464 
3224 
4977 


6981 
8886 


7363 
9266 


2482 
4363 
6236 
8101 

1806 

3647 

5481 

[7306 

9124 

0934 

2737 

4533 

6321 

8101 

9875 

1641 

3400 

5152 


67226896 


2671 

4551 

6423 

8287 

0143 

1991 

3831 

5664 

7488 

9306 

1115 

2917 

4712 

6499 

8279 

0051 

1817 

3575 

5326 

7071 


7172 

9076^ 

0972[1161 

2859 

4739 

6610 

8473 

0328 

2175 

4015 

5846 

7670 

9487 

1296 

3097 

[4891 

6677 

8456 

0228 

1993 

3751 

5501 

7245 


98600054 

1796  1989 
3724I39I6' 


3048 
4926 
§796 
8659 
0513 
2360 
4198 
6029 
7852 
9668 
1476 
3277 
5070 
6856 
8634 
0405 
2169 
3926 
5676 
7419 


5643 

7554 
9456 
1350 
3236 


5834 
7744 
9646 
1539 
3424 


5113  5301 


6983 
8845 
0698 
2544 
4382 
6212 


7169 
9030 
0883 
2728 
4565 
6394 


80348216 


9849 
1656 
3456 
5249 
7034 
8811 


0030 
1837 
3636 
5428 
7212 
8989 


0582:0759 


2345 
4101 

5850 


2521 
4277 
6025 


7592i7766 


OF  NUMBERS 


^S3 


N. 


o 


250 

251 

252 

253 

254 

2oo 

256 

257 

258 

259 

260 

261 
262 
263 

264 
265 

266 
267 
26S 
269 
270 
271 
272 
273 
274 
275 


1 


o 


276 

277 

278 

279 

280 

281 

282 

283 

284 

285 

286 

287 

288 

289 

290 

291 

292 

293 

294 

295 

296 

297 

298 

299| 


397940  8114  8287 
9674  9847  0020 

401401  1573  1745 
3121  3292  3464 
4834  5005  5176 
654067106881 
8240  84108579 
9933  0102  0271 

411620  1788  1956 
3300  3467 
4973  5140 
6641  6807 
8301 8467 
9956  0121 

421604  1768 

3246^41013574 
4882  504515208 
6511  6674  6836 
8135  829718459 
975299140075 

431364  1525 
29693130 
4569  4729 
6163  6322 
7751 7909 
9333  9491 

440909  1066 


8461|8634,880S 
Oi920365|0538 
208912261 
380713978 
5517'5688 
7221|7391 


89I8'9087 


I  / 


3635 
5307 
6973 
8633 
0286 
1933 


1917 

3635 

5346 

7051 

8749, 

044o!o609l07' 


;2 12412293,2461 
380313970  4137 
54741564 1:5808 
7139|7306i7472 
8798  8964  9129 
04510616  0781 


/ 


9154 
0883 
260 


8 


■) 


9328 
1056 
2777 


4320 


9    ^ 

.9501 
122S 
29491 


2480  2637 


4045 
5604 
7158 
8706 
450249 
1786 
3318 
4845 
6366 


1685 
3290 
4888 
6481 
8067 


20972261 

37373901 

5371 5534 

69997161 

8621 

0236 


o. 


6029  6199 
7731 17-901 
942619595 


1492  4663 
6370 


4201 
5760 
7313 
8861 
0403 
1940 
3471 
4997 
6518 


126 
4065 
5697 
7324 
8783  8944 
0398J0559 
1846!2007j2167 
3450!3610  3770 
5048|5207 
66406800 
82268384 
9648:9806  9964 
1224  1381  1538 
2793  2950  3106 
4357  4513 


1114 

2796 
4472 
6141 
7804 
9460 


7638 

9295 

0945 

2590 

4228 

5860  6023 

748617648 

910619268 

07200881 


I  no! 1 275 

2754- 

I3y2 


S070 
9764 
1451 
3132 
4805 
6474 
8135 
9791 
1439 
2918.3082 
I555U7I8' 


1283 
2964 
4639 
6308 
7970 
9625 


78828033 
93929543 


460898 
2398 
3893 
5383 
6868 
8347 


1048 

2548 
4042 
5532 
7016 
8495 


9822!9969 
47129:^11438 


2756 
4216 
5671 


2903 
4362 
5816 


5915 
7468 
9015 
0557 
2093 
1624 
5150 
6670 
8184 
9694 
1198 
2697 
4191 
5680 
7164 
8643 
0116 
1585 
3049 
4508 
5962 


6071 

7623 

9170 

0711 

2247 

3777 

5302 

6821 

8336 

9845 

1348 

2847 

4340 

5829 

7312 

8790 

0263 

1732 

3195 

4653 

6107 


4669 

6226 

7778 

9324 

0865 

2400 

3930 

5454 

6973 

8487 

9995 

1499 

2997 

4490 

5977 

7460 

8938 

0410 

1878 

3341 

4799 


o367 

6957 

8542 

0122 

1695 

3263 

4825 

6382 

7933 

9478 

1018 

2553 

4082 

5606 

7125 

8638 

0146 

1649 

3146 

4639 

6126 

7608 

9085 

0557 

2025 

3487 

4944 


6252  6397 


2328 

3930 

5526 

7116 

8701 

0279 

1852 

3419 

4981 

6537 

8088 

9633 

1172 

2706 

4235 

5758 

7276 

8789 

0296 

1799 

3296 

4788 

6274 

7756 

9233 

0704 

2171 

3633 

5090 

6542 


2488 
4090 
5685 
7275 
8850 
0437 
2009 
^^576 
5137 


6186 

7811 

9429 
1042 
2649 
4249 
5844 
7433 
9017 
0594 
2166 
3732 
5293 


6692i6S48 


8242 

9787 
1326 
2859 
4387 


8397 
9941 
1479 
3012 
4540 
5910|6062 
74287579 

894o!909i 
0447  0597 

1948 
3445 
1936 


2098 
3594 
5085 
6423  6571 


7904 
9380 
0851 
2318 
3779 
5235 


?,05'2 
9527 
0998 
2464 
3925 
5381 


6349' 

7973 

9591 

1203 

2809 

4409 

6004 

7592 

9175 

0752 

2323 

3889" 

5449' 

7003 

8552 

0095 

1633 

3165 

4692 

6214 

7731 

9242 

0748 

2248 

3T1-4 

5234 

6719 

5200 

9675. 

1145 

2610 

4071 

5526 


6687  68326976 


38i 


LOGARITHMS 


5oo 

301 

%03 

305 
30t> 
307 
308 
309 
1310 
311 
312 
313 
314 
315 
316 
^317 
31 S 
319 
320 
321 
322 
323 
324 
325 
326 
327 
328 
329 
330 
331 


0 


332 

233 

334- 

335 

336 

337 

338 

339 

340 

.341 

342 

343J 

344 

345 

346 

347 

348 

3491 


(477121 
8566 

480007 
1443 
2874 
4300 
5721 
7138 
8551 
9958 

491362 
2760 
4155 
5544 
6930 
8311 
9687 

501059 
2427 
3791 
5150 
6505 
7856 
9203 

510545 
1883 
3218 
4548 
5874 
7196 
8514 
9828 


1 


7266 
8711 
0151 
1586 
3016 
4442 
5863' 
-i80 
8692 
0099 
1502 
2900 
4294 
5683 
7068 
8448 
9824 
1196 
2564 
3927 
5286 
6640 
7991 
9337 
0679 
2017 
3351 


521138 


2444 
3746 
5045 
6339 
7630 
S917 
530200 
1479 


4681 

6006 

7328 

8646 

9959 

1269 

2575 

3876 

5174 

6469 

7759 

9045 

0328 

1607 


2754  2882 


4026 


4153 


5294  5421 


6558 
7819 
9076 
54€329 
1579 
2825 


6685 
7945 
9202 
0455 
1704 


7411 
8855 
0294 
1729 
3159 
i585 
6005 
7421 
8833 
[0239 
1642 
3040 
H33 
f5822 
7206 
8586 
9962 
1333 
2700 
4063 
o421 
6776 
8126 
9471 
0813 
2151 
3484 
4813 
6139 
7460 
8777 
0090 
1400 
2705 
4006 
.5304 
6598 
7888 
9174 
0456 
1734 
::;009 
1-280 
5547 
6811 
8071 
93^7 
0580 
1829 


3 


7555 
8999 
0438 
1872 
3302 
4727 
6147 
7563 
8974 
0380 
1782 


3179 

4572 

5960 

7344 

8724 

0099 

1470 

2837 

4*199 

5557 

6911 

8260 

9606 

0947 


7700 
9143 
0582 
2016 
3445 
4869 
6289 
7704 
9114 
0520 


1922 
3319 
4711 
6099 
17483 
8862 
0236 
1 607 
2973 
4335 
5693 
7046 


7844 
9287 
0725 
2159 
3587 

6430 

n 


7845 
9255. 


066] 
2062 
3458 
4850 
6238 
7621 


7989 
9431 
0869 
2302 
3730 
5153 
6572 


7  I  8  I  9 


8133  8278 
9575  9719 
1012  1156 
2445  2588 


3872 
5295 
67141 


7986^8127 
939619537 
0801*0941 


4^015 
5437 
6855 
8269 
9677 


899919137 
0374 


1744 
3109 
4471 
5828 
7181 


220] 
3597 
498S 
6376 
7759 


2341 
3737 


8422 

9S63 

1299 

27311 

4157 

5579 

6997 

8410 

9818 

1222 


1081 

248]!2621 
387614015 
5128  526715406 
:6515>6653|6791 


7897 
9275 


83958530 


9740 
1081 


2284  2418 
3617  3750 


4946 

6271 

7592 

8909 

0221 

1530 

2835 

4136 

5434 

6727 

8016 

9302 

0584 

1862 

3136 


5079 

6403 

7724 

9040 

0353 

1661 

2966 

4266 

5563 

6856 

8145 

9430 

0712 

1990 

3264 


9874 

1215 

2551 

3883 

5211 

6535 

7855 

9171 

0484 

1792 

3096 

4396 

5693 

6985 

8274 

9559 


051i|0648 

1880  2017 

3246 

4607 

5964 

7316 


8035 
9412 


8173 
9550 


oow 

49 

2684 

4016 

5344 

6668 

7987 

9303 

0615 

1922 

3226 

4526 

5822 

7114 

8402 

9687 


3382 
4743 
6099 
7451 
8799 
[0143 


0785|0922 
2154i2291 
3518  3655 


4878 


1482 


4407  4534 


i^- 


295013074 


5674 
6937 
8197 
9452 
0705 
1953 
3199 


5800 
7063 

8322 
9578 
0830 
2078 
3323 


08400968 
211712245 
339113518 
46614787 
5927:6053 
7189J7315 
8448:8574 
9703  9829 


2818 

4149 

5476 

6800 

8119 

9434 

0745 

2053 

3356 

4656 

5951 

7243 

8531 

9815 

1096 

2372 

3645 

49H 

G180 

7441 


6234 
7586 
8934 
0277 
1616 
2951 
4282 
5609 
6932 
8251 
9566 
\0876 
2183 
3486 
4785 
6081 
7372 
8660 
[9943 
1223 

3772 
5041 
6306 


0955 


1080 


2203j2327 
344713571 


9954 
1205 

2452 
3696 


7o6/ 


0079 
1330 
2576 
3820 


5014 
6370 
7721 
9068 
0411 
1750 
3084 
4415 
5741 
7064 
8382 
9697 
1007 
2314 
3616 
4915 
6210 
7501 
8788 
0072 
1351 
2627 
3899) 
51671 
6432 
693 
8951 
0204 
14541 
2701 
3944 


OF  NUMBERS. 
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N. 

0 

350 

544068 

351 

5307 

352 

6543 

353 

7775 

354. 

9003 

355 

550228 

'Sob 

1450 

357 

2668 

358 
359 

3883 

5094 

3^0 

6303 

361 

7507 

362 

8709 

363 

9907 

364 

561101 

ii65 

2293 

366 

3481 

367 

4666 

368 

5848 

369 

7026 

370 

8202 

371 

9374 

372 

570543 

373 

1709 

374- 

2872 

375 

4031 

376 

518S 

377 

6341 

378 

7492 

379 

8639 

380 

9784 

381 

580925 

382 

2063 

383 

3199 

384 

4331 

385 

5461 

386 

6587 

387 

7711 

388 

8832 

389 

9950 

390 

591065 

391 

2177 

392 

3286 

393 

4393 

394 

5496 

395 

6597 

396 

7695 

397 

8791 

398 

9883 

399 

600973 

1 


tl92 
5431 
15666 
7898 
9126 
0351 
1572 
2790 
4004 
5215 
6423 
7627 
8829 
0026 
1221 
'^412 
3600 
4784 
5966 
7144 
S319 
9491 
0660 
1825 
2988 
4147 
5303 
6457 
7607 
8754 
9898 
1039 
2177 
3312 
4444 
5574 
6700 
7823 
8944 
0061 
1176 
2288 
3397 
4503 
5606 
6707 
7805 
8900 
9992 
1082 


4316 

5555 

6789 

8021 

9249 

0473 

1694 

2911 

4126 

5336 

6544J 

7748 

8948 

0146 

1340 

2531 

3718 

4903 

6084 

7262 

8436 

9608 

0776 

1942 

3104 

4263 

5419 

6572 

7722 

8868 

0012 

1153 

2291 

3426 

4557 

5686 

6812 

7935 

9056 

0173 

1287 


4440 
5678 
6913 
8144 
9371 
0595 
1816 
3033 
4247 
5457 
6664 
7868 
9068 


) 


026, 

1459 

2650 

3837 

5021 

6202 

7379 

8554 

9725 

0893 

2058 

3220 

4379 

5534 

6687 

7836 

8983 

0126 

1267 

2404 

3539 

4670 

5799 

6925 

8047 

9167 

0284 

1399 

2399.2510 

3508:3618 

4614 

5717 

6817 

7914 

9009 

0101 

1191 1299 


4724 
5827 
6927 
8024 
9119 
0210 


4564 
5802 
7036 
8267 
9494 
0717 
1938 
3155 
4368 

OO  i  b 

6785 
7988 
9188 
0385 
1578 
2769 
3955 

;139 
6320 
7497 
8671 
9842 
1010 
2174 
3336 
4494 
5650 
6802 

951 
9097 
0241 
1381 
2518 
3652 
4783 
5912 
7037 
8160 
9279 
0396 
1510 
2621 
3729 
4834 
5937 
7037 
8134 
9228 
0319 
1408 


4688 
592.': 
7159 
S389 
9616 
0840 
2060 
3276 
4489 
5699 
6905 
8108 
9308 
0504 
1698 
2887 
4074 
5257 
6437 
7614 
8788 
9959 
1126 
2291 
3452 
4610 
5765 
6917 
8066 
9212 
0355 
1495 
2631 
3765 
4896 
6024 
7149 
8272 
9391 
0507 
1621 
2732 
3840 
4945 
6047 
7146 
8243 
9337 
0428 
1517 


6 


1-812 
3049 
7282 
8512 
9739 
0962 
2181 
3398 
4610 
5820 
7026 
8228 
9428 
0624 
1817 
3006 
4192 
5376 
6555 
7732 
8905 
0076 
1243 
2407 
3568 
4726 
5880 
7032 
8181 
9326 
0469 
1608 
2745 
3879 
5009 
6137 
7262 
8384 
9503 
0619 
1732 
2843 
3950 
5055 
6157 
7256 
8353 
9446 
0537 
1625 


4936 
6172 
7405 
8635 
9861 
1084 
2303 
3519 
4731 
5940 
7146 
8349 
9548 
0743 
1936 
3125 
4311 
5494 
6673 
7849 
9023 
0193 
1359 
2523 
3684 
4841 
5996 
7147 
8295 
9441 
0583 
1722 
2858 
3992 
5122 
6250 
7374 
8496 
9615 
0730 
1843 
2954 
4061 
5165 
6267 
7366 
8462 
9556 
0646 
1734 


506C 
6296 
752i 
8758 
9984 
1206 
2425 
3640 
4852 
6061 
7267 
8469 
9667 
0863 
2055 
3244 
1429 
5612 
6791 
7967 
9140 
0309 
1476 
2639 
3800 
4957 
6111 
7262 
8410 
9555 
0697 
1836 
2972 

105 
5235 
6362 

486 
8608 
9726 
0842 
1955 
3064 
4171 
5276 
6377 
747C 
8572 
9665 
0755 
1843 


5183 
6419 
7652 
8881 
0106 
1328 
2547 
3762 
4973 
6182 
7387 
8589 
9787 
0982 
2174 
3362 
4548 
5730 
6909 
8084 
9257 
0426 
1592 
2755 
3915 
5072 
6226 
7377 
8525 
9669 
0811 
1950 
3085 
4218 
5348 
6475 
7599 
8720 
9838 
0953 
2066 
3175 
4282 
5386 
6487 
7586 
8681 
9774 
0864 
1951 


3BG 

Too 

lOJ 

402 

403 

;404 

405 

406 

407 

408 

409 

410 
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421 
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1176 
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3249 
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6340 
7366 
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5413 
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3569 
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4537 
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7481 
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227'; 
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7669 
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3469 
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0631 
1647 
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o 

7777 
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9914 

0979 

2042 
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5213 

6265 
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8362 
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1488 
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3559 

4591 

5621 

6648 
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8695 

9715 

0733 

1748 

2761 

3771 
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5736 
6811 
7884 
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4264 
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6370 
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8466 
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3686 


4766 
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6919 
7991 
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0128 
1192 
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3313 
4370 
5424 
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7525 
8571 
9615 
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3794 
4874 
5951 
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8098 
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0234 
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3419 
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2466 
3525 
1581 
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7629 
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5634 
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3663 
4695 
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9817 
0835 


1849 
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3872 
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1672 
2662 
3650 
4636 
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8555 
9530 
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1472 
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4832 
5815 
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4734 
5717 
6698 
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9627 
0599 
1569 
2536 
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9724 
0696 
1666 
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3766 

4798 

5827 
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7878 
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0936 
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3973 

4981 

5986 

6989 
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8988 

9984 
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3946 

4931 
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1799 

2835 

3869 
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7980 

9002 
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2939 
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1139 
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2069 
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6166 
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0447 
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2572 

3630 
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5740 
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7839 

8884 

9928 

0968 
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3042 

4076 
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6135 

7161 

8185 

9206 

0224 

1241 

2255 

3266 

4276 

5283 

6287 

7290 

8290 

9287 

0283 

1276 


3036 


4118 

5197 

6274 

7348 

8419 

9488 

0554 

1617 

2678 

3736 

4792 

5845 

6895 

7943 
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1179 
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8287 
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1342 
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0793 
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465 

466 

467 

468 

469 
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478 
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483 
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485 

486 

487 
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495 
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4177 
5138 
6098 
7056 
8011 
8965 
9916 
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2758 
3701 
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6518 
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8518 
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7229 
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5235 

6194 
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2852 

3795 
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7546 

8479 

9410 
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1265 
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4034 
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5870 

6785 
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2235 
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293 
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5962 
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7789 
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4127 

5025 

5921 
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5657 
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7438 
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o 

6799 

7733 

8665 

9596 

0524 

1451 
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3297 
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6968 
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0607 

151.3 
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6010 
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5744 
6618 
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8S62 
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3407 
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1435 
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4078 
4956 
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7534 

8488 

9441 
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1339 

2286 

3230 

4172 
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6050 

6986 
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9782 
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1636 

2560 

3482 
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6236 
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8973 
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1693 
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6189 
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8865 
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0639 

1524 

2406 
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7629 

8584 

9536 
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1434 
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4266 
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7079 

8013 

8945 

9875 
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1728 

2652 

3574 

4494 

5412 

6328 
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6769 
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3587 
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3677 
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5473 
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1913 
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1877 
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528 
529 
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534 
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,548 
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1568 

2431 

3291 

4151 

5008 

5864 
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7570 

8421 

9270 
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0790 
1654 
2517 
3377 
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5094 
5949 
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8506 
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0202 
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1807 
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3491 
4330 
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0986 
1811 
2634 
3456 
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6727 
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2394 
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5599 
6397 
7193 
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1892 
2734 
3575 
4414 
5251 
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8585 
9414 
0242 
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2716 
3538 
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6809 
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8435 
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4079 
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3463 
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6888 
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0287 
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1976 
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3659 

4497 

5335 
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7837 

8668 

9497 

0325 
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3620 


3 
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1827 

2689 

3549 
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0371 
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2060 
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3742 

4581 

5418 
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7088 

7920 
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0407 
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2881 
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7704 
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9327 
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2555 
3358 
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6206 

7059 
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8761 
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2986 

3826 

4665 
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6337 
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8003 

8834 
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1316 
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2963 

3784 
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6238 
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8678 
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0298 
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3518 
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0271 
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3721 
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5436 

6291 
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4685 

5503 
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7948 
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3598 
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7590 

8384 
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9968 
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4665 
5522 
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1470 
2313 
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4833 
5669 
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3033 
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9015 
9863 
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0033 
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2072 
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5279 

6078 

6874 

7670 

8463 
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1587 
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1661 
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3128 
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4326 
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5341 

6103 

€864 
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4475 
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2332 
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3902 
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8576 
9350 
0123 
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7775 
8533 
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3980 
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5543 
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2489 
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4840 
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8731 

9504 
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3353 
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0994 
1782 
2568 
3353 
4136 
4919 
5699 
6479 
7256 
8033 


9 


1073 
1860 
2646 
3431 
4215 
4997 
5777 
6556 
7334 
8110 
8885 


8808 
9582  9659 


0354 
il25 
1 8  95 
2<i63 


34,30 
4195 


9366 


0121 
0875 
1627 

2378 
3128 
3877 
4550|4624 


0410 
1146 
1881 
2615 
3348 
1079 
4809 
5538 
6265 
6992 
7717 


5296 

6041 

6785 

7527 

8268 

9008 

9746 

0484 

1220 

1955 

2688 

3421 

4152 

4882 

5610 

6338 

7064 

7789 


5370 

6115 

6859 

7601 

8342 

9082 

9820 

055 

1293 

2028 

2762 

3494 

4225 

^1.9  5  5 

5683 

6411 

7137 

7862 


5646 
6408 
7168 
7927 
8685 
9441 
0196 
0950 
1702 
2453 


320'^ 

3952 

4699 

5445 

6190 

6933 

7675 

8416 

9156 

9894 

0631 

1367 

2102 

2835 

3567 

4298 

5028 

5756 

6483 

7209 


57:22 
6484 
7244 
8003 
8761 
9517 
0272 
1025 
1778 
12529 
3278 
4027 
4774 
5520 
6264 
7007 
7749 
8490 
9230 
9968 
0705 
1440 
2175 
2908 
3640 
4371 
5100 
5829 
6556 
7282 
7934I8QO6 


0431 

I202I 

1972 

2740 

350ii 

4272 

5036: 

5799 

65<30 

7320 

8079 

8836 

9592 

0347 

1101 

1853 

2604 

3353 

4101 

4848 

5594 

6338^ 

70821 

7823 

8564 

9303 

0042 

0778 

1514 

2248' 

2981 
3713 
4444 
5173 
5902 
6629 
7354' 
8079 


\ou  1. 


Dd 


'^0 


LOGARITHMS 


o 


N. 


600 
601 
602 
603 
604 
605 
606 
607 
608 
609 
610 
611 
612 
6\3 
614 
615 
616 
617 
618 
619 
620 
621 
622 
623 
624 
625 
626 
627 
628 
629 
€30 
631 
632 
633 
634 
63d 
636 
637 
638 
639 
640 
641 
642 
643 
644 
.645 
646 
647 
648 


1 


778151 
8874 
9596 

780317 
1037 
1755 
2473 
3189 
3904 
4617 
5330 
6041 
6751 


2 


8224 

8947 

9669 

0389 

1109 

1827 

2544 

3260 

397 

4689 

5401 

6112 

6822 


8368 

9091 

9B13 

0533 

1253 

1971 

2688 

3403 

4118 

4831 


4 


8296 

9019 

9741 

0461 

1181 

1899 

2616 

3332 

4046 

4760 

5472  5543 


74607531 

8168|8239 
8875:8946 
9581 9651 
7902850356 


6183 
6893 
7602 
8310 
901 


0988 
1691 
2392 


1059 
1761 
2462 


3092  3162 
37903860 

4488|4558 
5185,5254 
5S80j5949 
6574'6644 
7268|7337 
7960  8029 


8651 
9341 

800029 
0717 
1404 
2089 
2774 
3457 
4139 
48  2  J 
5501 
6180 
6858 
7535 
821J 
8886 
9560 

810233 
0904 
1575 


8720 
9409 
0098 
0786 
1472 
2158 
2842 
3525 
4208 
4889 
5569 
6248 
6926 
7603 
8279 
8953 
962"; 
0300 
0971 
16 '2 


o 


9722 
0426 
1129 
1831 


6254 
6964 
7673 
8381 
9087 


8441 

9163 

9885 

0605 

1324 

2042 

2759 

3475 

4189 

4902 

5615 

6325 

7035 

7744 

8451 

9157 


9792J9863 
0496 
1199 
1901 


8513 

9236 

9957 

0677 

13961 

2114 

28311 

3546 

4261 

4974 

5686 

6396 

7106 

7815 

8522 

9228 

9933 


8585 
9308 
0029 
0749 
1468 
2186 
2902 
3618 
4332 
5045 
5757 
6467 
7177 
7885 
8593 
9299 
0004 


8 


05670637  0707 


2532  2602 
3231  3301 
393014000 
4  6  27 14  6  97 
532415393 
6019  6088 
67l3l6782 


7406 
8098 
8789 
947,8 
0167 
0854 
1541 
2226 
2910 
3594 
4276 
4957 
5637 
6316 
6994 
7670 
8346 
9021 
:^694 


7475 
8167 
8858 
9547 
0236 
0923 
1609 
2295 
2979 
3662 
4344 
5025 
5705 
6384 
7061 
7738 
8414 
9088 
9762 


649'  2245l23i2 


0367  0434 


1039 
1709 
2379 


1106 

1776 
2445 


1269 

I97r 

2672 

3371 

4070 

4767 

5463 

6158 

6852 

7545 

8236 

8927 

9616 

0305 

0992 

1678 

2363 

3047 

3730 

44  r? 

5093 

5773 

6451 

7129 

7806 

8481 

9156 

9829 

0501 

1173 

1843 

2512 


1340 
2041 
2742 
344J 

4139 

4836 

5532 

6227 

6921 

7614 

8305 

8996 

9685 

0373 

106J 

1747 

2432 

311b 

3798 

448C 

.5161 

5841 

6519 

7197 

7873 

8549 

9223 

9896 

0569 

1340 

1910 

2579 


1410 
2111 

2812 
3S11 
1209 


8658 

9380 

0101 

0821 

1540 

2258 

2974 

3689 

4403 

5116 

5828 

6538 

7248 

7956 

8663 

9369 

0074 

0778 

1480 

2181 


8730 
9452 
0173 
0893 
1612 
2329 
3046 
3761 
4475 
5187 
5899 
6609 
7319 
8027 
8734 
9440 
0 1 44 
0848 
1550 
2252 


2882  2952 


3581 
4279 


3651 
4349 


8802 

9524 

0245 

0965 

1684 

2401 

3117 

3332 

4546 

5259 

5970 

6680 

7390 

9098 

8804 

9510 

0215 

0918 

1620 

2322 

3022 

3721 

4418 


4906  4976  5045  5115 
560256725741  5811 
6297  6366  6436,6505 


69907060 
76837752 
83748443 
9665'91  34 
975419823 
04420511 
1129 1198 
1815  1884 
25002568 
3184|3252 
3867|3935 
4548  4616 
5229:5297 
590815976 
65S16655 
7264  7332 
7941  8008 


8616 
9290 
9964 
0636 
1307 
1977 
2646 


8684 
9358 
0031 
0703 
1374 
2044 
2713 


7129,7198 

78217890 

851385821 

9203  9272 

98929961 

05800648 

1266  1335 

1952  2021 

26372705 

3321 3389 

4003  407 1 

46854753 

536515433 

6044'61I2 

6723  6790 

7400 

8076 

8751 

9425 

0098 

0770 

1441 

2111 


7467 
8143 
8818 
9492 
0165 
0837 
1508 
2178 
2780  28 4T 


OP  NUMBERS. 


!iQl 


N. 

650 
651 
652 
653 
654^ 
655 
656 
657 
658 
659 
660 
661 
662 
663 
66-1^ 
665 
666 
667 
668 
669 
670 
671 
672 
673 
674 
675 
676 
677 
/67S 
679J 
680 
681 
682 
6S3 
684^ 
685 
686 
687 
6881 
689 
690 
691 
692 
693 
694 
695 
696 
69 
698 
699 


0 


812913 
3581 
4248 
4913 
5578 
6241 
6904 
7565 
8226 
8885 
9544 

820201 
0858 
1514 
2168 
2822 
3474 
4126 
4776 
5426 
6075 
6723 
7369 
8015 
8660 
9304 
9947 

830589 
1230 
1870 
2509 
3147 
3784 
4421 
5056 
5691 
6324 
6957 
7588 
8219 
8849 
9478 

840106 
0733 
1359 
1985 
2609 
3233 
3855 
4477 


1 


2980 
3648 
4314 
1.980 
5644 
6308 
6970 
7631 
8292 
8951 
9610 
0267 
0924 
1579 
2233 
2S87 
3539 
4191 
4841 
5491 
6140 
6787 
7434 
8080 
8724 
9368 
0011 
0653 
1294 
1934 
2573 
3211 
3848 
4484 
5120 
5754 
6387 
7020 
7652 
8282 
8912 
9541 
0169 
0796 
1422 
2047 
2672 
3295 
3918 
4539 


3047 
3714 
4381 
.9046 
3711 
6374 
7036 
7698 
8358 
9017 
9676 
0333 
0989 
1645 
2299 
2952 
3605 
4256 
4906 
5556 
6204 
6852 
7499 
8144 
8789 
9432 
0075 
0717 
1358 
1998 
2637 
3275 
3912 
4548 
5183 
5817 
6451 
7083 
7715 
8345 
8975 
9604 
0232 
0859 
1485 
2110 
2734 
3357 
3980 
i601 


3 


3114 
3781 
4447 
5113 
5777 
6440 
7102 
7764 
8424 
9083 
9741 
0399 
1055 
1710 
2364 
3018 
3670 
4321 
4971 
5621 
6269 
6917 
7563 
8209 
8853 
9497 
0139 
0781 
1422 
2062 
2700 
3338 
3975 
4611 
5247 
5881 
6514 
7146 
7778 
8408 
9038 
9667 
1294 
0921 
1547 
2172 
2796 
3420 
4042 
4664 


3181 
3848 
1-514 
5179 
5843 
6506 
7169 
7830 
8490 
9149 
9807 
0464 
1120 
1775 
2430 
3083 
3735 
4386 
5036 
5686 
6334 
6981 
7628 
8273 
8918 
9561 
0204 
0845 
1486 
2126 
2764 
3402 
4039 
4675 
5310 
5944 
6577 
7210 
7841 
8471 
9101 
9729 
0357 
0984 
1610 
2235 
2859 
3482 
4104 
4726 


3247 
3914 
4581 
o246 
o910 
6573 
7235 
7896 
0556 
9215 
9873 
0530 
1186 
1841 
2495 
3148 
3800 
4451 
5101 
5751 
6399 
7046 
7692 
8338 
8982 
9625 
0268 
0909 
1550 
2189 
2828 
3466 
4103 
4739 
5373 
6007 
6641 
7273 
7904 
8534 
9164 
9792 
0420 
1046 
1672 
2297 
2921 
3544 
4166 
4788 


6 


3314 

3981 

4647 

5312 

o976 

6639 

7301 

7962 

8622 

9281 

9939 

059o 

V2o\ 

1906 

2560 

321? 

386.' 

4516 

5166 

5815 

6464 

7111 

7757 

8402 

9046 

9690 

0332 

0973 

1614 

2253 

2892 

3530 

4166 

4802 

5437 

6071 

6704 

7336 

7967 

8597 

9227 

9855 

0482 

1109 

1735 

^>360 

2983 

3606 

4229 

4850 


— 'V- 


7 

>38l 
4048 
4714 
5378 
6042 
6705 
736f 
8028 
8688 
9346 
0004 
Obol 
1317 
1972 
2626 
3279 
3930 
4581 
5231 
5880 
6528 
7l7o 
7821 
8467 
[9111 
9754 
0396 
1037 
1678 
2317 
2956 
3593 
4230 
i866 
5500 
6134 
6767 
7399 
8030 
8660 
9289 
9918 
0545 
1172 
1797 
2422 
3046 
3669 
4291 
4912 


344  ~ 

111^ 

4780 

5^4.> 

610^ 

6771 

743. 

809-. 

8754 

9412 

0070 

0727 

1382 

2037 

2691 

3344 

3996 

4646 

5296 

o945 

6593 

7240 

7886 

8531 

9175 

9818 

0460 

1102 

1742 

2381 

3020 

3657 

4294 

4929 

5564 

6197 

6830 

7462 

8093 

8723 

9352 

9981 

0608 

1234 

1860 

2484 

3108 

3731 

4353 

4974 


3514 
4181 
4847 
j5U 

;-^38 

199 
^160 
8820 
9478 
0136 
0792 
1448 
2103 
2756 
3409 
40Q1 
4711 
5361 
6010' 
665S 
7305 
7951, 
8595 
9239 
9882 
0525 
1166 
1806 
2445 
3083 
3721 
4357 
49931 
562' 
6261 
6894 
7525 
8156 
8786 
9415 
0043 
0671 
1297 
1922 
2547 
3170 
3793 
1.415 
5036 


Dd2 


592 


LOGARITHMS 


700 
701 
702 
703 
704- 
705 
706 
707 
708 
709 
710 
711 
712 
iV3 
714 
715 
716 
717 
718 
719 
720 
721 
722 
723 
'24 
72o 
726 
727 
728 
729 
730 
731 
732 
733 
734 
735 
736 
737 
138 
739 
740 
741 
742 
743 
744 
745 
746 

748 
7491 


0 


845098 

5718 

6337 

6955 

7573 

8189 

8805 

9419 
850033 

0646(0707 

1258 

1870 
2480 
3090 
3698 
4306 
4913 
5519 
6124 
6729 
7332 
7935 
8537 
9138 
9739 
860338 
0937 
1534 
2131 


1 


5160 
5780) 
6399 
7017 


2 


■r>( 


2728 
3323 
3917 
4511 
5104 
5696 
6287 
6878 
7467 
8056 
8644 


.r^'22 
5842 
6461 
7079 
7634  7696 
82518312 
8866  8928 
94819542 
009510156 
0769 
1320ll381 
1931 1992 
2541  2602 
3150  3211 
3759  3820 
4367  4428 
4974  5034 
5580  5640 
6185  6245 
678916850 
7393 


9818 

870404 

0989 

1573 


7453 
8056 
8657 
9258 
9859 
0458 
1056 
1654 
2251 
2847 
3442 
4036 
4630 
5222 
5814 
6405 
6996 
7585 
8174 
8762 
9349 
993o 
0521 
1106 
1690 
2273 
2855 
3437 
3960]  10 18 
454014598 


7995 
8597 
9198 
9799 
0398 
0996 
1594 
2191 
2787 
3382 
3977 
4570 
5163 
5755 
6346 
6937 
7526 
8115 
8703 


3 


5284 

5904 

6523 

7141 

7758 

8374 

8989 

9604 

0217 

0830 

1442 

2053 

2663 

3272 

3881 

4488 

5095 

5701 

6306 

6910 

7513 

8116 

8718 

9318 

9918 

0518 

1116 

1714 

2310 

2906 

3501 

4096 

4689 

5282 

5874 

6465 


92329290 


9877 
0462 
1047 
1631 


21562215 
2739  27971 
3321 3379 
3902 
4482 


055 
7644 
8233 
8821 
9408 
9994 
0579 
1164 
1748 
2331 
2913 
3495 
4076 
46561 


5346 

5966 

6585 

7202 

7819 

8435 

9051 

9665 

0279 

0891 

1503 

2114 

2724 

3333 

3941 

4549 

5156 

5761 

6366 

6970 

7574 

8176 

8778 

9379 

9978 

0578 

1176 

1773 

2370 

2966 

3561 

4155 

4748 

5341 

5933 

6524 

7114 

7703 

8292 


5 


8879  8938 


9466 


0638 
1223 
1806 
2389 
2972 
3553 
4134 
1.714 


5408 
6028 
6646 
7264 
7881 
8497 
9112 
9726 
0340 
0952 
1564 
2175 
2785 
3394 
4002 
4610 
5216 
5822 
6427 
031 
7634 
8236 
8838 
9439 
0038 
0637 
1236 
1833 
2430 
3025 
3620 
4214 
4808 
5400 
5992 
6583 
7173 
7762 
8350 


6 


9525 


0053  0111 


0696 
1281 
1865 
2448 
3030 
3611 
4192 
4772 


5470 

6090 

6708 

7326 

7943 

8559 

9174 

9788 

0401 

1014 

1625 

2236 

2846 

3455 

4063 

4670 

5277 

5882 

6487 

7091 

7694 

8297 

8898 

9499 

0098 

0697 

1295 

1893 

2489 

3085 

3680 

4274 

4867 

5459 

6051 

6642 

7232 

7821 

8409 

8997 

9584 

0170 

07550813 

13391398 

1923  1981 

2506  2564 


5532 

6151 

6770 

7388 

8004 

8620 

9235 

9849 

0462 

1075 

1686 

2297 

2907 

3516 

4124 

4731 

5337 

5943 

6548 

7152 

7755 

8357 

8958 

9559 

0158 

0757 

1355 

1952 

2549 

3144 

3739 

4333 

4926 

5519 

6110 

6701 

7291 

7880 

8468 

9056 

9642 


8 


5594 
6213 
6832 
7449 
8066 
8682 
9297 
9911 
0524 
1136 
1747 
2358 
2968 
3577 
4185 
4792 
5398 
6003 
6608 
7212 
7815 
8417 
9018 
9619 
0218 
0817 
1415 
2012 
2608 
3204 
3799 
4392 
4985 
5578 
6169 
6760 
7350 
7939 


3088 
3669 
4250 
4830 


8527 
9114 
9701 
0228|()287 
0872 
1456 
2040 
2622 
3204 
3785 
4366 
4945 


3146 

372 

4308 

4888 


5656 

6275 

6894 

7511 

8128 

8743 

9358 

9972 

0585 

1197 

1809 

2419 

3029 

3637 

4245 

4852 

5459 

6064 

6668 

7272 

7875 

8477 

9078 

9679 

0278 

0877 

1475 

2072 

2668 

3263 

3858 

4452 

5045 

5637 

6228 

6819 

7409 

7998' 

8586 

9173' 

9760 

10345 

0930 

1515 

2098 

2681 

3262 

3844 

4424 

5003] 


OF  NUMBERS. 


S93 


N. 

750 
751 

h52 
753 
754 
'55 
756 
757 
758 
759 
760 
761 
762 
763 
764 

1165 
766 
767 
768 
769 
770 
771 
772 
773 
774 
775 
776 
777 
778 
779 
780 
781 
782 
783 
1784 
785 
786 
787 
/8S 
789 
/'90 
791 
792 
793 
794 
795 
796 
('9 

;98 

799 


0 


875061 
5640 
6218 
6795 
7371 
7947 
8522 
9096 
9669 

880242 
0814 
1385 
1955 
2525 
3093 
3661 
4229 
4795 
5361 
5926 
6491 
7054 
7617 
8179 
8741 
9302 
9862 

890421 
0980 
1537 
2095 
2651 
3207 
3762 
4316 
4870 
5423 


1 

51T9 
5698 
6276 
6853 


o 


DL  i  i 

5756 
6333 
6910 

7429|7487 
8004;8062 
8579:8637 
9153,9211 
97269784 
O299I0356 
087110928 
14421499 
2012  2069 


2638 
3207 
3775 


2581 

3150 

3718 

428514342 

48524909 

54185474 

59836039 

65476604 

71U7167 


3 


7674 
8236 
8797 
9358 
9918 
0477 
1035 
1593 
2150 
2707 
3262 
3817 
4371 
4925 
5478 
597516630 


6526 
7077 
7627 
8176 
8725 
9273 
9821 
900367 
0913 
1458 


6581 
7132 
7682 
8231 
8780 


7730 

8292 

8853 

9414 

9974 

0533 

1091 

1649 

2206 

2762 

3318 

3873 

4427 

4980 

5533 

6085 

6636 

7187 

7737 

8286 

8835 


9328  9383 


254' 


9875 
0422 
0968 
1513 


2003  2057  2112 


12601 


9930 
0476 
1022 
1567 


2655 


5235 

5813 

6391 

6968 

7544 

8119 

8694 

9268 

9841 

0413 

098£ 

1556 

2126 

2695 

3264 

3832 

4399 

496^ 

5531 

6096 

6660 

7233 

7786 

8348 

8909 

9470 

0030 

0589 

1147 

1705 

2262 

2818 

3373 

3928 

4482 

5036 

5588 

6140 

6692 

7242 

7792 

8341 

8890 

9437 

9985 

0531 

1077 

1622 

2166 

2710 


5293 
5871 
6449 
7026 
7602 
8177 


8752 

9325 

9898 

0471 

1042 

1613 

2183 

2752 

3321 

3888 

4455 

5022 

5587 

6152 

6716 

7280 

7842 

8404 

8965 

9526 

0086 

0645 

1203 

1760 

2317 

2873 

3429 

3984 

4538 

5091 

5644 

6195 

6747 

7297 

7847 

8396 

8944 

9492 

0039 

0586 

1131 

1676 

2221 

2764 


5351 
5929 
6507 
7083 
7659 
8234 
8809 
9383 
9956 
0528 
1099 
1670 
2240 
2809 
3377 


3945 
4512 
5078 
o644 
6209 
6773 
7336 


5409 
5987 
6564 
141 
7717 
8292 
8866 
9440 
0013 
0585 
1156 
1727 
2297 
2866 
3434 
4002 
4569 
5135 
5700 
6265 
6829 
7392 
795y 
8516 
9077 
9638 
0197 
0756 
1314 
1872 
2429 
2985 
3540 
4094 
4648 
o20l 
o/o4 
6306 
6857 
7407 
7957 
8506 
9054 
9602 
0149 


7898 

8460 

9021 

9582 

0141 

0700 

1259 

1816 

2373 

2929 

3484 

4039 

4593 

5146 

5699 

6251 

6802 

7352 

7902 

8451 

8999 

9547 

0094 

0640|0695 


5466 
6045 
6622 
7199 
7774 
8349 
8924 
9497 
0070 
0642 
1213 
1784 
2354 
2923 
3491 
4059 
4625 
5192 
5757 
6321 
6885 
7449 
8OIII8O6 


8 


9 


5524 
oi02 
6680 
7256 
7832 
8407 
8981 
9555 
0127 
0699 
1271 
1841 
2411 
2980 
3548 
4115 
4682 
5248 
5813 
6378 
6942 
7505 


1186 
1731 
227*^ 
2318 


1240 
1785 
2329 
2878 


8573 
9134 
9694 
0253 
0812 
1370 
1928 
2484 
3040 
3595 
4150 
4704 
o25l 
oS09 
6361 
6912 
7462 
S012 
561 
9i09 
965C 
0205 
0749 
1295: 
184C 
2384 
2927 


8629 

9190 

9750 

0309 

0868 

1456 

1983 

2540 

3096 

3651 

4205 

4759 

5312 

3864 

6416 

6967 

517 

S067 

8615 

9164 

9711 

0258 

0804 

1349 

1894 

2438 

12981 


5582 

6160 

6737 

7314 

7889 

8464 

90S9 

9612 

0185 

0756 

1328 

189>8 

2468 

3037 

3605 

4172 

4739 

5305 

5870 

64341 

6998 

7561 

8123 

8685 

9246 

9806 

0365 

0924 

1482 

2039 

2595 

3151 


3706 

4261 

4814; 

5367 

5920 

6471 

7022 

7572 

8122 

8670 

9215 

9766 

0312 

0859 

1404 

1948" 

2492 

30S6i 


tmm 


394 


LOGARITHM^ 


|S00 
801 
802 
803 
804 
805 
806 
S07 
808 
809 
810 
811 
812 
813 
814^ 
15 
816 
S17 
818 
819 
820 
821 
822 
823 
824 
825 
826 
827 
828 
829 
830 
831 
832 
833 
834 
835 
836 
837 
838 
839 
840 
841 
842 
843 
844 
845 
846 
847 
848 

|a49 


0 


903090 
3633 
4174 
4716 
5256 
5796 
6335 
6874 
7411 
7949 
8485 
9021 
9556 

910091 


1 


3144 
3687 
4229 
4770 
5310 
5850 
6389 
6927 
7465 
8002 
8539 
9074 
9610 
0144 


2 


0624'0687 


1158 
1690 

2222 


1211 
1743 
2275 


2753  2806 
3284  3337 


3814 
4343 
4872 
5400 
5927 
6454 
6980 
7506 
8030 
8555 
9078 
9601 
920123 
0645 
1166 
1686 
2206 
2725 
3244 
8762 
4279 
4796 
5312 
5828 
6342 
6857 
7370 
7883 
8396 


3867 
4396 
4925 
5453 
5980 
6507 
7033 
7558 
8083 
8607 
9130 
9653 


3199 
3741 
4283 
4824 
5364 
5904 
6443 
6981 
519 
8056 
8592 
9128 
9663 
0197 
0731 
1264 
1797 
2323  2381 
2859  2913 
33903443 
3920J3973 
4449  4502 


3253 

3795 

4337 

4878 

5418 

5958 

6497 

7035 

757 

8110 

864(i 

9181 

9716 

0251 

0784 

1317 

1850 


4977 
5505 


5030 
5558 


6033|6085 
65596612 


7085 
7611 
8135 
8659 


7138 
7663 

8188 
8712 


01760228 


0697 
1218 
1738 
2258 
2777 
3296 
3814 
4331 
4848 
5364 
5879 
6394 
6908 
7422 
7935 
8447 


91839235 
970619758 


890818959 


0749 
1270 
1790 
2310 

2829 
3348 
3865 
4383 
4899 
5415 
5931 
6445 
6959 
7473 
7986 
8498 
9010  9061 


0280 

0801 

1322 

1842 

2362 

2881 

3399 

3917 

4434 

4951 

5467 

5982 

6497 

7011 

7524 

8037 

8549 


3307 

3849 

4391 

4932 

5472 

6012 

6551 

7089 

7626 

8163 

8699 

9235 

9770 

0304 

0838 

1371 

1903 

2435 

2966 

349-6 

4026 

455ij 

5083 

5611 

6138 

6664 

7190 

7716 

8240 

8764 


3361 

3904 

4445 

4986 

5526 

6066 

6604 

7143 

7680 

8217 

8753 

9289 

9823 

0358 

0891 

1424 

1956 

2488 

'9. 


6 


3416 
3958 
4499 
5040 
1580 
6119 
6658 
7196 
7734 
8270 
8807 
9342 
9877 


7 


9287 

9810 

0332 

0853 

1374 

1894 

2414 

2933 

3451 

3969 

4486 

5003 

5518 

6034 

6548 

7062 

7576 

8088 

8601 

19112 


019 
3549 
4079 
4608 
5136 
5664 


6191 

6717 

7243 

7768 

8293 

8816 

9340 

9862 

0384 

0906 

1426 

1946 

2466 

2985 

3503 

4021 

4538 

5054 

5570 

6085 

6600 

7114 

7627 

8140 

8652 

9163 


3470 
4012 
4553 
5094 
5634 
6173 
6712 
7250 
7787 
8324 
8860 
9396 
9930 
0464 


8 


0411 

0944 

1477 

2009 

2541 

3072 

3602 

4132 

4660 

5189 

o716 

6243 

6770 

7295 

7820 

834^8397 

8869J8921 

939219444 

9914  9967 

0436  0489 


0998 
1530 
2063 
2594 
3125 
3655 
4184 
4713 
5241 
5769 
6296 


3524 
4066 
4607 
5148 
5688 
6227 
6766 
7304 
7841 
8378 
8914 
9449 


9 


I 


3578 
4120 
4661 
5202 
5742 
6281 
6820 
7358 
7895 
843^ 
8967 
9503 


7348 
7873 


0958 
1478 
1998 
2518 
3037 
3555 
4072 


9984  0037 
05180571 
1051  1104 
15841637 
21162169 
26472700 
31783231 
8708  8761 


4237 


4290 


4766  4819 


5294 

5822 

6349 

682216875 


IQIO 
1530 
2050 

[2570 
3089 
3607 
4124 

4589}4641 


5106 

3621 

6187 

6651 

7165 

7678 

8191 

8703 

9215 


5157 
5673 
6188 
6702 
7216 
7730 
8242 
8754 
9266 


7400 
7925 
8450 
8973 
9496 
0019 
0541 
1062 
1582 
2102 
2622 
3140 
3658 
4176 
4693 


j209 
6725 
6240 
6754 
7268 
7781 
8293 
8805 
9317 


5347 

5875 

6401 

6927r 

7453 

7978 

8502 

9026 

9549 

0071 

0593 

1114 

1634 

2154 

2674 

3192 

3710 

4228 

4744 

^261 

5776 

6291 

6805 

7319 

7832 

8345 

8857 

9368 


? 


or  NUMBERS. 


!i^ 


N.   0 


1 


S50929419i9470 
851  9930;998I 
S52  93044o!o491 
853   0949  1000 


854 

S55 

856 

857 

858 

859 

S60 

861 

862 

863 

864 

865 

866 

867 

868 

869 

870 

871 

872 

873 

874 

875 

876 

S77 

878 

879 

880 

881 

882 

883 

884 

885 

886 

887 

888 

889 

890 

891 
892 
893 
894 
895 
896 
897 
|898 
1899 


1458  1509 
1966  2017 
2474  2524 
-298113031 
34873538 
3993;4044 
4498|4549 
5003,5054 
5507  555SJ5608 
601l|60616111 
651465646614 
701617066  7117 


9521 
0032 
0542 
1051 
1560 
2068 
2575 
3082 
3589 
4094 
4599 
5104 


7518 
8019 


9572 
0083 
0592 
1102 
1610 
2118 
2626 
3133 
3639 
4145 
4650 
5154 


9623I9674 


0134 
0643 
1153 
1661 
2169 
2677 
3183 
3690 
4195 
4700 
5205 
5658  5709 
61626212 
6665i67I5 


0185 
0694 
1204 
1712 
2220 
2727 
3234 
3740 


4246  4296 


9725 
0236 
0745 
1254 
1763 
2271 
2778 
3285 
3791 


9776 


0796 
1305 
1814 


8 


98279879 


0287(0338  0389 


08470898. 


7167 


7568  7618  7668 
8069  81 19i8 169 


8520,8570  8620  8670 
9020  9070  9120:9170 
9519  95691961919669 


940018 
0516 
1014 
1511 
2008 


0068  0118  016S 


056610616 
1064  1114 
156111611 
20582107 


2504:2554  2603 


30003049 
34953544 
3989  4038 


4483 


4532 


4976^5025 
5469|5518 
5961 6010 
64526501 
6943  6992 
7483 


7434 
7924 
8413 
8902 
9390 
9878 
950365 
0851 
1338 
1823 
2308 
2792 
3276 
3760 


7973 
8462 
8951 
9439 
9926 
0414 
0900 
1386 
1872 
2356 
2841 
3325 
3808 


3099 
3593 
4088 
4581 
5074 
5567 
6059 
6551 
7041 
7532 
8022 
&511 
8999 
9488 
9975 
0462 
0949 
1435 
1920 
2405 
2889 
3373 
38561 


0666 
1163 
1660 
2157 
2653 
3148 
3643 
4137 
4621 
5124 
5616 
6108 
6600 
7090 
7581 
8070 
8560 
9048 
9536 
0024 
0511 
0997 
1483 
1969 
2453 
2938 
3421 
3905 


7217 
7718 
8219 
8720 
9220 
9719 
0218 
0716 
1213 
1710 
2207 
2702 
3198 


4751 

5255 

5759 

6262 

6765 

7267 

7769 

8269 

8770 

9270 

9769 

0267 

0765 

1263 

1760 

2256 

2752 

3247 


36923742 
418614236 
4680!4729 
5173|5222 
o66o'.:y  i\o 
6157  6207 
66496698 
714017189 


7630 
8119 
8609 
9097 
5585 


0073  012 


0560 
1046 
1532 
2017 
2502 
2986 
3470 
3953' 


7679 
8168 
8657 
9146 
9634 


0608 
1095 
1580 
2066 
2550 
3034 
3518 
4001 


4801 

5306 

5809 

6313 

6815 

7317 

7819 

8320 

8820 

9320 

9819 

0317 

0815 

1313 

1809 

2306 

2801 

3297 

3791 

1-285 

4779 

5272 

5764 

6256 

6747 

7238 

7728 

8217 

8706 

9195 

?683 

0170 

0657 

1143 

1629 

2114 

2599 

3083 

:'7566 

4049 


1356  1407 
1865  1915 
2322  2372  2423 
2829|2879  2930 
33353386  3437] 
3841  3892  3943 
4347  4397  4448, 
48524902|4953 
5356,5406  5457 
5860  5910  5960 
636364136463 
686569166966 
73677418  7468 
78697919  7969 
8370842084701 
88708919  8970 
9369  9419  9469 
9869  9918j9968 
0367!04 170467 
0865  0915  0964 
1362;1412  1462 
1859'1909  1958 
2355|2405  2455 
285 1'2901  29501 
3346  33-96  3445 
384l!3890 
4335|4384 
48284877 
5321:5370 
5813'5862 
6305^6354 
6796.6845 
728717336 


7777 
8266 
8755 
9244 
9731 
0219 
0706 
1192 
1677 
2163 
2647 
3131 
3615 
4098 


7826 
8315 
8804 
9292 
9780 
0267 
0754 
1240 
1726 
2211 
2696 
3180 
3663 
4146 


3939 

4433 

4927 

5419 

5912 

6403 

6894 

7385 

7875 

8364 

8853 

9341 

9829 

0316 

080^ 

1289 

1775 

2260 

2744 

3228 

3711 

4194^ 


396 


LOGARITHMS 


NJ      0 


900 
901 
902 
903 
904 
90o 
906 
907 
908 
909 
910 

311 

^912 

913 

914 

915 

916 

917 

918 

919 

920 

921 

922 

923 

924 

925 

926 

927 

928 

929 

;930 

931 

'932 

933 

934 

935 

936 

,937 

938 

939 

940 

941 

942 

943 

944 

945 

^46 

947 

i948 

949 


954243 
4725 
5207 
5688 
616S 
6649 
7128 
7607 
8086 
8564 
9041 
9518 
9D95 

960471 
0946 
1421 
1895 
2369 
2843 
3316 
3788 


1 


4291 
4773 
5255 
5736 
6216 
6697 
7176 
7655 
8134 
8612 
9089 
9566 
0042 
0518 
0994 
1469 
1943 
2417 
2890 
3363 
3835 


4339 
4821 
5303 
5784 
6265 
6745 
7224 
7703 
8181 
8659 
9137' 


4387 
4869 
5351 
5832 
6313 
6793 
7272 
7751 
8229 
8707 
9185 


4260  4307 


4731 


4778 


52025249 
5672:5719 
6142,6189 
66116658 


7080 
7548 
8016 
8483 
8950 
9416 
9882 
970347 
0812 
1276 
1740 
2203 
2666 
3128 
3590 
4051 
4512 
4972 
5432 
5891 
6350 
€808 
7266 


9614!9661 

0090:0138 

05660613 

1041 1089 

1516T563 

1990,2038 

2464I2511 

29372985 

34103457 

3882  39291 

4354'4401 

48254872 

52965343 

576615813 

62366283 

6705  6752 


4435 
4918 
5399 
5880 
6361 


4484 
4966 
5447 
5928 
6409 


7127 

7595 

8062 

8530 

8996 

9463 

9928 

0393 

0858 

13221 

1786 

2249 

2712 

3174 

3636 

4097 

4558 

5018 

5478 

5937 

6396li 

6854 

7312 


lllo 
7642 
8109 
8576 
9043 
9509 
9975 
0440 
0904 
1369 
1832 
2295 
2758 
3220 
3682 
4143 
4604 
5064 
5524 
5983 
6442 
6900 
7358 


7220 

7688 

8156 

8623 

9090 

9556 

0021 

0486 

0951 

1415 

1879 

2342 

2804 

3266 

3728 

4189 

4650 

5110 

5570 

6029 

6488 

6946 

7403 


6840  6888 
73207368 
7799|7847 
8277,8325 
8755|S803 
92329280 
9709^9757 
0185,0233 
066l|0709 
1136:1184 
161l|l658 
20852132 
2559,2606 
30323079 
3504^3552 
3977^4024 
4448,4495 
4919,4966 
5390'5437 
58605907 
6329:6376 
6799;6845 


7267 
7735 


7314 
7782 


6 


4532  4580  4628 


5014 

5495 

5976 

6457 

6936 

7416 

7894 

8373 

8850 

9328 

9804 

0280 

0756 

1231 

1706 

2180 

2653 

3 1  26 

3599 

4071 

4542 


5062 


H 


5110 


4677 
5158 


5543  5592i5640 


6024 

6505 

6984 

7464 

7942 

[8421 

8898 

9375 

9852 

0328 

0804 

1279 

1753 

2227 

2701 

3174 

3646 

4118 

4590 


6072 
6553 
7032 


75127559 
7990  8038 
84688516 
8946  8994 
9423  9471 
9900'9947 


820318249 
86708716 
91369183 
96029649 
00680114 
0533  0579 


0997 
1461 
1925 
2388 
2851 
3313 
3774 
4235 
4696 
5156 
5616 
6075 
6533 
6992 
7449 


1044 
1508 
1971 

2434 

2897 

3359 

3820 

4281 

4742 

5202 

5662 

6121 

6579 

7037 

7495 


5013  5061 
5484  5531 
59546001 
64236470 
6892  6939 
7361 17408 
78297875 
82968343 
8763,8810 
92299276 


6120 
6601 
7080 


96959742 
0161,0207 
0626  0672 


1090 
1554 
2018 


1137 
1601 
2064 


2481  2527 
2943  2989 


3405 
3866 
4327 
4788 
5248 
5707 
6167 
6625 
7083 
7541 


3451 
3913 
4374 
4834 
5294 
5753 
6212 
6^71 
7129  7175 


0376 
0851 
11326 
1801 
2275 
2748 
3221 
3693 
4165 
46a7 
5108 
5578 
6048 
6517 
6986 
7454 
7922 
8390 
8856 
9323 
9789 
0254 
0719 
1183 
1647 
2110 
2573 
3035 
3497 
3959 
4420 
4880 
5340 
5799 
6258 
6717 


7586 


7632 


0423 

0899 

1374 

1848 

2322 

2795 

3268 

374 IJ 

4212 

4684 

5155 

5625 

6095 

6564 

7033 

7501 

7969 

8436 

8903 

9369 

9835 

0300 

0765 

1229 

1693 

2157 

26J9 

3082 

3543 

4005 

4466 

4926 

5386 

5845 

6304 

6763 

7220 

76 


J20 


OF  NUMBERS. 


0 


96, 


1 


3 


769 
8226 
S683 

138 
9594 
0049 
0503 
0957 
Uil 
1864 
2316 
2769 
3220 
367 
4122 
4572 
5022 
5471 
5920 
6369 
6817 
7264 


7861 
8317 


4 


3310 


(  i 


8157 
8604 
9049 
9494 
9939 
0383 

0783  0827 

1226 

1669 

2111 

2554 

2995  3039 
3480 
3921 
4361 
4801 

5196  5240 

5635  5679 


3716 
4167 
4617 
5067 
5516 
5965 
6418 
6861 
309 
7756 
8202 
8648 
9094 

9539)9583 
0028 


6074 
6512 
6949 
7386 
7823 
8259 
8695 
9131 
9565 


6117 
6i)oo 
6993 
7430 
7867 
8303 
8739 
9174 
9609 


3524 
3965 
440o 

4845 
5284 
5723 
6161 
6599 
7037 
7474 
7910 
8347 
8782 
9218 
9652 


09601004 


1403 
1846 


144S 
1890 


4752 
5202 

6100 
650316548 
6951|6996 
7398  7443 
7845  7890 
8291 
8737 

9183!9227 
9628*9672 
0072!oil7 

0472  0516i0561 

0916 

1359 

1802 

2244 

2686 

3127 

3568. 

4009 

4449 

4889 

5328 

5767 

6205 

6643 

7080 

7517 

7954 

8390 

8826 

9261 


22882333 
2730;2774 
3172j3216 
3613I3657 
4053j4097 
4493  4537 


4933 


7998 
8454 
8911 
9366 
9821 
0276 
0730 
1184 
163'; 
2090 
2543 
2994 
3446 
3897 
4347 
4797 
5247 
5699 
6144 
6593 
7040 
7488 
7934 
8336  8381 
8782  8826 
9272 
9717 
0161 
0605 
1049 
1492 
19S5 
2377 
2819 
3260 
3701 
4141 
4581 
5021 
5i60 
5898 
6337 
6774 


/ 


8043 
8500 
8956 
9412 
9867 
0322 
0776 
1229 
1683 
2135 
2588 


3040 


4977 


5372*5416 
5811 


5854 
6249  6293 
6687  6731 
7124 
7561 


7998 
8434 
8869 
9305 


9696  9739 


8 


8089 
8546 
9002 


9457  9503 


716.87212 
605  7648 
80418085 
8477 
8913 
9348 
9783 


21 


8956 
9392 
9826 


5292 

5741 

6189 

6637 

7085 

7532 

7979 

8425 

8871 

9316 

9761 

0206 

0650 

1093 

1536 

1979 

2421 

2863 

3304 

3745 

4185 

4625 

5065 

5504 

5942 

6380 

6818 

7255 

7692 

8129 

8564 

9000 

9435 

9870 


9912 
0367 
0821 
1275 
1728 
2181 
2633 
3085 
3536 
3987 
4437 
4887 
5337 
5786 
6234 


8135 
8591 
9047 


9958 
0412 
0867 
1320 
1773 
2226 
2678 
3130 
3581 
4032 
4482 
4932 
5382 
5830 
6279 


6682  6727 
1307175 


7577 
8024 
8470 
8916 
9361 


98069850 
0250  0294 


7622 
8068 
8514 
8960 
9405 


0694 
1137 

580 
2023 
2465 
2907 
3348 
3789 
4229 
4669 
5108 

547 
o986 
6424 
6862 
7299 
7736 
8172 
8608 
9043 
9479 
9913 


0738 
1182 
162.: 
206*; 
2509 
2951 
3392 
3833 
4273 
713 
o\d2 
o591 
6030 
6468 
6906 
7343 
7779 
8216 
8652 
9087 
9522 
9957 


£ND  OF  VOL.  I. 


yriDted  by  S.  WAMiLton,  Little  <^e«a  Street^ 
Lincoln'g  Inn  Fieldi. 
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